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Symmetries of Fractional
Constrained Hamiltonian System
Described by the Singular Lagrangian

[0 WANG Cai, SONG Chuanjing'

School of Mathematical Sciences, Suzhou University of Science and Technology, Suzhou 215009, Jiangsu, China

Abstract: Singular systems within combined fractional derivatives are established. Firstly, the fractional Lagrange equation is analyzed.
Secondly, the fractional primary constraint is given. Thirdly, the Noether and Lie symmetry methods of fractional constrained Hamiltonian
system are studied. Finally, the obtained results are illustrated with an example.
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0 Introduction

With the continuous development of mathematics and physics, fractional calculus has been widely discussed in re-
cent years. Fractional-order model enables us to describe complex dynamics and physical behaviors better. Fractional
calculus has important applications in fluid mechanics, nuclear magnetic resonance imaging, mechanics of complex
viscoelastic materials, and so on"”. Riewe'®” introduced fractional derivatives to deal with dissipative forces. After
that, research on fractional derivatives has mainly focused on the left and right Riemann-Liouville, the left and right
Caputo, the Riesz-Riemann-Liouville and the Riesz-Caputo fractional derivatives. Recently, a more general definition
of fractional derivative, which is called combined fractional derivative, was introduced. For example, Malinowska and
Torres™ studied fractional calculus of variations based on a combined Caputo fractional derivative. Zhang™ established
the fractional differential equations of motion using a combined Riemann-Liouville fractional derivative. In 2015, Luo
et al' presented the dynamics of a Birkhoffian system with both combined Caputo fractional derivatives and com-
bined Riemann-Liouville fractional derivatives. Specifically, the four derivatives mentioned above are all special cases
of the combined fractional derivative. Therefore, the combined fractional derivative is general.

The singular system refers to the procedure described by the singular Lagrangian. The singular system plays a vi-
tal role in modern quantum field theory, such as gravity theory, string (membrane) field theory, Yang-Mills theory, su-
persymmetry, and supergravity!'l. When a singular system is described by the canonical variables, there are several in-
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herent constraints. In this case, the system is called the constrained Hamiltonian system, which is essential in con-
densed matter theory, gauge field theory and many other aspects"*"'*.

Noether symmetry and Lie symmetry are two commonly used methods to study constrained mechanics systems.
Noether symmetry was put forward by Noether"”. Lie symmetry was introduced by Lutzky"®. Then Noether and Lie
symmetry were studied further!'”'™. Particularly, for singular systems, Lie symmetry and conserved quantity based on
Riemann-Liouville fractional derivative”, Noether symmetry and conserved quantity based on mixed order derivative
and Caputo fractional derivative™ are studied. Besides, based on the combined fractional derivative, Noether symme-
try and conserved quantity for the Birkhoffian system are studied®. In this paper, we intend to study Noether symme-
try and Lie symmetry for the singular system based on the combined fractional derivative.

Section 1 gives the preliminaries. In Section 2, the fractional Lagrange equation is analyzed using the combined
fractional derivative. In Section 3 and Section 4, the fractional primary constraint is established and the Hamilton equa-
tion of the fractional constraint is given. In Section 5 and Section 6, the fractional Noether symmetry, Lie symmetry, and
conserved quantities are studied, respectively. An example is given in Section 7 and the conclusion is given in Section 8.

1 Preliminaries

The following preliminaries are about the combined fractional derivatives, which can be seen in Ref. [8], Ref. [22]
and Ref. [23]. The combined fractional derivative includes the combined Riemann-Liouville fractional derivative and
the combined Caputo fractional derivative.

The combined Riemann-Liouville fractional derivative and combined Caputo fractional derivative are

D fO=y Dl fO+()" (A=) D), (1
D fO)=y, D fO+()" A=) DL (@), (2)
where ["Dy f(t), {-D! f(t), { D{ f(t) and { D/ f(¢) are the left and right Riemann-Liouville and Caputo fractional deriva-
tives, t € [tl,tz], O0<sy<l,n—1<apf<n.
Under the condition 0 <a, f< 1, we have

R D f(H)= DL (1)~ f(t)

F(l_a)(t—tl)
1 f(n)

o 3)

