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A New Two-Parameter Family of
Nonlinear Conjugate Gradient
Method Without Line Search for

Unconstrained Optimization Problem

[0 ZHU Tiefeng
School of Statistics and Mathematics, Inner Mongolia University of Finance and Economics, Hohhot 010070, Inner Mongolia

Autonomous Region, China

Abstract: This paper puts forward a two-parameter family of nonlinear conjugate gradient (CG) method without line search for solving
unconstrained optimization problem. The main feature of this method is that it does not rely on any line search and only requires a simple
step size formula to always generate a sufficient descent direction. Under certain assumptions, the proposed method is proved to possess
global convergence. Finally, our method is compared with other potential methods. A large number of numerical experiments show that our

method is more competitive and effective.
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0 Introduction

Unconstrained optimization methods are widely
used in the fields of nonlinear
dynamic systems and engineering computation to
obtain the numerical solution of the optimal control
problem™?. In this paper, we consider the following un-
constrained optimization problem:
minf (x), x e R", (1)
where /i R"— R is sufficiently smooth high-dimensional
function. The nonlinear conjugate gradient (CG) meth-
ods are highly useful for solving this kind of problem be-

cause they can avoid storing and remembering matri-

cestl.

In general, the iterative formula of the CG
method is obtained by

X =X tad, (2)

where a, is step size along the search direction d,, and d,
defined by

8« k=1,

Sl R R ®

where g, denotes the gradient Vf(x,). 5, is scalar and it

is chosen differently so that there are different CG meth-

ods corresponding to the different §,. Some well-known

formulas for 3, are given by
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hs = Sk2il (Hestenes-Stiefel (HS) method™),

d’ y,,
Al
= 2L (Fletcher-Reeves (FR) method™),
=
8y
PP = SEZEL (Polak-Ribiere-Polyak (PRP)
[Fz=
method™),
& ]
== # (Conjugate Descent (CD)
d._.g
method™),
8y
5=~~~ (Liu -Storey (LS) method"),
—d;_ 8
and

2
oY= HTgikH (Dai and Yuan (DY) method""),
di 1 Yic

where || || is Euclidean norm and "T" stands for the trans-
pose, ¥, =g,—&:_,- In general, DY and FR methods
based on inexact line search have good convergence per-
formance, but the computational efficiency is not as
good as that of PRP method. In order to establish meth-
ods with both good numerical performance and conver-
gence properties, many scholars have proposed im-
proved conjugate gradient methods in recent years!"'"',
They showed that the method is globally convergent if
the following strong Wolfe line search conditions for o,
are satisfied,
Sxtad)—f(x)<po,g.'d,

(4)
| glx,+a,d)'d,

2
<_O'ngdk

where 0<p<o<1.
The line search in the conjugate gradient method is
usually chosen by a strong Wolfe line search, however,
the line search skill usually brings computational bur-
den, especially in solving large-scale nonlinear uncon-
strained optimization problem. To overcome this prob-
lem, Sun and Zhang" introduced five CG methods re-
spectively without line search in which the line search
step is replaced by a simple step size formula o
_ _5g AT dk
|a,

®)

Ay

2
0
where || d, ||Q =/d'Q.d,, éc (0, v,,/u)is chosen such
that ou/v,,, <1, u is Lipchitz constant defined in Assump-
tion 1 below, and {Q,} is a sequence of positive definite
matrices satisfying for positive constants v, >0 and
Vo >0 such that Vd e R”, v, d'd<d"Q,d<v, d"d.

max

Chen and Sun™ extended this technique to two-

parameter family CG method, which can be deemed as
generalization of the HS and LS without line search.
Yuland Narushima'® applied this method to memory
gradient method and obtained their global convergence,
respectively. Yin and Chen!"” showed that three-term CG
methods without line search are globally convergence.
Other modified CG methods without line search reader
may see Refs.[18-20].

As supplementary of these results, in this paper, we
continue their research and would show that the pro-
posed CG method without line search in which the line
search step is replaced by fixed step-length formula (5),
is global convergence for following new fS,:

2
R Y
wk” 81 ” el Yo

where w, =0, u,=0. This motivation mainly comes from

(6)

Refs. [3, 4]. Our main aim is to develop a new method
and obtain better property of the new method while
keeping its simple structure. It should be noted that the
formula (6) includes some important special sub-classes.
For example, when w,=0, x,=1, the proposed CG
method can be deemed as DY method without line
search; when w,=1, x,=0, the proposed CG method
can be deemed as FR method without line search.
Hence, the proposed CG method (6) without line search
can be deemed as generalization of the DY and FR.

