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Abstract: The study delves into multiplicative contractions, exploring the existence and uniqueness of common fixed points for a weakly
compatible pair of mappings. Those mappings adhere to specific multiplicative contraction conditions characterized by exponents ex-
pressed as fraction multiplicative metric spaces. It is noted that a metric can induce a multiplicative metric, and conversely, a multiplicative
metric can give a rise to a metric on a nonempty set. As an application, another proof of the existence and uniqueness of the solution of a
multiplicative initial problem is given.
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0 Introduction

Fixed point theory provides essential tools for solving the existence of unique solutions to many problems in math-
ematics and applications. The Banach contraction mapping principle, one of the fundamental and most widely applied
fixed point theorems, has been generalized. These expansions generally proceed along two lines: one is extending the
domain of mappings, and another is considering a more general contractive condition on mappings; the fixed points or
common fixed points of mappings satisfying certain contraction conditions on a specific space have received much re-
search!®. Bashirov et al introduced the notion of multiplicative metric spaces and studied some fundamental theorems

of multiplicative calculus!”. O zavsar and Cevikel studied some topological properties of multiplicative metric spaces
and proved an analogous result to the Banach contraction principle in multiplicative metric spaces'™. Since then, some
fixed-point and common fixed-point results have been obtained in multiplicative metric spaces” ..

This paper shows some common fixed-point results for two mappings satisfying specific multiplicative contrac-

tion conditions with exponents of fraction expression in multiplicative metric spaces.
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1 Preliminaries

Definition 11} Let X be a nonempty set. If mapping d:X x X — R* satisfies the following conditions:

(1) d(x,y) =1 forall x,y € X, and d(x,y) =1 ifand only if x=y;

(2)d(x,y) =d(px)forallx,y € X;

3)d(x,z)<d ( X, y)d ( y,z) for all x,y, z € X(multiplicative triangle inequality).

We say d is a multiplicative metric on X, and (X, d ) a multiplicative metric space.

Definition 2* Let (X d ) be a multiplicative metric space, {x,} cX,x € X, {x,} is said to be multiplicative conver-
gent to x, if for arbitrary &> 1, there exists a natural number N such that d(x,,x) <e for all n>N, denoted by
x,—>x(n—o).

Definition 3'*) Let (X,d) be a multiplicative metric space, {x,} X, {x,} is called a multiplicative Cauchy se-
quence, if for arbitrary £> 1, there exists a natural number N such that d (x,,,xm) <e forall n,m>N.

We say that (X,d) is complete if every multiplicative Cauchy sequence in (X,d) is multiplicative convergent
tox e X.

Proposition 1*) The uniqueness of the limit holds for a convergent sequence in a multiplicative metric space.

Definition 417} Multiplicative absolute value function |- |': R*— R* is defined as:

xx=1
b = l,x< 1
X

Remark 1 Multiplicative absolute value function | -|: R* — R* satisfies :

* -x * .x
1) |x| 21;2)|; <a<:>;°<x<ax , X0, X € R,
0

Proposition 2*)  (R*,|-[")is a complete multiplicative metric space.
Proposition 3"/ Let (X,d) be a multiplicative metric space, {x,} <X, x € X, {x,} multiplicative converges to x if
and only if d (x,,x) — 1(n—> o).

{x,} is a multiplicative Cauchy sequence if and only ifd (x,,x, ) = 1(n,m— ).
1

f(x+h)

W
. Denoted it by
f(x)

Definition 5" The multiplicative derivative of a function £ R — R is defined by lim

h—0

S (%),
If £ (x) is a positive function and its derivative at x exists, then /" (x) =e!™ ),
Definition 677 Let £ [a,b] — R be a positive bounded function, P= {x,,x,,---,x,} be a partition of [a,b], and

e [x,.,l,xi]. The function f'is said to be integral in the multiplicative sense if there exists a number P having the prop-

erties: for every £> 0, there exists a partition P, of [ a, b | such that \H 7 f,.)(x'ix"‘)—P| <¢ for every refinement P of P,
i=1

independently on selection of the numbers &, € [x,.,l,xl.] (i=1,2,+--,n). P is called the multiplicative integral of f on

b
[a.b], we denote it with | /(x)"

. . . . .. . . b x i "(x)
It is easily seen that if fis positive and Riemann integral on [a, b ], then f f (x)"= ef S

Let X be a nonempty set, recall that mappings f, g: X— X are weakly compatible if, for every x € X, fagx=ggx
holds whenever fx =gx. If fand g are weakly compatible and have an unique point of coincidence w = fx = gx, then w is
the unique common fixed point of fand g.