DL f(O= DL f(O)+ - “4)
TOTTC=p) (1)
Additionally, the fractional partial integral formulae are
5} 12 n—1 . b
[ Te1Dende= [ cpileldi= S (-1)" Dz (0 L] )
I3 I3 =0 )
1, 1, n-1 -
| U1 D= [ p D 1di= > Dy (1) D=+ (©)
h n Jj=0 ,
t, 1, n=1 -
[ t)epmdi= [ g rpileldis > D] Dy (1)] ()
4 f ) j=0 ,
1, A n-1 ) &
[ To1cDimde= [ nrpisldrs S0 wDr [ ()| ®)
I3 3 720 .
1, 1, n=1 ) 2
[ U1eDindi= (<10 [ g fDi[#)di= > (~1)" D n (1) D] ©)
f, f, - 70 - .
1, 1, n—1 ) K
| t1ieninde= (=) [ g fog[#)de+ S(-1) iD= [¥] D (1)) (10)
i ) h j=0

t
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where D= d/df represents the integer order derivative.
It should be noted that in this paper, we set 0<a, f< 1.

2 Fractional Lagrange Equation

In this section, the fractional variational problems under combined fractional derivatives are studied.

We give a function
IRL[qRL ()] = J;LRL(L qre> RLD?ﬁqRL)dl‘s qRL(tl) =qru1> qRL(tz) ={qri2 (11)

where ¢ = (qRleQRsz R )> RLD;’ﬂqRL: (RLDz'ﬂQRle RLD;LﬁQRsz e RLD(VZ'ﬂQRLn)a qri = (qRLllqulev Tt qRLln)J qri2=
( Grizi>Grins s Qriom ), and the Lagrangian L, is assumed to be a C* function. If g, ( - ) is an extremal of Eq. (11), we

obtain

d

dew =0, (12)

£ =0

IRL[qRLJ’_ERLhRL]

where ¢, is a small parameter, Ay, = (hRLl,hm, oo Mg ), hRL(tl ) =hRL(t2) =0. Further, we get

Using fractional partial integral formulae (Egs. (5) and (6)) in the second terms of Eq. (13), we obtain

OLy,
O rix

OLy,
o*D ;wq RLK

'hRLk+

: RLD;ﬂhRu)dzzo,k:l,z,---,n. (13)

B OLy, RL Jtz ; oL Y " B oL RL( 12 )
e KDt == - D} v J L—t) heydts
[ awpsy P di== [ | s Dl e —Jaow i [ (mt) e S
-y (- -4 aLRL(tl)
- — — 14
) z,(t )" hyy dt D, (14)
oL (1) OLwltiqu(t) Dy qu(t)) oL (1) oL -

h RIATL) 4 , AR R () t),"D*q. (t,)) Substitutin
where aRLD?ﬁqRLk aRLD;af'RQRLk aRLD;-ﬁQRLk aRLD;LﬁQRLk\ ’ qRL( 2) } qRL( 2)) s

Eq. (14) into Eq. (13), we obtain

—a -p
J-lz OLy _ Cpha OLy, 4 y(tz_t) aLRL(tZ) _(1_y)(t_tl) aLRL(tl) e di=0 (15)
N aq}{Lk 1-y aRLD;L/?qRU( 1"(1 —OC) aRLDyILﬂqRLk F(l _ﬁ) aRLD;z,/iqRU( RLk
According to the fundamental lemma of variational calculation®, we can deduce that
—a -
OLy, _ Cppa OLy, 4 V(tz_t) aLRL(tz) _ (1_7)(t_t1) GLRL(tI) 0. k=12 -.- (16)
o I*VaRLDa.ﬂ F(l— ) aRLDa.ﬂ _ aRLDa,ﬁ - =140
qRLk v qrik a v 4Rk F(l ﬁ) 7 qrik

Eq. (16) is called the fractional Lagrange equation within the combined Riemann-Liouville fractional derivative.

