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0 Introduction

A function z defined on a lattice (L,v,A) and tak-
ing values in an Aabelian semigroup is called a valuation
if

2(fvg)tz(f Ag)=z(f)+z(g) @)
for all f,ge L. A function z defined on some subset
L, of Lis called a valuation on L, if (1) holds when-
ever f,g,fvg,frgel,. For L the set of convex

bodies, K", in R" withv denoting union and A in-
tersection. Valuation on convex bodies is a classical
concept. Probably the most famous result on valuations
is Hadwiger’s classification theorem of continuous rigid
motion invariant valuations!"). For the more recent con-
tributions on valuations on convex bodies readers can
refer to Refs. [2-33].

Valuations on convex bodies can be considered as
valuations on suitable function spaces. Recently, valua-
tions on functions have been rapidly growing (see Refs.
[34-55]). For a space of real-valued functions, the opera-
tions v and A are defined as pointwise maximum and
minimum, respectively. A complete classification of valua-

tions intertwining with the SL(12) on Sobolev space ¢+

45,50-52,54]

and I space ! were established, respectively. Valua-

34,36,39-42 .
[34.36, ], quasi-concave func-

(43,44

tions on convex functions

[37.38

I Lipschitz functions 1 and functions of

[53]

tions
were introduced and classified.

B3I showed that the Fourier
transform is the only valuation which is a continuous,

Bounded variations
Recently, Wang and Liu

positive GL(n) covariant and logarithmic translation co-
variant complex-valued valuation on integral functions.
This motivates the study of complex-valued valuations on
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functions.

Let L be a lattice of complex-valued functions. For
feL,let Rf and 3If denote the real and imaginary
parts of f, respectively. The pointwise maximum of f and
g, fvg and the pointwise minimum of fandg f A g
are defined by

fvg=RvRe+i(3fv3g) 2
and

fAg=Rf ARg+i(3f ASg) ?3)
If f, g are real-valued functions, then (2) and (3) coincide
with the real cases. A function @:L — C is called a
valuation if

D(fve+P(fAg)=P(f)+PD(g)
for all f,gel and @(0)=0 if Oe L. It is called
continuous if
D(f)>D(f),as f,— f inL.

It is called translation invariant if

D(f(—1)=D(f)
for every te R". It is called rotation invariant if

D(fo6)=D(f)
for every @e O(n), where ' denotes the inverse of
g.

Let p=1. If (X,X,u) is a measure space, then

the L”-space, L”(C,u) is the collection of u-measurable
complex-valued functions f: X — C that satisfies

ST du<es

A measure space (X, R, u)is called non-atomic if for
every Ee€ X with gy(E)>0, there exists Fe X with
FcFE and O<u(F)<u(E). Let y, denote the
characteristic function of the measurable set E, i.e.

xe E

xg E
Theorem 1 Let (X,X,u) be anon-atomic meas-

ure space and let @:17(C,u)—> C be a continuous
valuation. If there exist continuous functions h:R—>R

with %(0)=0 (k=1234) such that @(cy,)=
(h(Re) + by (SENUE) +i(hy (Re) + b, (S U(E) for all
ce C andall Ee X with u(E)<<eo, then there exist
constants y,,8, = 0 such that |hk (a)| <y, |a|” +0, for
ae R, and
®(f)=[ Oy oRf +h oS )u
+in (hy oRf +h, o 3f)du

forall fe L’(C,u).Inaddition, 6, =0 (k=1,234)if
U(X)=co.

Let I(C,R")denote the L”-space of Lebesgue
measurable complex-valued functions on R”.

Theorem 2 A function @:I7(C,R")—>C is a
continuous translation invariant valuation if and only if
there exist continuous functions 4 :R —R with the
property that there exist constants ¥, =0 such that
|h(a)[=<y, |al’ forall ae R (k=1,2,3,4), and

D(f)= [, (h o Rf +hy o Sf)(x)dx
+i[ (o Rf +hy 0 Sf)(x)dx ()

forall fel’(C,R").

Let S"' be the unit sphere in R" and let
L7(C,S"") denote the L’ -space of spherical Lebesgue
measurable complex-valued functions on S"'.

Theorem 3 A function @:17(C,S"")—=C is a
continuous rotation invariant valuation if and only if
there exist continuous functions 4 :R —R with the
properties that /,(0)=0 and there exist constants
%:6, =0 such that |h(a)|<y,|a’ +6, for all
aeR(k=12,3,4),and

D(f) =] (h o Rf +hy o Sf)(w)du

[ (hy oRf +hy 0 S )(u)du (5)

forall feI”(C,S"").
1 Notation and Preliminary Results

We collect some properties of complex-valued
functions. If f is a complex-valued function on R”", then

f(x)=RF+i3f
where Rf and 3f denote the real part and imaginary

part of f, respectively. The absolute value of f which is
also called modulus is defined by

/] =N @) +(Sf)