2 Common Fixed Points

Theorem 1  Let(X,d)be a multiplicative metric space, mappings f; g: X — X satisfy: for all x,y € X,
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d(fefy) <d(grg)'d(frge) d(frgy) d(frgy) d(frgx)’ (1)
holds, where 4, € (0,1)(i=1,2,3,4,5), 4, + A, +As< LA, + A< LA, + A, + A, +24,< 1.
If g(X) is a complete subspace of X, (X ) cg(X) and f and g are weakly compatible, then f and g have an
unique common fixed point.
Proof Let x, is an arbitrary point in X, since /(X ) cg(X), there exists x,,x, € X such that fx,=gx,, /X, =gx,.

Continuing this process, we can obtain a sequence {x} c X such that fx,=gx,.,(n=0,1,2, ---). From (1), we have
d(gx,.ngx,) =d (i, fr,) <d(gx,.gx,)) d(fex,) d(f, e, ) d(fogx, ) d (f,oev,)”
=d(gv,.gx,1) d(gx,..gv,) d (gv,.gx,,) d(gx,...gv,,) "d(gr,.gx,)"
<d(gv,.gx,)" "d(gx,..qv,)"d(gx,.ogx,) d(gx, gv,)"

FRVRYS

=d (ganrl?gxn)iﬁbd (gxn’gxn—l)

’ ¢ A+Ay 2,
which implies that d (gxm,gxn)l_zm <d(gx, g, )M}w, andsod(gx,.,.gx,) <d(gx,.gx, ) "
_ Attt
Letg= 1—12—/14’then
d(gx,.gx.,) Sa’(gxmgxm)q<d(gxn71,gx,,72)qz< o<d(gr.gx,)” (2)

foralln=1,2,---. Since 1, + 4, + 4, +21,<1, we getg< 1.

For arbitrary natural numbers n, m, n > m, from the multiplicative inequality and (2), we have

g g 7"

d(gx,.gx,)<d(gx,.gx,)d(gx, ..gx,,) d(gx,...gx,) <d(gx.gx,)" d(gx.gx,)

rli-g)

---d(gx],gxo)

F g g s

=d(gx1,gx0) =d(gx1,gx0) o <d(gxlagxo) !
In (l—q)lns *
In(d ,
For every ¢> 1, by taking N= n( l(ng;l gxo)) , we haved(gx'l”gxm) <eg for n> N, that is,{gx,,}isamulti-

plicative Cauchy sequence in g (X ).
Since g (X') is a complete, there exists p € X such that gx, — gp. From (1) and the multiplicative inequality,

d(gx,.fo)=d(fr, .fp) <d(gx, .gp)"d(fx, .gx, ) d(fo.gp)"d(fr, .gp)"d(f.gx, )"
<d(gx,.ep)'d(gx.gv, ) d(fogx,) d (gx,.qp) d (gx,.20) d (f.gx,) " d (gx,.gx,,)"
We get that d (gx",fp)]flds <d (gxn,l,gp)l‘d (gx,,,gp)m}”d (gx,. g%, );‘2”5, that is
{i, Ay+2y 12"“1;
d(gx,.fp) <d(gx, .gp)" " "d(gx,.gp) " "d(gx,.gx, ) "
Since gx, — gp, for every ¢> 1, there exists a natural number N such that
A i | At
T2y 4y T2y —As T2y —As
d(gxmlgp) <V, d(gx,,,glp) <, d(gxn,gxl,,l) Y
for n> N. Therefore, we obtain that
(glﬁv) =d(gx,.fp) <d(gx, .gp)" > "d(gx,.gp) " "d(gx,.gx, ) "
L ata, | It
17y —1, [y T—iy—1s
_ d(gxn_uigp) d(gxn,glp) d(gxmgxln-l) Vs Vs Ve e
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for n> N, which implies that gx, — fp. From the uniqueness of the limit, fp =gp.
If there exists another point p* € X such that /p*=gp’. From (1), we get
* * * A * £\ 43 %\ As *
d(gp.gp’) =d(fo.f") <d(gp.gp") 'd(f-gp)"d (fp".gp") d (fo.gp") d (fi". gp)

I Iy . )Al+/14+/15

* * * AS
=d(gp.gp") d(gp.gp") " d (gp".ep)"=d (gp.gp
Since 1, +1,+15<1, the above inequality implies that d ( ap, gp*) =1, so gp=gp". Since fand g are weakly com-

41

s

patible, fp( = gp) is a unique common fixed point of fand g.