The rest of this paper is organized as follows. In
Section 1, we first give some preliminary results on the
CG method without line search and discuss our method
sufficient descent property. Furthermore, we prove the
global convergence of the proposed method without line
search and present algorithm frame. A large amount of
numerical experiments are given for illustrative pur-
poses in Section 2. Conclusions appear in Section 3.

1 Analysis of Global Convergence
and Algorithm Frame

1.1 Analysis of Global Convergence

We adopt the following assumption on function of
which is commonly used in the literature.

Assumption 1% The objective function fis LC' in a
neighborhood Q of the level set L:={ xeR"| f(x) <
f (xl)} and L is bounded. Here, by LC' we mean that

the gradient Vf (x) is Lipschitz continuous with modu-

lus u,1i.e., there exist x> 0 such that
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H Vf(x/m) _Vf(xk)

for any x,,,, x, € Q.

}g/‘” Xi1 =X ”

Assumption 2% The function f'is LC' and strongly

convex on Q. In other words, there exists 4> 0 such that

[Vf(xk+1) _Vf(xk) :|T(xk+1 _xk) 2l" X1 =X "2
for any x,.,, x, € Q.

Lemma 1
and (5). Then

Suppose that x, is given by (2), (3)

g di=pig. ' d, (7)
holds for all &k, where
o4, d.|
pi1- 2] ®
|41,
and
0, for a,=0,
T
$.= (gk+l_gk) (-"f'lwf;_-"flf)7 for a, 0. ©)
” Xper1 =Xy
Proof See Lemma 1 in Ref. [3].

Lemma 2  Suppose that Assumption 1 holds and
that x, is given by (2), (3) and (5). Then

4
liminf| g, | #0 implies EM <o, (10)

2
it
Proof See Lemma 5 in Ref. [3].
Lemma 3  Suppose that Assumption 2 holds and

B.is given by (6). Then g,"d, <— H g, Hz
Proof We prove Lemma 3 by induction. For
k=1, it is easy to obtain that ngdlz—"g1 st—"g1 uz
Suppose gf,ldk,ls—u 8 Hz holds, now we prove that
2
gld,<—| g| holds.
By (3), (6) and Lemma 1, we have
g'd=g"(-g+pd. )

2
: EA

=8 | — &t B -1
wk” 8- ” +d pe
2
P s
a)ku 81 u i d pi
Z_Hgk ‘|2+||gk "2 pk—lgk—lek—l

> .
CUA" 81 " +udl y
From Corollary 3 in Ref.[3], we know O0<p,_, <1.

From the induction hypothesis, we have p, g/ ,d, <
2
_pHH g H <0. Furthermore, one has

lukdl;r—lyk—l :lukdl;r—l(gk_gk—l)

= g —d’ g_)
= (P &l — g diy)
:ﬂk(pk—l_ 1)g111d1f,| =0,
which is due to ¢, 20, p,_,—1<0 and g/ ,d,_,<0. From
above analysis, we have
[ Pt <
a’k" 81 ” +ud Y

where w, and y, are not equal to zero at the same time.

ngdk=_” 8 ”2+

Thus, we obtain
Pi18ir iy

wk" 81 "2 el Yy

H 8 "2 S—" g ||2 This finishes our

proof.

If there exists a constant ¢>0 such that g,"d, <
—c || g, ||2(k> 1), then we say the search direction d, of the
method satisfies the sufficient descent condition. Lemma
3 means that the search direction d, is the sufficient de-
scent direction, which is often required in the conver-
gence analysis of CG method.

Theorem 1  Suppose that Assumptions 1, 2 hold
and that f, is given by (6). Then

a _ Ja ], #
4 4
e ol e

where H is a positive constant.
Proof By (3), we have

di=-g,+pd,,
squaring both sides of it, we obtain
2 2
[d.] = [-gc+pdir |-
By Lemma 1 and substituting the expression (6)