The fractional Lagrange equation has another form, which can be obtained from Egs. (3), (4), (7), (8) and (13) as
aLRL _ RLppa aLRL

=0, k=12,--n. 17
Oq i 79 RLD;L/}qRLk (a7
Similarly, the fractional Lagrange equation within the combined Caputo fractional derivative can also be obtained
as
OLc  w oL,
- e — =0,k=12,--,n, 18
0q ¢ o 6CD;(/L/IQCA» (18)

where the Lagrangian LC=LC(tvo9 CD?’ﬂqC), L is assumed to be a C* function, ¢c=(gci-qe -+ qcr)s “Di'qe=
( CD:.ﬁquv CD;LﬁQsz ) CD(VI'ﬂQCn )

Remark 1 Egs. (16)and (18) are general and universal, so we can select different values of y to get different results.
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3 Fractional Primary Constraint

This section presents fractional primary constraints within the combined Riemann-Liouville fractional derivative
and combined Caputo fractional derivative.
Define fractional generalized momentum and Hamiltonian as
0Ly (1. qw. " D gy )
o"D ?-ﬁqRLk ’

Hy =prus: RLDf/LﬁqRLk_LRL(tv reo RLD;W‘IRL )5 k=1,2,--,n. (20)

Prui= (19)

Here, we consider that the LRL(t, qrs RLD‘V"*’qRL) is singular, meaning that only a portion of the terms *D}’qy,,, k=

1,2, ---,n can be solved. In this case, we assume the number is R, 0S R <n.
Firstly, when 1 <R <n, we have

RLD?‘ﬂQRLn =fRi(t7 qri>Prie- RLl)?ﬁqRLp )7 O-vE= 17 27 ) Ra P =R+ 17 Y (5 (21)
where py ;= (pRLlapRsz © 5 PRk )a RLD?'B‘IRL/) = ( RLD?’ﬂQRL(IH l)aRLD;LﬁqRL(R+2)7 - ‘»RLD?'HQRL;: )a 1 <R <n. Substituting Eq. (21)
into Eq. (19), we have

pRLk:gRLk(tv qRvaR(;_(tv qrisPries RLD;L/]qRLp)’ RLD;L/}qRLp) ngu( Lqri>Pries RLDZ'/}qRLp)v k=1,2,--,n. (22)
Ifk=1,2,---,R, Eq. (22) obviously holds. If k=R +1, ---,n, we have
Pri, :gRLp(tv qRLvPRLE) OrpRLF:gRLF(t7 qRL7pRLE)5 I<R<n, (23)

where py, .= (pRL(R+l)7 % PR )5 Srir= (gRL(RH), "+ &R ), p=R+1,---, n. Another form of Eq. (23) is
¢RL(t’ ‘IRL»PRL) :pRLF_gRLF(t7 qRLaPRLE) = 0: (24)
where ¢, = (¢RL17¢RL29 '“7¢RL(n—R))5pRL= (pRLI’pRLP * % PRrin )> I<R<n.

Secondly, when R=0, *" D}’ g,,, cannot be solved. Therefore, from Eq. (19), we have

pRLk:gRLk(tquL)a k=1,2,--,n. (25)
¢RLa(tv qRvaRL) =Pria _gRLa(t? qRL) =0,a=1,2,--,n. (26)

From Eq. (24) and Eq. (26), we can obtain
¢RLa(t7qRL7pRL):Oz 0<R<n,a=12,---,n—R. (27)

Eq. (27) is called fractional primary constraint within a combined Riemann-Liouville fractional derivative.
Similarly, we can define

_ aLC( ta qCa CD;‘/}qC)
ka 6 CD;L/;qu

HC:kaCD?ﬁqu_LC(t’ qc- CD;WQC), k=12,---,n. (29)

ak=1727'“7na (28)

The fractional primary constraint within the combined Caputo fractional derivative can be obtained as
¢Ca(t’qc’pc) :09 0 <R<n5 a= 1’2’ ""n_RspC: (pCI’pC27 "'»an)' (30)
Remark 2 According to the definition of the fractional generalized momenta (Egs. (19) and (28)) rather than
the fractional Euler-Lagrange equations (Egs. (16) and (18)), the fractional primary constraints (Egs. (27) and (30)) are
obtained.

4 Fractional Constrained Hamilton Equation

Firstly, the fractional constrained Hamilton equation within the combined Riemann-Liouville fractional derivative
is studied.