Corollary 1  Let (X,d ) be a multiplicative metric space, mappings £, g: X — X satisfy the followings: for arbi-
trary x,y € X, inequality (1) holds, where 4,(i=1,2,3,4,5) are non-negative real numbers and 1, + 4, + A, + A, +A; < 1,4, <
Ayy Ay<As. If g( X ) is a complete subspace of X, (X ) cg(X )and fand g are weakly compatible. Then f'and g have a
unique common fixed point.

Proof Since 1, +4,+4;+4,+4,<1,4;,<4,,4, <A, we get

AMAdg+ s <A+ A+ A+ A+ A S L A+ A<A + A+ A+ A, + A<, A+ A, + 4, + 24, <A, + A, + A, + 4, + A< 1.

The conditions in Theorem 1 are satisfied. The conclusion is true from Theorem 1.

Corollary 2 Let (X,d) be a multiplicative metric space, mappings f, g: X — X satisfy the following: for arbi-
trary x,y € X,

y

d( fofy) <d(gngy)(d(fogx)d(fre)) (d(fogr)d ()
holds, where B,y are non-negative real numbers and a+2f+2y<1. If g(X) is a complete subspace of X,
f(X)cg(X)andfand g are weakly compatible. Then fand g have a unique common fixed point.
Proof Letl =a,4,=4,=p,1,=4,=9, it is easy to see that the conclusion is true from Theorem 1.
Corollary 3! Let (X, d ) be a multiplicative metric space, mappings f: X — X satisfy: for arbitrary x,y € X,

d( fefy) <d(xy)
holds, where 0 <4< 1. Then f'has a unique fixed point.
Proof Bytakingg=/,and A,=4,1,=4,=4,=4,=0 in Theorem 1, we see that f'has a unique fixed point.
Theorem 2 Let (X, d ) be a multiplicative metric space, mappings f; g: X — X satisfying followings: for arbitrary
x,yelX,

d(frfy) <maxid(gr.gy)".(d(frgx)d (fngv))" @ (d( finge)d (fr,gp) ) et (3)

B v (f.gv) %

holds, where @, f, y are non-negative real numbers and, Zmax{a, ﬂ,y} <1. If g(X) is a complete subspace of X,
f(X)cg(X),fand g are weakly compatible, then fand g have a unique common fixed point.
Proof As we do in the proof of Theorem 1, we can obtain a sequence {x,} cX such that
fr,=gx,..(n=0,1,2,--). From (3), we have
d(gx,..gx,) =d( fx,.fx,)

<max \d (gv,.gx, )" (d (o, g, )d ( fr,inge, ) ) (d (e, )d (S, ) )i Ml e

/] v fi,.gv, 1) %

Since
); )

(d (.fxn’ gxn)d (fxnfl’gxnfl ) )d(gxy,-gx,,4> = (d (gxnﬂ’gxn)d (gxn’ 8X,- ) )d(gx,,-gx,,,J
Il

max{a. £y}

< (d (gxn+l7gxn)d (gxmgxnf] ) ) < (d (gxtwl?gxn)d (gxnagxn—l ) ) 2
yd (f,. %, 1) yd (gx,.1-x,)d (8%, 1)

(00 ) g ) O P T < (g, d g, ) )

b

= (d(gx,.gx,)d (gx,..gv, 1)) "= < (d(gx,...gv,)d (gx,.gx, |

) )max{a,/LY}

2

and
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« a max {a. f,7}
d(gxn’gxn—l) < (d(gxn+l’gxn)d(gxn’gxn—l)) < (d(gxn+l’gxr1)d(gxmgxn—l)) V'

We get
d(gx,.gx,) < (d(gx,..g0,)d (gr,ex, )" "
and so
d(gx,.nex,) " <d (gr,gx, )"
Letl= M, then 0<A<1 and
l—max{a,ﬂ,y}

d(gx,..-gv,) <d(gv,.gx, ) (4)
From (4), we get

d(gv,..gx,) <d(gx.gx,)" (5)

For natural numbers n, m, n>m, from the multiplicative triangle inequality and (5), we get
d (gxn7gxm) < d (gxn7 gxn—l )d (gxn—l7gxn—2 ) o .d (gxm+ 1 ’gxm)

w(1=rm)
1-4

Sd(gxl,gxo) Sd(gxl,gxo) Sd(gxl,gxo)l’/
This implies that d ( gx,.,gx,) — 1 (m —> o). Hence {gx,} is a multiplicative Cauchy sequence in g(X). By the
completeness of g (X ), there exists p € X such that gx, — gp (n —> ). From (3), we have

d(gxnaﬁ)) :d(fx"*”ﬁ))

