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Abstract: The study delves into multiplicative contractions, exploring the existence and uniqueness of common fixed points for a weakly 

compatible pair of mappings. Those mappings adhere to specific multiplicative contraction conditions characterized by exponents ex‐

pressed as fraction multiplicative metric spaces. It is noted that a metric can induce a multiplicative metric, and conversely, a multiplicative 

metric can give a rise to a metric on a nonempty set. As an application, another proof of the existence and uniqueness of the solution of a 

multiplicative initial problem is given.
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0　Introduction

Fixed point theory provides essential tools for solving the existence of unique solutions to many problems in math‐

ematics and applications. The Banach contraction mapping principle, one of the fundamental and most widely applied 

fixed point theorems, has been generalized. These expansions generally proceed along two lines: one is extending the 

domain of mappings, and another is considering a more general contractive condition on mappings; the fixed points or 

common fixed points of mappings satisfying certain contraction conditions on a specific space have received much re‐

search[1-6]. Bashirov et al introduced the notion of multiplicative metric spaces and studied some fundamental theorems 

of multiplicative calculus[ ]7 . O
¨

zavsar and Cevikel studied some topological properties of multiplicative metric spaces 

and proved an analogous result to the Banach contraction principle in multiplicative metric spaces[ ]8 . Since then, some 

fixed-point and common fixed-point results have been obtained in multiplicative metric spaces[9-13].

This paper shows some common fixed-point results for two mappings satisfying specific multiplicative contrac‐

tion conditions with exponents of fraction expression in multiplicative metric spaces.
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1　Preliminaries

Definition 1 [ ]7   Let X be a nonempty set. If mapping d:X ´X®+ satisfies the following conditions:

(1) d ( xy) ≥ 1 for all xyÎX, and d ( xy) = 1 if and only if x = y;

(2) d ( xy) = d ( yx) for all xyÎX;

(3) d ( xz ) ≤ d ( xy)d ( yz ) for all xyzÎX(multiplicative triangle inequality).

We say d is a multiplicative metric on X, and ( Xd ) a multiplicative metric space.

Definition 2 [ ]8   Let ( Xd ) be a multiplicative metric space, {xn} ÌXxÎX, {xn} is said to be multiplicative conver‐

gent to x, if for arbitrary ε > 1, there exists a natural number N such that d ( xnx) < ε for all n >N, denoted by 

xn® x (n®¥).
Definition 3 [ ]8   Let ( Xd ) be a multiplicative metric space, {xn} ÌX, {xn} is called a multiplicative Cauchy se‐

quence, if for arbitrary ε > 1, there exists a natural number N such that d ( xnxm) < ε for all nm >N.

We say that ( Xd ) is complete if every multiplicative Cauchy sequence in ( Xd ) is multiplicative convergent 

to xÎX.
Proposition 1 [ ]8   The uniqueness of the limit holds for a convergent sequence in a multiplicative metric space.
Definition 4 [ ]7   Multiplicative absolute value function | × |*: +®+ is defined as:

|x|* =
ì
í
î

ïï

ïïïï

xx ≥ 1

1
x
x < 1

Remark 1  Multiplicative absolute value function | × |*: +®+ satisfies :

1) |x|* ≥ 1; 2) |
x
x0

|* < aÛ
x0

a
< x < ax x0xÎ+.

Proposition 2[ ]8   (+| × |* ) is a complete multiplicative metric space.

Proposition 3 [ ]8   Let ( Xd ) be a multiplicative metric space, {xn} ÌX xÎX, {xn} multiplicative converges to x if 

and only if d ( xnx) ® 1(n®¥).
{xn} is a multiplicative Cauchy sequence if and only if d ( xnxm) ® 1(nm®¥).

Definition 5 [ ]7   The multiplicative derivative of a function f: ® is defined by lim
h® 0 ( f ( )x + h

f ( )x )
1
h

. Denoted it by 

f *( x).
If f ( x) is a positive function and its derivative at x exists, then f *( x) = e( )lnf ( )x '

.