From Eq. (20), we obtain
OLy,

O0H, =0 . RLpes —
RL = OPRLk v drik s

OGpup k=1.2, -+, n. (31)
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Besides, because of the Hamiltonian H,, = H, RL(t, qri>Pre ), we have
OHy, OoH,

— . L, = e
OHy = s OG i+ Do OPrip k=1,2, -+, 0. (32)
It follows from Egs. (31) and (32) that
OH, oL OH,
RL Nya.fp _ RL _ RL RL —
( Dy qrix P )5pRLk (a ™ + G )5qRLk 0. (33)

Making use of Eqgs. (16) and (19), the term 0L /dqy, in Eq. (33) can be replaced by “DF‘ pp,—

y(6-1)" AR (1_)’)(t_tl)_/f

t, ), thus we have
F(l_a) p F(l—ﬁ) pRLk( 1)
—a -8
. OH, e y(t,-1) (1-y)(t-2) OH,
RLDv'ﬁQRLk_ apRR:{) 0P~ CDf"—«/pRu_ ﬁpRLk(t2)+kaLk(tl) + aq.:i 0qr=0,k=1,2,---,n,
(34)
OLg (t OLg (¢
where p,(t,) = aRLl;}(ﬂql) wilty) = aRLg;(/fZ) . When the system (Eq. (16)) is singular, we have
Ora o¢
e L] e P =0. 35
RL s qrie T ARL Wress D RLK (35)
It follows from Egs. (34) and (35) that
—a -8
, oy 7(t—1) (1-7)(t-1,) o¢
‘DI Dr=— RL 4 — 1) = A,
1-y PRrL O ns F(l—a) pRLk( 2) F(l—ﬂ) pRLk( 1) RL s
RLD;L/}qRLk: 6HRL +/1 a¢RL“,a=1,2,---,n—R,0SR<n,k=1,2,---,n. (36)

OPruk  Opru

Eq. (36) is called fractional constrained Hamilton equation within a combined Riemann-Liouville fractional de-
rivative.

Similarly, we can also get the Hamilton equation with fractional constraints within the combined Caputo frac-

tional derivative
OH . 0¢ OH. o)
RL Dok =— Ao D g o= Ay
Pa=" 00 " oqe” T 1T Gpe T pe,

Remark 3  Because of the various values of y, different results can be obtained from Eqs. (36) and (37).

L k=1,2,---n,a=1,2,---n—R,0<R<n. (37)

According to the above method of establishing the Hamilton equation with fractional constraints, it is very impor-
tant to solve the Lagrange multiplier. Next, we will calculate the Lagrange multiplier by fractional Poisson bracket.

LCtF:F([, q’p)a G:G(tvq’p)a q= (ql,QD e qn)’p_ (plvpzv "'vpn): then we define

OF 0G OF oG
F.G — — k=12, 38
{ } oq, apk op, 0q,’ (38)

Then we have

OPrra s | OPria - OPria ve 1y OPriu  OPria -
({¢RLavHRL} +iRLb{¢RLav ¢RLb}) : af]];LL, 6]RL,"’ (aI;L + ap}:-l-.ipku) X ﬁRLDVﬁqRLk_ TRL - j

—a -B
t,—t I—y)(t-t
DI P Vr((zl_i)pRLk(zz)Jr(rV()l(_ﬁ)l)pm(zl)] =0,a,b=1,2,--.n—R, k,j=
1,2,--,n,0<R<n, (39)

and

0, . oo, od., . 0P, 0pe, O, .
({6 Hel + 1l b} S C,-+(¢‘“ Yo, q)x%fDa-f‘q - e Hagw e pe=0,

+ ~)
ot apq 0q i rAa 0P aQCj 1o
ab=12---n—-R, kj=1,2---.n,0<SR<n. (40)
From Egs. (39) and (40), the Lagrange multipliers can be calculated.

G
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5 Noether Theorem

Definition 1 A quantity C is called a conserved quantity if and only if dC/d¢ =0.
5.1 Noether Theorem within the Combined Riemann-Liouville Fractional Derivative

The Hamilton action within the combined Riemann-Liouville fractional derivative is
L= [ [ e D o Hua 1. ) . (41)
The infinitesimal transformations are
t=t+AL Grp (=qrii )+ AGriis Drik (O=Pruc€)+ Apppo k=1,2, -+, 1. 42)
Namely,
t=t+ eRLé:RL()(t? qri>Pro ) +to (HRL )9 Grix (?): qrik (t)+ HRLERLk(ta qri>Pro ) +to (GRL )3
Pruk (?):pRLk O+ HRLnRLk(ta qRuPRL) + O(GRL ): (43)
where 6y, is a small parameter, ¢y, &aii and 7y, are infinitesimal generators, and o( 6y, ) means the higher order of 6y, .