29

into above formula, we have

)=

2
e sl
wk" 8i-1 " iy
2
2| g.
2] e,
wkH 81 H Hnd Y
T4 I
2 2
I:a)k” 8i-1 ” +,ukdkT-1yk-1:|
~ g - — L8 'd,.
wk" 8- "2"'/4/(‘1/11)’/{4
e[ ld.i [

k-1

=~

+

2
[

+ s 3
|:wkH 81 H +:ukdkT—lyk—1:|

2pk-1ng-1dk-1

2
<|g 1+
|| o g, ||2+'ukdkT‘1y""1
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4 2 2
+ H 8 H " - " 5 where a= coi’ b= " d, ”4 and c= S—Hz, a, b and ¢ are con-
2
|:a)k|| 8- " +1ukdkT—lyk—lj| ’ H 4 "
- Hg ”z - 20, .8l .d,_, H g H || d,_, || stants. From equation (12) we have 2" & |||| o,
= k 4,70
o, 8- ‘H [a’/" 8- 1"} which is contradictory to Lemma 2. Hence we ob-

which is due to u,d] ,y, ,>0 that is deduced in Lemma

3.Byg/ d,_ 1S—HgA 1Hzin Lemma 3 , we have

oiglide, __ 2plen ] 2.
olga| ola ] @
Now by 1 —du/v,;,, <p,_, that is deduced in Ref. [3],
and the two inequalities above, we obtain

4 2
||dk||2< 1= 2Pi ”ngerM
» 2
(O |:a)kH g, H2:|
4 2
< ’1—2(1_5'“/‘}“““) HngZ_J,_"g’fMM
(O w}{z” 2, H
LetH=11- w , we obtain
W,
d
||dk ||2<H||g " w’
a)k” 8 "

o _ ok,
le] oz el
The proof is completed. There holds 1-—odu/v,,, <

p,_, for all £ if Assumption 1 is valid.

Theorem 2  Suppose that Assumptions 1, 2 hold
and that sequence {x,} is given by (2), (3), (5) and (6).
Then lirkriimnf" g, " =0.

Proof
conclusion is not true. Then, in view of ” g H >0, there

Suppose, by contradiction, that the stated

exists a constant & > 0, such that H g, H > ¢ for all k£, and by

Theorem 1 we have " " " 4 " —.
el ol e
Thus, we have a recursive equation which leads to
la)” _ ld]” & _ ] | 2n
2 4 2
lel ele | ¢ ole] ¢
o], d=vir an
olg | ¢

Thus, equation (11) means that

e .
||dk ||2 ab+(k—1)c

(12)

tain liminf ” g, || =

k—w

Theorem 2 denotes that our proposed CG method
without line search possesses global convergence.

1.2 Algorithm Frame

Based on the discussion above, now we can de-
scribe the algorithm frame for solving the unconstrained
optimization problem (1) as follows:

Step 0  Given an initial point x, € R”, constants
£>0,p€(0,1),0€(0,1), w20, x, =0 and let k&:=0.

Step 1
fied, then stop; otherwise, go to Step 2.

Step 2 Compute a step size a, by formula (6).

Step 3 Let x,.,=x,+a,d,, compute d, and S, by
(3) and (6).

Step4 Letk:=k+1 and go to Step 1.

From above algorithm, we note that the step-length
a, depends on the Lipschitz constant, but in general, the
Lipschitz constant is not known in previously. It should

If a stopping criterion H g H <g, 1s satis-

be noted that if f(x) is a twice continuous differentiable
strictly convex function, the Lipschitz constant can be re-
placed by a positive constant. So, we choose d=1.

2 Numerical Experiments

In this section, in order to show the performance of
the given method, we test our proposed method with
fixed step-length (5) (denoted by OMFSL), method (6)
with the strong Wolfe line search (4) (denoted by
SSWLS), and some other considered algorithms without
line search such as DY and FR method® and Chen and
Sun’s method™ via 24 test problems from Ref.[21]. We
use the same convergence criteria in Ref.[21].

The parameters are chosen as p=0.04, 6=0.5, w,=
0.7 and w,=0.3. All codes are written in MATLAB 7.5
and ran on Lenovo with 1.90 GHz CPU processor, 2.43
GB RAM memory, and Windows XP operating system.
In our numerical experiments the no-line-search method
with @,=I (the unit matrix) show bad convergence be-
havior. Thus we consider BFGS updates for Q, in for-
mula (5).

The test results are shown in Tables 1 and 2. The re-
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Table 1 Numerical results for the tested problems

k/NG/NF
No. Functions/n
OMFSL SSWLS DY" FRY Chen and Sun™

1 Sphere/100 2/2/2 7/20/25 2/2/2 2/2/2 2/2/2

2 Rastrigin/10 2/2/2 15/164/297 2/2/2 2/2/2 2/2/2
3 Froth/2 59/59/59 1 144/16 759/31 229 1 996/1 996/1 996 50/50/50 F/F/F
4 Pqd/5 41/41/41 67/209/283 14/14/14 13/13/13 13/13/13
5 Ewh/10 284/284/284 76/998/1847 F/F/F 406/406/406 F/F/F
6 Raydan1/2 8/8/8 29/30/30 8/8/8 8/8/8 8/8/8
7 Raydan2/100 71717 5/9/7 8/8/8 8/8/8 8/8/8