Definition 6 [ ]7   Let f: [ab] ® be a positive bounded function, P = {x0x1xn} be a partition of [ab], and 

ξ iÎ [ xi - 1xi ]. The function f is said to be integral in the multiplicative sense if there exists a number P having the prop‐

erties: for every ε > 0 there exists a partition Pε of [ab] such that |∏
i = 1

n

f (ξ i) ( )xi - xi - 1 -P| < ε for every refinement P of Pε 

independently on selection of the numbers ξ iÎ [ xi - 1xi ] (i = 12n). P is called the multiplicative integral of f on 

[ab], we denote it with ∫
a

b

f ( x) dx
.

It is easily seen that if f is positive and Riemann integral on [ab], then ∫
a

b

f ( x) dx = e∫a

b

lnf ( )x dx
.

Let X be a nonempty set, recall that mappings f g: X®X are weakly compatible if, for every xÎX, fgx = ggx 

holds whenever fx = gx. If f and g are weakly compatible and have an unique point of coincidence w = fx = gx, then w is 

the unique common fixed point of f and g.

2　Common Fixed Points

Theorem 1  Let ( Xd ) be a multiplicative metric space, mappings f g: X®X satisfy: for all xyÎX,
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d ( fxfy) ≤ d (gxgy) λ1

d ( fxgx) λ2

d ( fygy) λ3

d ( fxgy) λ4

d ( fygx) λ5 （1）

holds, where λ iÎ (01) (i = 12345), λ1 + λ4 + λ5 < 1λ3 + λ5 < 1λ1 + λ2 + λ3 + 2λ4 < 1.

If g ( X ) is a complete subspace of X, f ( X ) Ì g ( X ) and f and g are weakly compatible, then f and g have an 

unique common fixed point.

Proof  Let x0 is an arbitrary point in X, since f ( X ) Ì g ( X ), there exists x1x2ÎX such that fx0 = gx1fx1 = gx2. 

Continuing this process, we can obtain a sequence {xn} ÌX such that fxn = gxn + 1(n = 012). From (1), we have

d (gxn + 1gxn ) = d ( fxnfxn - 1 ) ≤ d (gxngxn - 1 ) λ1

d ( fxngxn ) λ2

d ( fxn - 1gxn - 1 ) λ3

d ( fxngxn - 1 ) λ4

d ( fxn - 1gxn ) λ5

= d (gxngxn - 1 ) λ1

d (gxn + 1gxn ) λ2

d (gxngxn - 1 ) λ3

d (gxn + 1gxn - 1 ) λ4

d (gxngxn ) λ5

≤ d (gxngxn - 1 ) λ1 + λ3

d (gxn + 1gxn ) λ2

d (gxn + 1gxn ) λ4

d (gxngxn - 1 ) λ4

= d (gxn + 1gxn ) λ2 + λ4

d (gxngxn - 1 ) λ1 + λ3 + λ4

which implies that d (gxn + 1gxn ) 1 - λ2 - λ4 ≤ d (gxngxn - 1 ) λ1 + λ3 + λ4

, and so d (gxn + 1gxn ) ≤ d (gxngxn - 1 )
λ1 + λ3 + λ4

1 - λ2 - λ4 .

Let q =
λ1 + λ3 + λ4

1 - λ2 - λ4

, then

d (gxn + 1gxn ) ≤ d (gxngxn - 1 ) q ≤ d (gxn - 1gxn - 2 ) q2 ≤ ≤ d (gx1gx0 ) qn

（2）

for all n = 12. Since λ1 + λ2 + λ3 + 2λ4 < 1, we get q < 1.