Letting Al be the linear part of I, — I, and without considering the higher order of #,,, we obtain
_0H
- ) é:RLO

. . d
Aly =0y, [pRLkRLD (é:RLk_QRLké:RLo) + (pRLk' RLD?ﬁqRLk_HRL)éRLO + (pRLka RLD?/)"]

OH, 0 1- d . d -a
- = fRLk+}“RLu aﬁRLa 'nRLk+QRLk(t2)é:RL0(t2)X ( )pRLl\ ([ _t) ﬁ_QRLk(tl)fRLO(ZI) F?ll?RLl;x)a(t—tl) :ldta
RLk -

O rs (l ,B)
(44)
where é{RLO(tl ) :é:RLO(tl’qRL(tl )7pRL(tl ) ) and é(RLO(t2) :kao(tz’ qRL(tz)vaL(tz) ) Let Al =0, then Eq. (44) gives
. : 0 d OH,
pRLkRLD?ﬁ(fRLk_qRLké:RLO) + (pRLkRLD?ﬁQRLk_HRL)QZRLO‘*'/IRM azRLa Neuet (pRLkdt RLD?ﬁqRLk_ - )QZRLO
RLK

OH, 1=y)Pru d . d .

- aq:; éRLk"‘qRLk(tz)éRLO(tZ) X (1_,(1 )_IBR)Lkd[(tz_t) /}_qRLk(tl)fRLo(t )Fz)[l)]jka) dt (t g ) =0. (45)

Equation (45) is called the fractional Noether identity within the combined Riemann-Liouville fractional deriva-

tive.
Theorem 1  If &, &riy and 77y, satisfy Eq. (45), then there exists a conserved quantity

Cr= (pRLkRLDf/L/quLk_HRL ) Cruo T+ ft DPruk RLD;L”( Crie— q.RLkZ.':RLO)

‘ —7)" 1-y)(z=1,)"
+(5RLk_q'RLké:RLO) LDﬁl«/pku_ Mpku(tz) + (y)(rt)pRLk(tl):l}dT

I'(l-a)

) 1- ! d - ! d —a
+qRLk(t2)éRLO(t2)l_‘(l_yﬂ)f[‘pRLkdz_(tz_r) ﬂd‘[_qRLk(tl)fRLO(ZI)ﬁJtpRLkE(T_ZI) dr (46)

for the system within the combined Riemann-Liouville fractional derivative.
Proof Using Egs. (27), (36), and (45), we have

dCy
dt

: OH OH OH
_ RLpasy ff " s Rpasy o Srepes, e RL - RL -
(pRLk 7 druk RL)é:RLO 6RLO(pRLk 7 drRuk T Prus dt 7 dRrik ot s ru Wi pRLk)

—a -8
t,—t 1- t—t
CDfafprLk_ MpRLk(tZ) + (y)(l)pRLk(t])]

tPrur RLD?'/j( é—’RLk_q.RkaRLO) + (fRLk_ qRLké:RLO) F(l _ 0!) F(l _ﬁ)

1-
r(1-

7

d - d -
+qRLk(t2 fRLo tz )pRLkE(IZ_t) ﬂ_qRLk(tl)5RLO(t1)mpRLka(t_t1)
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OHy, OPrra O¢r,  OH, Hu
UL N R T
O eis RLK — AARL Wess “ e+ Srio| Pris Are Wress aQRLk

a a . a a .
=—Aria 6¢RL (;/IRLk _pRLké{RLO) — AR 6¢RL (fRLk_qRLké:RLO) =—Jrta* OPri=0.
PRk qrik

OHy, ) OPria

qrik (f ik~ Gricd RLO) - 8q RLa' 5 q
RLK RLE

The proof is completed.
5.2 Noether Theorem within the Combined Caputo Fractional Derivative

The Hamilton action within the combined Caputo fractional derivative is

Ie= JZ.[ka' CD?"”‘ICA»_HC(Lqc’PC)}dt' (47)
The infinitesimal transformations are
t=t+At, 9o (;) =qa )+ AG D (?) =pa(O)+Apgy, k=1,2,---,n. (48)