<max

) 7 (foy gp)
d(gx, .gp)"(d(fr, .gx, . )d(fp.gp)) "= (d ( fo.gx, ,)d ( fr, .gp)) e >"‘ﬁ’=g”’

<max

B yd (gx,.2p)
d(gx, .gp)".(d(gx..gx, ) (fp.gp) )" (d( fo.gx, \)d (gx,.gp) ) "= g")d“”’g")]-

Since

max {a, .7} x{afr}

d (g, .gp)"<d(gx, ,gp) <(d(gx.gp)d(gx, .gp)d (fp.ap))"

< (d(gx,.2p) )2“‘ax{¢ﬁ-v}(d (g5, 20) )max{a,m}(d(gxnﬁ) )max{a./f,v}’
M

B
(d(gx,.gx,)d(fo.gp))" =< (d(gx,.gp)d (gx, .gp)d (fo.gp)) =)

max {a. 4.7} max {7} max {a,f.7} max {a, 8.7}
<(d(gv,.gp)d(gv, ap)d(fngp)) < (d(gxngp)) " (d(gx, gp)) " (d(ge.p)” "
and
Vd(gv .2p) max{ef,y}d(gx,.qp)
(d(fp.gx, )d(gx,.gp)) =P elra) < (q( fo.gp)d (gx,,,],gp)d(gxn,gp))d<gx”‘f”)d(g"""‘g”w"”’g”)
ax {@.f.y}d (gx,.fp)d (f.gp)
( ﬁ?,gp gx l,gp)d(gx ’gp)) o, fp)d (gx, .gp)d (fp.gp)
max {a, 4,7}
<(d(f.gp)d(gx, .ap)d(gx,ap))”
max ) —— ——e
<(d(gv.gp)) " (d(grngp))™ " (d(grap))
we get
S e max 7]
d(gr,. /) < (d(gx.qp)) (d(gx, 1-gp)) (d(gx,./0))
That is,

Zmax{a./f,y} max{a.,/l,y}

d(gx,.fp) < (d(gx,.gp))" ™" (d(gx, .gp)) ™"
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Since gx, — gp(n—> o), for every £> 1, there exists a natural number N, such that d ( ox,, fp) <e for n> N. Hence,

gx, — fp(n—> o). From the uniqueness of the limit, fp = gp.
If there exists another point ¢ € X such that fg =gq, from (3), we get

yd (fp.24)

_ B _ valfpea)
d(fp,fq) < d(gpygq)ay(d(ﬁ),gp)d(fq,gq))d(gp.gq)’(d(fq’gp)d(fp’gq))d(/p./q)d(gp.gq)d(fq»gq)

£ o
max a (a4 o) (fa.a) 0. ( . fr) T T
=max d(qu)",(d(qu))m
Sd(ﬁ),fq)zmﬁx{aﬁ’y}‘

Since 2max{a, S,y <1, it is a contradiction. Because f and g are weakly compatible, f and g have a unique com-

mon fixed point.

3 Applications

Let (X, p) be a usual metric space, we define d: X x X — [1, +oo) as follows: for any x, y € X,

d(xy)=e" ©6)

It is easy to see that (X, ) is a multiplicative metric space. Conversely, if (X,d ) is a multiplicative metric space,
by defining p: X x X— R*: for any x,y € X,

p(x.y) =Ind (x.y) ()

We have a metric space (X, p).

Theorem 3  Let X be a nonempty set, p and d as (6) or (7), and A c X.

1) (X p) is a complete metric space if and only if (X, d ) is a complete multiplicative metric space;

2) A is an open set in (X, p) if and only if 4 is a multiplicative open set in (X, d );

3) 4 is a closed set in (X, p) if and only if 4 is a multiplicative closed set in (X, d ).

Proof 1) Let (X p) be a complete metric space and {x,,} a multiplicative Cauchy sequence (X,d ). For every
&> 0, there exists a natural number N such that d(xn,xm) <e’ for n,m>N. So we have p(x,,,xm) <g for n,m>N. This
implies that {xn} is a Cauchy sequence in (X, p). Since ( X, p) is complete, there exists x, € X. For any &> 1, there exists
a natural number N such that p( xn,xo) <Ine¢ for n>N. Hence, d (xn,xo) <& for n>N, and so {xn} multiplicative con-
verges to x, in (X, d ), (X, d ) is a complete multiplicative metric space.

Similarly, the inverse state is true.