For arbitrary natural numbers nmn >m, from the multiplicative inequality and (2), we have

d (gxngxm ) ≤ d (gxngxn - 1 )d (gxn - 1gxn - 2 )d (gxm + 1gxm ) ≤ d (gx1gx0 ) qn - 1

d (gx1gx0 ) qn - 2

d (gx1gx0 ) qm

= d (gx1gx0 ) qn - 1 + qn - 2 + + qm

= d (gx1gx0 )
qm( )1- qn -m - 1

1 - q < d (gx1gx0 )
qm

1 - q

For every ε > 1, by taking N =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê
ln ( )1 - q lnε

ln ( )d ( )gx1gx0

lnq

ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

, we have
|

|

|
||
|
|
| d ( )gxngxm

1

|

|

|
||
|
|
|

*

< ε for n >N, that is, {gxn} is a multi‐

plicative Cauchy sequence in g ( X ).
Since g ( X ) is a complete, there exists pÎX such that gxn® gp. From (1) and the multiplicative inequality,

d (gxnfp) = d ( fxn - 1fp) ≤ d (gxn - 1gp) λ1

d ( fxn - 1gxn - 1 ) λ2

d ( fpgp) λ3

d ( fxn - 1gp) λ4

d ( fpgxn - 1 ) λ5

≤ d (gxn - 1gp) λ1

d (gxngxn - 1 ) λ2

d ( fpgxn ) λ3

d (gxngp) λ3

d (gxngp) λ4

d ( fpgxn ) λ5

d (gxngxn - 1 ) λ5

We get that d (gxnfp) 1 - λ3 - λ5 ≤ d (gxn - 1gp) λ1

d (gxngp) λ3 + λ4

d (gxngxn - 1 ) λ2 + λ5

, that is

d (gxnfp) ≤ d (gxn - 1gp)
λ1

1 - λ3 - λ5 d (gxngp)
λ3 + λ4

1 - λ3 - λ5 d (gxngxn - 1 )
λ2 + λ5

1 - λ3 - λ5.

Since gxn® gp, for every ε > 1, there exists a natural number N such that 

|

|

|

|
|
||
|

|

|
d ( )gxn - 1gp

λ1

1 - λ3 - λ5

1

|

|

|

|
|
||
|

|

|
*

< ε3 

|

|

|

|
|
||
|

|

||

|

|

|
|
||
|

|

|
d ( )gxngp

λ3 + λ4

1 - λ3 - λ5

1

*

< ε3 

|

|

|

|
|
||
|

|

||

|

|

|
|
||
|

|

|
d ( )gxngxn - 1

λ2 + λ5

1 - λ3 - λ5

1

*

< ε3

for n >N. Therefore, we obtain that

|

|

|
||
|
|
||

|

|
||
|
|
| d ( )gxnfp

1

*

= d ( )gxnfp ≤ d ( )gxn - 1gp
λ1

1 - λ3 - λ5 d ( )gxngp
λ3 + λ4

1 - λ3 - λ5 d ( )gxngxn - 1

λ2 + λ5

1 - λ3 - λ5

=

|

|

|

|
|
||
|

|

||

|

|

|
|
||
|

|

|
d ( )gxn - 1gp

λ1

1 - λ3 - λ5

1

* |

|

|

|
|
||
|

|

||

|

|

|
|
||
|

|

|
d ( )gxngp

λ3 + λ4

1 - λ3 - λ5

1

* |

|

|

|
|
||
|

|

||

|

|

|
|
||
|

|

|
d ( )gxngxn - 1

λ2 + λ5

1 - λ3 - λ5

1

*

< ε3 × ε3 × ε3 = ε
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for n >N, which implies that gxn® fp. From the uniqueness of the limit, fp = gp.

If there exists another point p*ÎX such that fp* = gp*. From (1), we get

d (gpgp* ) = d ( fpfp* ) ≤ d (gpgp* ) λ1

d ( fpgp) λ2

d ( fp*gp* ) λ3

d ( fpgp* ) λ4

d ( fp*gp) λ5

= d (gpgp* ) λ1

d (gpgp* ) λ4

d (gp*gp) λ5 = d (gpgp* ) λ1 + λ4 + λ5

.