Namely,
t=t+ ecfco(taqopc) +0(‘9c)a QCk(?):qu(t)_l_6(‘§Ck(lvq()7p€) +o ( ) Pck(t) ka(t)+9(’7Ck(t qcapc) +0( ) (49)

where 6. is a small parameter, &, &, and 7, are infinitesimal generators. Letting Al.=1,.—1,.=0, we have

: . : d OH 0
PckCD?/;(étck_‘Ickéco) + (pckCD(yI'ﬂQCk_Hc)ico"' (kadt CD;f’pQCk_ [ B latc a¢ca Mk
q ck P cx
. ( 1- - . ( 7a
+qu(t2)éC0(t2) : (F(ly—)Z;k(tz_t) B_qu(tl)éCO([l) F)EI{C,{ )(t_t1) =0. (50)

Equation (50) is called fractional Noether identity within a combined Caputo fractional derivative.
Theorem 2 If ¢, &, and 5, satisfy Eq. (50), then there exists a conserved quantity

Ce= (kaCD;LﬁQCk_HC)QZCO'i”J [kaCD?ﬁ(éCk_QCkéco)"'(ka_C]Cszco)' RLD/fTVPCk}dT

+QCk(t2)§C0 f ka dT QCk( 1)§co( )F(TJ pa T—1 ) d, (51)
for the system within a combined Caputo fractional derivative.
Proof Using Egs. (30), (37), and (50), it is easy to obtain
dc : . d OH. OH. . OH. .
th = (kaCD?'ﬁQCk—HC)QZCO+€Zco(PCkCD:'ﬁqu+Pckdt CD;L/ICICA»_ alt - ﬁq; “qa— ?Ci 'PCk)

. . . 1_ Ck -
tPoe CD?ﬁ(éZCk_QCké/CO) + (éfck_quajCO)RLDIlifprk_Fqu(tZ)é:CO(tz)(1_‘(13}_)2)(tz_t) ’

_qu(tl)éco(tl)F)Eip_C;)(t_tl)a"'q.Ck(tz)é:co(tz)(ll,(_ly_)}ﬂ);k(tz_t)ﬂ_QCk(tl)fco(tl)Im(t_tl)a

6¢CH 6¢sz _ aH 6HC 8¢Ca
aqa ka uap NatSo| PaAe W ank (ka QCkétco) Y +Aca o4,

09, . . .
=Aca 6ﬁ; (ﬂck_ércopck) — e aﬁ; (fck_q“éco) =~y 09, =0.

The proof is completed.

6 Lie Symmetry Conserved Quantity

6.1 Lie Symmetry Conserved Quantity within the Combined Riemann-Liouville Fractional Derivative

Eq. (36) can be expressed as
RLD;‘,/]qRLk:hRLk(t? qri-Pro )7 k: 17 27 cee,h, (52)
CD/lf’fprLk :fRLk(tv qri-Pro )’ k=1,2,---,n. (53)
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We then study Egs. (52) and (53) under the infinitesimal transformations (Eq. (43)). For Eq. (52), we obtain

_ . . d
RLD;I;CIRLI( hRLk([ qRLkapRLk) DaﬁQRLk hRLk(t» qRL»pRL) +QRL[RLD?ﬁ(é:RLk_qRLkéRLO) +<RLOE RLD;LIEqRLk_X}g?‘)(hRLk)

_qRLk(t )ljif(ki-of ;éit(t t ) a+qRLk(t2)éERL0(t2)l_‘(11__yﬂ)((ft(tz_t)ﬂjl’ (54)

where X0 =&, gt + & aa nRL,aa i=1,2,---,n. For Eq. (53), we have

RLI RL!

_ __ . d
CD/]L:XprLk:fRLk(ta ‘IRuPRL) = CD/ll'fprLk_fRuc(ty qRL7pRL) +HRLIZCD;?.QV(”RLI:_pRLkERL()) +§RLOE CD/lf’f;prLk_Xli(li)(fRLk)

1- 5. —a .
_F(l—yﬂ)(t_tl) /}pRLk(tl)fRLO(Zl)+ﬁ(t2_t) pRLk(tz)fRLo(tz):|- (55)
The fractional primary constraint (Eq. (27)) gives
¢RLa(t9 ‘iRLaﬁRL) :¢RLa(t7 qRvaRL) + GRLXIQ)(¢RLH ) (56)