2) Let A4 is an open set in (X, p). For every x € 4, there exists >0 such that B,(x,¢) 4 (B,(x,¢) is an open ball
of radius &> 0 with center x in (X,p)). Lety e B,(x,¢") (B,(x,¢*) is an open ball of radius e*> 1 with center x in (X, d)),
then d(x,y) <e’. From (7), p(x,y) =Ind (x,y) <e, that is y € B,(x,). This implies B,(x,e’) =B,(x,e) c 4, Hence, 4
is a multiplicative open set in (X, d ).

Similarly, the inverse state is true.

3) From 2), we see that the conclusion in 3) is true.

Remark 2 Theorem 3 shows that metric space (X p) has the same topological properties as multiplicative met-
ric space (X, d ) if p and d satisfies equality (6) or (7).

Consider multiplicative initial value problem:

v'=f(xy)

(8)
)’(xo) =Y
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where y* is the multiplicative derivative of y, f (x, y) is defined on some subset GCRxR' and f (x, y) >0,

(XOvy 0) eG.
We say that [ ( X, y) satisfy multiplicative Lipschitz type condition concerning second coordinate on G, if for any

f(xy)

(x,z

*

(x,y),(x,z) e G, <L ' holds, where L> 1 is a constant'”.

*

Theorem 4 Letf (x, y) be a positive continuous function on a rectangular region D = ( X, y)|| X=X, \ <a, X<

b} (a>0,b>1). If f (x, y) satisfies the multiplicative Lipschitz type condition concerning the second coordinate on D,

Inb 1}

then multiplicative initial value problem (6) has a unique solution on [xo—é,x0+(5], where 5<m1n{a, InM* y,binL

M= max f(x,y).

(xy) eD

Proof Let X=C[x,~d,x,+0] p: XxX—>R is defined as p(y,(x).y,(x))= [max ]|y,(x) —yz(x)| for
). xo+0

X€E | X,—0d.x,

y.(x),»,(x) € X, since (X,p) is a complete metric space. (X,d) is a complete multiplicative metric space, where

d(y.(x),y,(x)) =&’ We define T: X — X as :Ty (x) =y0f f(x,y(x))dx.

*

Let C =

() (x) eX,W)

0

<M5}. It is easy to see that C is a closed set in (X,p), C is complete in (X,p),

and so it is complete in (X, d ). Since /' (x,y) <M, we have —5lnM < f Inf (%, (x))dx<dlnM.

*

: o/ (s (x))ds . 5 . )
That is, % =e < ef‘“” e <e™ =M’ Hence L; < Ty (x) <M°, which implies that Iy (x) <M°. Then,
M M’ Yo 0
Ty(x) e C.
For y,(x).y,(x) € C, since |JM "< L1 we have
f(xy:(x))
S (xpi(x)
_D}I(x) _yz(x)“nLSln(i]) < D}I(x) _yz(x)|1nL~
x7y2(x )
We get:
) o fleyi(x)
it () —Coiaed< [0l EED g o 4 o).
o o f(xvyz(x) %o
That is
o fleyi(x) :
]l demeuj i (x) =pa(x)ldv| <dp(v,(x).ys(x) ) InL.
o f(xvyz(x)) %o
Thus, we obtain that
[ wrGree [wrGoee [ ir(ere)er [ i (ono)ae [ (on(0)ds
I L T
fulid, e |
<t /o) —1|<M”-\f lnfi(xyl(x))dx|<c5M"p(y1(x),yz(x))lnL.
Yo f(xvyz(x))
We conclude that
ma (0 -Th)) ﬁ bof () - jﬂ_/(x,.vz(x))m\l[

a(1,(x), Ty:(x)) =e —e
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max

=€

‘{ j Inf (5., (x) ) de [ nf (00 e

yoe e oM?
5 Vo0M°InL ) 9

yoM i (3, ().7(x)) _ (ep(.vxx),yz(x))) ' yooMink

=d()’1(x)ayz(x)) =d(y1(x)»y2(x))iv

where A=y,0M°InL<1. By Corollary 3, T has a unique fixed point in C, denoted it by y(x), that is y(x)=

yt)f

we have
X

f(x,);(x))dx. Thus,);*(x) =f(x,); (x)), and y (x,) =y,. Hence, y (x)is a solution of (6).

Ify 1(x) is another solution of (6), since

v (x) v, (x)

[ rler0) (jxf(x,;l(x))d‘)

* b

Xy

v, (x)
[ ey o)

o

. . . dv .
=C (a constant), then y (x) :CJ f(x,y 1(x)) . From y 1(xo) =y,, we get C=y,, which im-

plies that y (x)is also a fixed point of 7. Therefore, y (x) = y (x), we conclude that the solution of (6) is unique.
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