Since λ1 + λ4 + λ5 < 1, the above inequality implies that d (gpgp* ) = 1, so gp = gp*. Since f and g are weakly com‐

patible, fp ( = gp) is a unique common fixed point of f and g.

Corollary 1  Let ( Xd ) be a multiplicative metric space, mappings f g: X®X satisfy the followings: for arbi‐

trary xyÎX, inequality (1) holds, where λ i(i = 12345) are non-negative real numbers and λ1 + λ2 + λ3 + λ4 + λ5 ≤ 1λ3 <
λ2 λ4 < λ5. If g ( X ) is a complete subspace of X, f ( X ) Ì g ( X ) and f and g are weakly compatible. Then f and g have a 

unique common fixed point.
Proof  Since λ1 + λ2 + λ3 + λ4 + λ5 ≤ 1λ3 < λ2λ4 < λ5 , we get
λ1 + λ4 + λ5 < λ1 + λ2 + λ3 + λ4 + λ5 ≤ 1 λ3 + λ5 < λ1 + λ2 + λ3 + λ4 + λ5 ≤ 1 λ1 + λ2 + λ3 + 2λ4 < λ1 + λ2 + λ3 + λ4 + λ5 ≤ 1.

The conditions in Theorem 1 are satisfied. The conclusion is true from Theorem 1.
Corollary 2  Let ( Xd ) be a multiplicative metric space, mappings f g: X®X satisfy the following: for arbi‐

trary xyÎX,

d ( fxfy) ≤ d (gxgy) α(d ( fxgx)d ( fygy) ) β(d ( fxgy)d ( fygx) ) γ
holds, where αβγ are non-negative real numbers and α + 2β + 2γ < 1. If g ( X ) is a complete subspace of X, 

f ( X ) Ì g ( X ) and f and g are weakly compatible. Then f and g have a unique common fixed point.

Proof  Let λ1 = αλ2 = λ3 = βλ4 = λ5 = γ, it is easy to see that the conclusion is true from Theorem 1.

Corollary 3[ ]6  Let ( Xd ) be a multiplicative metric space, mappings f: X®X satisfy: for arbitrary xyÎX,

d ( fxfy) ≤ d ( xy) λ
holds, where 0 < λ < 1. Then f has a unique fixed point.

Proof  By taking g = IX and λ1 = λλ2 = λ3 = λ4 = λ5 = 0 in Theorem 1, we see that f has a unique fixed point.

Theorem 2  Let ( Xd ) be a multiplicative metric space, mappings f g: X®X satisfying followings: for arbitrary 

xyÎX,

d ( fxfy) ≤max
ì
í
î

ïï

ïï
d (gxgy) α(d ( fxgx)d ( fygy) )

β

d ( )gxgy (d ( fygx)d ( fxgy) )
γd ( )fxgy

d ( )fxfy d ( )gxgy d ( )fygy
ü
ý
þ

ïïïï

ïï
（3）

holds, where α β γ are non-negative real numbers and, 2max{αβγ} < 1. If g ( X ) is a complete subspace of X, 

f ( X ) Ì g ( X ) , f and g are weakly compatible, then f and g have a unique common fixed point.

Proof  As we do in the proof of Theorem 1, we can obtain a sequence {xn} ÌX such that 

fxn = gxn + 1(n = 012). From (3), we have

d (gxn + 1gxn ) = d ( fxnfxn - 1 )
≤max

ì
í
î

ïï

ïï
d (gxngxn - 1 ) α(d ( fxngxn )d ( fxn - 1gxn - 1 ) )

β

d ( )gxngxn - 1 (d ( fxn - 1gxn )d ( fxngxn - 1 ) )
γd ( )fxngxn - 1

d ( )fxnfxn - 1 d ( )gxngxn - 1 d ( )fxn - 1gxn - 1

ü
ý
þ

ïïïï

ïï
.