Therefore, we have
. d
RLD;Lﬁ(é:RLk_ qRLké{RLO ) + fRLoa RLD?'BQRU(—XS_)(}IRM)

me.o( ) d

-a 1- d _
F(l—a) dt(t £ ) +qRLk(t2)é:RLO(IZ)iyi(tZ_t) ﬁ:()’ (57)

r(1-p) @

i d
CD/]Lfy(”RLk _pRLkéRLO) + fRLOE CD/l}YprRLk_Xlg(I)‘)(fRLk)

_qRLA( )

b=y N Y e _
F(l—ﬁ)(t t,) PRLk(tl)ézRLo(tl)+F(l_a)(tz t) pRLk(t2)§RL()(t2) 0, (58)

and
XIQ(‘/SRL::) =0. (59)
Equations (57) and (58) are called the determined equations within the combined Riemann-Liouville fractional de-
rivative, and Eq. (59) is called the limited equation within the combined Riemann-Liouville fractional derivative.
Besides, if we consider the deduction process of the system (Eq. (36)), an extra additional limited equation

0 .
agr::: ( Crui— GruiSruo ) f)RLa ( Nrei—PruiCrio ) = (60)

can be obtained. Then we have

Theorem 3  For the system within the combined Riemann-Liouville fractional derivative (Eq. (36)), when Egs.
(45), (57) and (58) are satisfied, Eq. (46) gives a Lie symmetry conserved quantity; when Egs. (45), (57)-(59) are satis-
fied, Eq. (46) gives a weak Lie symmetry conserved quantity; when Egs. (45), (57)-(60) are satisfied, Eq. (46) gives a
strong Lie symmetry conserved quantity.
6.2 Lie Symmetry Conserved Quantity within the Combined Caputo Fractional Derivative

Eq. (37) can be expressed as

‘Difqa=he(tqepe) k=1.2,-n, (61)
RLD/lifprk:ka(t’ qC’pC)e k= 1’29 YN (62)
Using the similar way, we can obtain the determined equations within the combined Caputo fractional derivative
. d . Cool t - ,
CD;f/}(fc‘k_QCkétco) +§coa CD?'ﬂQCk_Xép)(hck) _qck(tl ) )I)‘(i({ (;3 (t_ t ) +qu(t2)§C0(t2) F(l ,3) (tz_t) = 0, (63)
. d 1 d
RLD}ff;r(’]Ck_kaé:CO) +§coa RLD/f)"-ayPCk_XC(O) F(lyﬁ)ka( )é:co( ) (t 4 )

+#p6k(t2)§co(t2)i(t2_t)7a=0a (64)

r(l-a) de
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the limited equation within the combined Caputo fractional derivative

XE(¢e) =0, (65)
and the additional limited equation within the combined Caputo fractional derivative
6¢C . 6¢C o
! é:i_ zé: + ‘ i 15 :Oa 66
aqa( a—Yc co) apo_(’?( Pc co) (66)
where X0 =¢ 9o +&, 0 +7 .—a i=1,2,---,n. Then we have
C co at Ci aqu Ci apc," 9“9 b

Theorem 4  For the system within the combined Caputo fractional derivative (Eq. (37)), when Egs. (50), (63)
and (64) are satisfied, Eq. (51) gives a Lie symmetry conserved quantity; when Egs. (50), (63)-(65) are satisfied, Eq.
(51) gives a weak Lie symmetry conserved quantity; when Egs. (50), (63)-(66) are satisfied, Eq. (51) gives a strong Lie
symmetry conserved quantity.

7 An Example

The singular Lagrangian is
Lu= (g )+ 2 () + (e ™ D s — s ™ D) (67)
RLTT qru1 B qri2 B qri2 v drur T qRru v dri2 )
Try to study its Noether symmetry and conserved quantity.