8 Etri/10 124/124/124 F/F/F/F 61/61/61 71/71/71 67/67/67
9 Epow/4 127/27/27 159/1 765/3211 28/28/28 23/23/23 18/18/18
10 Wood/4 213/213/213 509/2 720/4 993 1512/1 512/1 512 296/296/2 996 F/F/F
11 Ewood/4 268/268/268 F/F/F 1033/1 033/1 033 248/248/248 F/F/F
12 Perq/3 21/21/21 21/67/87 27/27/27 18/18/18 23/23/23
13 Etril/34 11/11/11 F/F/F 43/43/43 45/45/45 50/50/50
14 Emic/8 290/290/290 F/F/F F/F/F F/F/F F/F/F
15 Erosen/20 1072/1 072/1 072 54/732/1357 403/403/403 1121/1 121/1 121 62/62/62
16 Grosen/3 9/9/9 2 141/6 137/11 293 383/383/383 202/202/202 776/776/776
17 QUARTC/50 2/2/2 F/F/F 2/2/2 2/2/2 2/2/2
18 LIARWHD/10 57/57/57 F/F/F 78/78/78 59/5/59 72/72/72
19 Staircasel/4 14/14/14 34/143/217 23/23/23 14/14/14 14/14/14
20 Staircase2/4 14/14/14 29/123/187 23/23/23 14/14/14 13/13/13
21 POWER/20 44/44/44 F/F/F 102/102/102 117/117/117 53/53/53
22 Diagonal4/4 2/2/2 57/435/755 71717 2/2/2 2/2/2
23 EBDI1/2 14/14/14 18/82/127 F/F/F F/F/F 13/13/13
24 CUBE/2 F/F/F 196/2 529/4 665 F/F/F F/F/F F/F/F

Note: F denotes that the method fails to convergence within 5 000 iterations or there exists numerical overflow
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Table 2 Results of f(x) and T, for the tested problems
()T,
No.  Functions/n
OMFSL SSWLS DY"™ FR? Chen and Sun™

1 Sphere/100 0/0.062 5 1.924 7E-11/0.3125 2.169 4E-30/0.1719 2.169 4E-30/0.078 1 ~ 2.169 4E-30/0.265 6
2 Rastrigin/10 0.0/0.004 3.836 9E-13/0.187 5 0/0.015 6 0/0.005 0/0.007

3 Froth/2 7.854 2E-16/0.015 6 2.583 1E-10/2.187 5 1.148 3E-12/0.046 9 5.928 8E-13/0.015 6 F/F

4 Pqd/5 2.707 2E-9/0.046 9  2.001 3E-8/0.078 1  7.629 2E-8/0.0156  1.6000E-8/0.031 3 9.231 9E-8/0.031 3
5 Ewh/10 2.578 8E-11/0.0250 1.978 4E-9/0.593 8 F/F 1.008 8E-9/0.031 3 F/F

6 Raydan1/2 0.3/0.015 6 0.3/0.046 9 0.3/0.015 6 0.3/0.015 6 0.3/0.015 6

7  Raydan2/100 9/0.015 6 9/0.062 5 9/0.015 6 9/0.015 6 9/0.015 6

8 Etri/10 2.300 1E-11/0.015 6 F/F 1.304 4E-10/0.0156 7.070 4E-10/0.0156  6.3120 E-10/0.015 6

9 Epow/4 1.169 2E-13/0.015 6 7.092 5E-12/0.140 6 4.052 5E-13/0.0156 9.708 0E-13/0.0469  8.836 6E-11/0.078 1
10 Wood/4 3.999 3E-9/0.078 1  9.306 7E-10/0.2344 7.0341 E-10/0.1094 8.009 0E-11/0.031 3 F/F

11 Ewood/4 2.966 6E-10/0.048 1 F/F 3.848 0E-100.078 1 5.499 0E-10/0.062 5 F/F

12 Perq/3 3.548 7E-10/0.0156 3.870 9E-10/0.015 6 2.891 0E-10/0.0156 5.533 2E-10/0.0313  2.783 2E-11/0.078 1
13 Etril/34 4.211 3E-14/0.031 3 F/F 5.408 7E-10/0.031 3  3.246 5E-10/0.0313  6.731 8E-11/0.031 3
14 Emic/8 0.108 9/0.156 3 F/F F/F F/F F/F