Since

(d ( fxngxn )d ( fxn - 1gxn - 1 ) )
β

d ( )gxngxn - 1 = (d (gxn + 1gxn )d (gxngxn - 1 ) )
β

d ( )gxngxn - 1

≤ (d (gxn + 1gxn )d (gxngxn - 1 ) ) β ≤ (d (gxn + 1gxn )d (gxngxn - 1 ) )max{ }αβγ


(d ( fxn - 1gxn )d ( fxngxn - 1 ) )
γd ( )fxngxn - 1

d ( )fxnfxn - 1 d ( )gxngxn - 1 d ( )fxn - 1gxn - 1 ≤ (d (gxngxn )d (gxn + 1gxn - 1 ) )
γd ( )gxn + 1gxn d ( )gxngxn - 1

d ( )gxn + 1gxn d ( )gxngxn - 1 d ( )gxngxn - 1

= (d (gxngxn )d (gxn + 1gxn - 1 ) )
γ

d ( )gxngxn - 1 ≤ (d (gxn + 1gxn )d (gxngxn - 1 ) )max{ }αβγ


and
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d (gxngxn - 1 ) α ≤ (d (gxn + 1gxn )d (gxngxn - 1 ) ) α ≤ (d (gxn + 1gxn )d (gxngxn - 1 ) )max{ }αβγ
.

We get

d (gxn + 1gxn ) ≤ (d (gxn + 1gxn )d (gxngxn - 1 ) )max{ }αβγ

and so

d (gxn + 1gxn ) 1 -max{ }αβγ ≤ d (gxngxn - 1 )max{ }αβγ
.

Let λ =
max{ }αβγ

1 -max{ }αβγ
, then 0 < λ < 1 and

d (gxn + 1gxn ) ≤ d (gxngxn - 1 ) λ （4）

From (4), we get

d (gxn + 1gxn ) ≤ d (gx1gx0 ) λn

（5）

For natural numbers nmn >m, from the multiplicative triangle inequality and (5), we get

d (gxngxm ) ≤ d (gxngxn - 1 )d (gxn - 1gxn - 2 )d (gxm + 1gxm )
≤ d (gx1gx0 ) λn - 1 + λn - 2 + + λm ≤ d (gx1gx0 )

λm( )1- λn -m - 1

1 - λ ≤ d (gx1gx0 )
λm

1 - λ .

This implies that d (gxngxm ) ® 1 (m®¥). Hence {gxn} is a multiplicative Cauchy sequence in g ( X ). By the 

completeness of g ( X ), there exists pÎX such that gxn® gp (n®¥). From (3), we have

d (gxnfp) = d ( fxn - 1fp)
       ≤max

ì
í
î

ïï

ïï
d (gxn - 1gp) α(d ( fxn - 1gxn - 1 )d ( fpgp) )

β

d ( )gxn - 1gp (d ( fpgxn - 1 )d ( fxn - 1gp) )
γd ( )fxn - 1gp

d ( )fxn - 1fp d ( )gxn - 1gp d ( )fpgp
ü
ý
þ

ïïïï

ïï

≤max
ì
í
î

ïï

ïï
d (gxn - 1gp) α(d (gxngxn - 1 )d ( fpgp) )

β

d ( )gxn - 1gp (d ( fpgxn - 1 )d (gxngp) )
γd ( )gxngp

d ( )gxnfp d ( )gxn - 1gp d ( )fpgp
ü
ý
þ

ïïïï

ïï
.

Since

d (gxn - 1 gp) α ≤ d (gxn - 1 gp)max{ }αβγ ≤ (d (gxngp)d (gxn - 1gp)d ( fpgp) )max{ }αβγ