From Eqgs. (19) and (20), we can obtain
OL . 1 OL . 1

Prui= D = 5 qrn Prio= D == G (68)
RL Myaf RL 1Yo C 2 b 2
Hy =prui D;f qrei tPri2 D,f Griz—Lp = E(qRLl) - E(qRLZ) . (69)
Then Eq. (27) gives two fractional primary constraints
1 1
Prii =Drui — EQRu:Oa Prir=DPriot EqRL] =0. (70)

From Eq. (39), we obtain

. L. e L—t)" 1=9)(t=2,)"
bqRL]qRLZ +/1RL1qRL1 +Prez RLD;J]‘]RLI _qRL]|:CD/Iia)rpRL2 - E—‘El—)a)pRLZ(tZ)—i_ (Fy()l(_lg)l)pRLZ(tl )] =0, (71)

. . . RL .
Cqriiqrizt Ariaqri2 — Prui D;,v /]QRLZ tqre

Cpa _ V(tz_t)ia (I_V)(t_tl)iﬁ _
Dllf—prLl F(l—a) pRLl(t2)+ F(l—ﬁ) pRLl(tl) =0. (72)

Then, using Eq. (36), the fractional constrained Hamilton equation within the combined Riemann-Liouville frac-
tional derivative is

—u -5
t,—t 1- -t
RLD?/}qRLl =_2bCIRL2+2|:CD/1;’aprL2_ Mpku(tz) + (y)(l)pRLZ(tl)]a

r(l-a) r(1-4)
RL Nya.f — _ C Np.a _ y(tz_t)ia (1_V)(t_t1)7ﬂ
D qri==2¢qr, = 2| "DV, proy F(l—a) pRLl(t2)+ F(l—ﬂ) pRLl(tl) - (73)

From Noether identity (Eq. (45)), we have
Prui RLD(;"B(QZRM - q.RLlé{RLO) +Pri2 RLD(;"B(QZRLz - q.RLZé{RLO) = Cqri1Srit + DGrisCrin

d d .
+| Pru a RLD;L/;CIRM +pRL2$ RLD?’ﬁquz ) Crio T Arui MR T Aria TR T (pRLl RLD?ﬂQRu +Prez RLD?’ﬂQRLz —Hy, ) Srio

+qRLl(t2)éERLO(t2) x mg(tz_t)iﬁ_qRLl(tl)éERLO(tl)hi(t_tl)ia

r(1-p) d I(1-q)d
1- RL2 ! RL2 d
+qRL2(t2)éRLO(t2) X (F(l}’)—;)i(tz_t) ﬁ_QRLz(tl)étRLo(tl)r(yf_a)gt(t_tl) =0. (74)
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Then we can verify that

satisfy Eq. (74). Therefore, we have

c b '
Coo=—| Prui RLD?ﬁQRu +pRL2RLD$L’BCIRL2_ E‘hzzu"' quzm) + f,

§RLO:_

19 gRLl

= éRLZ

0 }7RLI

’7 RL2 ™ 0

d d
pRLla RLD?'BQRU +pRLZE RLDj’ﬁQRLz

g _r(e=o)" (1=9)(e=1)" ]
+qRL1- Dlll—prLl 1_,(1 ) pRLl(tz) 1_,(1 ﬂ) pRL](t])_
g _re=o)” (1=)(e=r)"
+qRL2- D/]]—prLZ F(l—a) pRL2(t )+ (1—ﬁ) pRLZ(t]) dr.

Specially, we degenerate the above fractional order to the integer order, namely a, 5 — 1, so we can get
c b
Crio=— B G+ 2 T

Ifte€[l,10], and let b=c=1, gy, (1)=0, g, 1)=1, the trajectory of Cy,, can be drawn as follows.
It follows from Fig. 1 that Cy,, is a constant.

1.0
09F
08}
07f

goe]

Eos

o

% 04F
03f
02t
01t

0 1 1 1 1 1 1 1 1

Time

Fig.1 The trajectory of Cy,,

Conclusion

(75)

(76)

(77)

Fractional calculus has important applications in various fields, and it is also a research hotspot. In this paper,

based on the combined Riemann-Liouville fractional derivative and combined Caputo fractional derivative, we estab-

lish Noether theorem and Lie theorem for the fractional constrained Hamiltonian system. Besides, Noether identity, de-

termined equation, limited equation and additional limited equation are presented.

In this paper, Noether-type conserved quantity is obtained from Lie symmetry, whether the Lie symmetry of the

system can lead to another conserved quantity, called Hojman conserved quantity, remains to be studied. At the same

time, Mei symmetry is also an effective method to solve the differential equation. Therefore, Mei symmetry is also a fu-

ture research direction.
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W A WFST T AU 205 Hamilton 2 45 1) Noether STFRYEFI Lie SRR H s fJ5, 28006 it gk 47
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