15 Erosen/20 1.0453E-9/0.3549 1.456 SE-11/2.031 3 2.845 6E-9/0.0156  1.321 7E-9/0.046 9 4.224 8E-9/0.031 3
16 Grosen/3 5.245 9E-10/0.015 6 8.216 8E-10/0.484 4 4.786 7E-9/0.0313  3.265 7E-9/0.0156  3.7253E-12/0.078 1
17  QUARTC/50 3.111 5E-60/0.015 6 F/F 0/0.015 6 0/0.015 6 0/0.015 6

18 LIARWHD/10 4.331 6E-14/0.0156 F/F 6.953 2E-10/0.0156 1.923 9E-10/0.0156  6.228 2E-11/0.015 6
19 Staircasel/4  4.476 1E-9/0.0156 3.536 8E-10/0.0313 5.005 0E-9/0.0156  4.595 9E-9/0.015 6 6.299 0E-9/0.015 6
20  Staircase2/4  1.119 0E-9/0.0156 1.888 4E-9/0.0156 7.512 6E-8/0.0156  6.4898 E-8/0.015 6 9.150 1E-9/0.015 6
21  POWER/20 1.976 9E-10/0.015 6 F/F 1.206 6E-9/0.046 9  3.272 9E-10/0.0313  7.501 9E-10/0.015 6
22 Diagonal4/4  3.841 6E-14/0.015 6 1.122 0E-10/0.062 5 2.555 0E-14/0.0156 3.841 6E-14/0.0156 3.841 6E-14/0.0156
23 EBD1/2 9.253 8E-13/0.015 6 1.624 6E-11/0.0156 F/F F/F 2.601 2E-10/0.015 6
24 CUBE/2 F/F 1.161 1E-8/0.265 6 F/F F/F F/F

Note: F denotes that the method fails to convergence within 5 000 iterations or there exists numerical overflow.
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sults for each problem by each method are shown in the
form of k/NG/NF/f(x)/T.,,, where k, NG, NF, f(x), T,

denote the number of the iteration at the terminate itera-

pus pu

tion, the total number of calculations of the gradient
value of the objective function, the total number of com-
putations of the objective function value, the value of
function at the terminate iteration, the CPU time in sec-
onds, respectively. n indicates the variable dimension of
the test problems.

From Tables 1 and 2, it is easy to see that OMFSL
performs better than other considering methods. Mean-
while, we presented the Dolan and Moré” performance
profiles for OMFSL and other considered methods. Note
that the performance ratio p(r) is the probability for a
solver for the tested problems with the factor t of the
smallest cost. In Figs. 1-5, the performance of OMFSL
with fixed step-length (5) and other considered methods
are presented.

As we can see from Fig.1, OMFSL is superior to all
other considering methods for the absolute errors of f(x)
versus f(x") (the function value at the optimal solution).
Figures 2-5 shows that OMFSL is better than all other
considered methods for the number of iteration, the num-

1.0
— OMFSL
—SSWLS
L [—DY
O8F | FR
—— Chen and Sun
0.6F
G
Y
04
02
0 2 4 6 8

T

Fig. 1 Performance profile on the absolute errors of f(x)
versus f(x")
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PR— —_—
P / . =
08 7 /
0.6F
&
4
041 — OMFSL
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— DY
02r — FR
—— Chen and Sun
0 2 4 6 8 10

T

Fig.2 Performance profile on the number of iteration

ber of gradient evaluations (NG), the number of function
value evaluations (NF) and CPU time (7,
sion, we can see that OMFSL without line search is very

). In conclu-

competitive for the test problems, and OMFSL is alterna-

tive for solving nonlinear unconstrained optimization

problems.
10
= P —
08} —_—
o |
&
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041 — OMFSL
—SSWLS
—DY
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—— Chen and Sun
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Fig.3 Performance profile on the NG
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0.8 —_—
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s
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— SSWLS
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Fig. 4 Performance profile on the NF
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Fig. 5 Performance profile on the T,
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3 Conclusion

In this paper, we have combined a two-parameter
conjugate gradient method defined by formula (6) with
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Sun-Zhang’s step-length formula defined by formula (5)
and have proved its global convergence property under
the appropriate assumptions. This step-length formula
(5) might be practical in case that the line search is ex-
pensive or hard. We allow certain flexibility in selecting
the sequence {@,} in practical computation, and we also
can consider other updates for @,. Our proofs require
that the function is at least and the level set is bounded.
Reducing the requirement of optimization function and
finding completely constant step-length might be topic
of further research.
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