≤ (d (gxngp) ) 2max{ }αβγ (d (gxn - 1gp) )max{ }αβγ (d (gxnfp) )max{ }αβγ


(d (gxngxn - 1 )d ( fpgp) )
β

d ( )gxn - 1gp ≤ (d (gxngp)d (gxn - 1gp)d ( fpgp) )
max{ }αβγ

d ( )gxn - 1gp

≤ (d (gxngp)d (gxn - 1gp)d ( fpgp) )max{ }αβγ ≤ (d (gxngp) ) 2max{ }αβγ (d (gxn - 1gp) )max{ }αβγ (d (gxnfp) )max{ }αβγ


and

( )d ( )fpgxn - 1 d ( )gxngp
γd ( )gxngp

d ( )gxnfp d ( )gxn - 1gp d ( )fpgp ≤ ( )d ( )fpgp d ( )gxn - 1gp d ( )gxngp
max{ }αβγ d ( )gxngp

d ( )gxnfp d ( )gxn - 1gp d ( )fpgp

≤ ( )d ( )fpgp d ( )gxn - 1gp d ( )gxngp
max{ }αβγ d ( )gxnfp d ( )fpgp

d ( )gxnfp d ( )gxn - 1gp d ( )fpgp

                      ≤ ( )d ( )fpgp d ( )gxn - 1gp d ( )gxngp
max{ }αβγ

                      ≤ (d (gxngp) ) 2max{ }αβγ (d (gxn - 1gp) )max{ }αβγ (d (gxnfp) )max{ }αβγ


we get

d (gxnfp) ≤ (d (gxngp) ) 2max{ }αβγ (d (gxn - 1gp) )max{ }αβγ (d (gxnfp) )max{ }αβγ
.

That is,

d (gxnfp) ≤ (d (gxngp) )
2max{ }αβγ

1 -max{ }αβγ (d (gxn - 1gp) )
max{ }αβγ

1 -max{ }αβγ .
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Since gxn® gp (n®¥), for every ε > 1, there exists a natural number N, such that d (gxnfp) < ε for n >N. Hence, 

gxn® fp (n®¥). From the uniqueness of the limit, fp = gp.

If there exists another point qÎX such that fq = gq, from (3), we get

d ( )fpfq ≤max
ì
í
î

ïï

ïïïï

ü
ý
þ

ïïïï

ïïïï
d ( )gpgq

α
( )d ( )fpgp d ( )fqgq

β

d ( )gpgq ( )d ( )fqgp d ( )fpgq
γd ( )fpgq

d ( )fpfq d ( )gpgq d ( )fqgq

=max
ì
í
î

ü
ý
þ

d ( )fpfq
α
( )d ( )fpfp d ( )fqfq

β

d ( )fpfq ( )d ( )fpfq
2γ

d ( )fpfq d ( )fqfq

=max
ì
í
î

ü
ý
þ

d ( )fpfq
α
( )d ( )fpfq

2γ

d ( )fpfq d ( )fqfq

≤ d ( )fpfq
2max{ }αβγ

.

Since 2max{αβγ} < 1, it is a contradiction. Because f and g are weakly compatible, f and g have a unique com‐

mon fixed point.

3　Applications

Let ( Xρ) be a usual metric space, we define d: X ´X® )[1+¥  as follows: for any x yÎX,

d ( xy) = eρ ( )xy (6)

It is easy to see that ( Xd ) is a multiplicative metric space. Conversely, if ( Xd ) is a multiplicative metric space, 

by defining ρ: X ´X®+: for any xyÎX,

ρ ( xy) = lnd ( xy) (7)

We have a metric space ( Xρ).
Theorem 3  Let X be a nonempty set, ρ and d as (6) or (7), and AÌX.

1) ( Xρ) is a complete metric space if and only if ( Xd ) is a complete multiplicative metric space;

2) A is an open set in ( Xρ) if and only if A is a multiplicative open set in ( Xd );
3) A is a closed set in ( Xρ) if and only if A is a multiplicative closed set in ( Xd ).
Proof  1) Let ( Xρ) be a complete metric space and {xn} a multiplicative Cauchy sequence ( Xd ). For every 

ε > 0, there exists a natural number N such that d ( xnxm) < eε for nm >N. So we have ρ ( xnxm) < ε for nm >N. This 

implies that {xn} is a Cauchy sequence in ( Xρ). Since ( Xρ) is complete, there exists x0ÎX. For any ε > 1, there exists 

a natural number N such that ρ ( xnx0 ) < lnε for n >N. Hence, d ( xnx0 ) < ε for n >N, and so {xn} multiplicative con‐

verges to x0 in ( Xd ), ( Xd ) is a complete multiplicative metric space.

Similarly, the inverse state is true.

2) Let A is an open set in ( Xρ). For every xÎA, there exists ε > 0 such that Bρ( xε) ÌA (Bρ( xε) is an open ball 

of radius ε > 0 with center x in ( Xρ)). Let yÎBd( xeε ) (Bd( xeε ) is an open ball of radius eε > 1 with center x in ( Xd )), 
then d ( xy) < eε. From (7), ρ ( xy) = lnd ( xy) < ε, that is yÎBρ( xε). This implies Bd( xeε ) ÍBρ( xε) ÌA, Hence, A 

is a multiplicative open set in ( Xd ).
Similarly, the inverse state is true.
3) From 2), we see that the conclusion in 3) is true.

Remark 2  Theorem 3 shows that metric space ( Xρ) has the same topological properties as multiplicative met‐

ric space ( Xd ) if ρ and d satisfies equality (6) or (7).

Consider multiplicative initial value problem:

ì
í
î

ïï

ïï

y* = f ( )xy

y ( )x0 = y0

（8）
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where y* is the multiplicative derivative of y, f ( xy) is defined on some subset GÌ ´+, and f ( xy) > 0, 

( x0y0 ) ÎG.

We say that f ( xy) satisfy multiplicative Lipschitz type condition concerning second coordinate on G, if for any 

( xy) ( xz ) ÎG, 
|

|

|
||
|
|
| f ( )xy

f ( )xz

|

|

|
||
|
|
|

*

≤ L || y - z  holds, where L > 1 is a constant[ ]7 .

Theorem 4  Let f ( xy) be a positive continuous function on a rectangular region D =
ì
í
î

ïï
ïï
( xy) || x - x0 | ≤ a

|

|
|
||
| y
y0

|

|
|
||
|

*

≤

b
ü
ý
þ

ïï
ïï
 (a > 0b > 1). If f ( xy) satisfies the multiplicative Lipschitz type condition concerning the second coordinate on D, 

then multiplicative initial value problem (6) has a unique solution on [ x0 - δx0 + δ ], where δ <min{a
lnb
lnM


1

y0blnL }, 
M = max

( )xy ÎD
f ( xy).

Proof  Let X =C [ x0 - δx0 + δ ]. ρ: X ´X® is defined as ρ ( y1( x) y2( x) ) = max
xÎ [ ]x0 - δx0 + δ

| y1( x) - y2( x) | for 

y1( x) y2( x) ÎX, since ( Xρ) is a complete metric space. ( Xd ) is a complete multiplicative metric space, where 

d ( y1( x) y2( x) ) = eρ ( )y1( )x y2( )x . We define T: X®X as :Ty ( x) = y0∫
x0

x

f ( xy ( x) ) dx
.

Let C
˜
=

ì
í
î

ïï
ïï

y ( x) |y ( x) ÎX
|

|
|
||
| y ( )x

y0

|

|
|
||
|

*

≤M δ
ü
ý
þ

ïï
ïï
. It is easy to see that C

˜
 is a closed set in ( Xρ), C˜  is complete in ( Xρ), 

and so it is complete in ( Xd ). Since f ( xy) ≤M, we have -δlnM ≤ ∫
x0

x

lnf ( xy ( x) )dx ≤ δlnM.

That is, 
1

M δ
= e-δlnM ≤ e

∫
x0

x

lnf ( )xy ( )x dx ≤ eδlnM =M δ. Hence 
1

M δ
≤ Ty ( )x

y0

≤M δ, which implies that 
|

|
|
||
| Ty ( )x

y0

|

|
|
||
|

*

≤M δ. Then, 

Ty ( x) Î C
˜
.

For y1( x) y2( x) Î C
˜
, since |

f ( )xy1( )x

f ( )xy2( )x
|* ≤ L|y1( )x - y2( )x |, we have :

-|y1( x) - y2( x) |lnL ≤ ln
f ( )xy1( )x

f ( )xy2( )x
≤ |y1( x) - y2( x) |lnL.

We get:

-lnL|∫
x0

x

|y1( x) - y2( x) |dx| ≤ ∫
x0

x

ln
f ( )xy1( )x

f ( )xy2( )x
dx ≤ lnL|∫

x0

x

|y1( x) - y2( x) |dx|.

That is

|∫
x0

x

ln
f ( )xy1( )x

f ( )xy2( )x
dx| ≤ lnL|∫

x0

x

|y1( x) - y2( x) |dx| ≤ δρ ( y1( x) y2( x) ) lnL.

Thus, we obtain that

|e
∫

x0

x

lnf ( )xy1( )x dx

- e
∫

x0

x

lnf ( )xy2( )x dx

| = |e
∫

x0

x

lnf ( )xy2( )x dx

| × |e
∫

x0

x

lnf ( )xy1( )x dx - ∫
x0

x

lnf ( )xy2( )x dx

- 1|

≤ e || x - x0 lnM × |e
∫

x0

x

ln
f ( )xy1( )x

f ( )xy2( )x
dx

- 1| ≤M δ × |∫
x0

x

ln
f ( )xy1( )x

f ( )xy2( )x
dx | < δM δ ρ ( )y1( )x y2( )x lnL.

We conclude that

d ( )Ty1( )x Ty2( )x = e
max

xÎ [ ]x0 - δx0 + δ
{ }|Ty1( )x - Ty2( )x |

= e
max

xÎ [ ]x0 - δx0 + δ

ì
í
î

ïï
ïï

ü
ý
þ

ïï
ïï

|y0∫
x0

x

f ( )xy1( )x
dx

- y0∫
x0

x

f ( )xy2( )x
dx

|
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= e
max

xÎ [ ]x0 - δx0 + δ

ì
í
î

ïïïï

ïïïï

ü
ý
þ

ïïïï

ïïïï
|y0e
∫

x0

x
lnf ( )xy1( )x dx

- y0e
∫

x0

x
lnf ( )xy2( )x dx

|

< ey0δM
δlnLρ ( )y1( )x y2( )x = ( )eρ ( )y1( )x y2( )x

y0δM
δlnL

= d ( )y1( )x y2( )x
y0δM

δlnL
= d ( )y1( )x y2( )x

λ


where λ = y0δM
δlnL < 1. By Corollary 3, T has a unique fixed point in C

˜
, denoted it by y

˜ ( x), that is y
˜ ( x) =

y0∫
x0

x

f ( xy
˜ ( x) ) dx

. Thus, y
˜ *

( x) = f ( xy
˜ ( x) ), and y

˜ ( x0 ) = y0. Hence, y
˜ ( x) is a solution of (6).

If y
˜

1
( x) is another solution of (6), since

æ

è

ç

ç

ç

ç
ççç
ç

ç

ç y
˜

1
( )x

∫
x0

x

f ( )xy
˜

1
( )x

dx

ö

ø

÷

÷

÷

÷
÷÷÷
÷

÷

÷

÷

÷
*

=
y
˜

1

*

( )x

( )∫
x0

x

f ( )xy
˜

1
( )x

dx *
= 1,

we have 
y
˜

1
( )x

∫
x0

x

f ( )xy
˜

1
( )x

dx
=C (a constant), then y

˜
1
( x) =C ∫

x0

x

f ( xy
˜

1
( x) ) dx

. From y
˜

1( x0 ) = y0, we get C = y0, which im‐

plies that y
˜

1
( x) is also a fixed point of T. Therefore, y

˜ ( x) = y
˜

1
( x), we conclude that the solution of (6) is unique.
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