Let p=1. For a measure space (X,X,u), define
L7 (C, u) as the space of u-measurable complex-valued
functions f: X — C that satisfies

1, = (] 11" du)? <o

Let f,ge L’(C,u), then fvg,fargel’(Cu). The
functional ||-||: L7 (C,¢) —» R is a semi-norm. If func-
tions in LF(C,u) that are equal almost everywhere
with respect to u(ae.[u]) are identified, then
||-||:L” (C,u) >R Dbecomes a norm. Obviously,
I (C,u) 1is a lattice of complex-valued functions. Let
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L’(R,u) denote the subset of L7(C,u), where the
functions take real values. For f,fe L”(C,u), if
||f, —f||p —0,then f, — f in L°(C,u).Moreover,
fiofell(Cu)yeR,->NRL3If, -3f e
L"(R, 1)

The following characterizations of real-valued valua-
tions on functions which were established by Tsang ° will
play key role in our proof. Let L”(R,R") and

I’ (R,S"") denote the L’ space of Lebesgue measur-

able real-valued functions on R" and the I” space of
spherical Lebesgue measurable real-valued functions on
S"" respectively.

Theorem 4 ®"' A function @: I’ (R,R") >R is a
continuous translation invariant valuation if and only if
there exists a continuous function #:R — R with the
property that there exists a constant =0 such that
|h(a)| < }/|a|p forall ae R, and

D(f)=] (o f)x)dx

forall fel”(R,R").

Theorem 5°'! A function @:7(R,$"") >R is
a continuous rotation invariant valuation if and only if
there exists a continuous function /:R — R with the
properties that /£(0)=0 and there exist constants
7,0 =0 such that |h(a)|<}/|a|p +0 for all aeR,
and

o(f)=] (ko f)()du
forall fel”(R,S"").

2 Main Results

Lemma 1 Let/s :R—R be continuous func-
tions with the properties that %, (0)=0 and there exist
%.0, =0 such that | (a)<y,|a]"+5, for all
ae R (k =1,-4). If the function @:L"(C,u)— C is
defined by
D(f)=[ (o Rf +hyo3f)du
+ jX (hy oRf + h, o 3f)du (6)

then @ is a continuous valuation provided that J, =0
if u(X)=oo.

Proof For f,ge L7 (C,u), let

E={xe X :Rf <Rg, I <3g},

F={xe X :Rf <Rg, 3 >3g},

G={xe X :Rf >Rg, I <3g},
H={xe X :Rf >Rg, I >3g] .
By (6) and (2), we obtain
D(fvg)
= [ o R(f v @)+ h o S(f v @)W
H[ (hoR(f v @) +hy o S(f v @))u
= [ (h oRg+h o Sg)du+i[ (b, oRg+h,Sg)u
+], O oK+ o 3 W+ (hyo R+ hy o 3 Wu
+[ Oy o R +hyoSgxdu+i[ (h oRf +h, o Sg)du
[ oS +hyoSf)du+i[, (o RS +h, oS/ )
Similarly, by (6) and (3), we have
D(f A g)
= [ (h o RS+ hy o S )dp+i[ (hy oRf +h, 0 3
+[ (h oRf +hy 0 Sg)du+i[ (b, RS +h, o Sg)du
+[ (b oRg +hyo Sf)du+i[ (b o Rg+hy o S/ M
+[ (yoRg+hoSg)u+i[ (hoRg+h, oSIgMu
Note that EUFUGUH =X and that E, F, G, H are

pairwise disjoints. Thus,
D(fveg)+DP(frg)=P(f)+D(g)
Hence @ is a valuation.

It remains to show that @ is continuous. Let
fel’(C,u) and let {f,} be a sequence in L”(C,u)

with f, = f in L”(C,u). Next, we will show that
@(f,) converges to @(f) by showing that every

subsequence @(f,) of &(f,) has a subsequence,
¢(fkr,,,) which converges to @(f). Set f=a+if
and f=o, +if, with o,B ¢, B, €L’ (R,u) such
that o, > and S, > f in L"(R,u). Let {f, } be
a subsequence of {f,} , then {f, } converges to f in
L7(C,u) . Then there exists a subsequence { f’w,} of
{f,} which converges to [ in L"(C,u) , where
fi, =0, +if,  with a, B, €L (Ru) such that
o —a ad B —f in I’(Ru). Since h is
continuous, we have

(o, )(x) = (hy o @0)(x), a.e.[11]

Since |h1(a)| <y |a|" +¢,forall aeR, we get

‘(hl °oy )(X)‘ =7 g o, a.e[u].

(24
&,
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If w(x)<ee,apply o, —a in L’(R,u) to get

. p 2
lim [ 7l | +8du=[ 7ol du+Sux)
And we take J, =0 in the above equation if x(x)=oo.

ak/m

By a modification of Lebesgue’s Dominated Conver-
gence Theorem (see Ref.[51], Proposition 2.2), we have
ho(a)e L(R,u) and

lim [ (h ooy )du=[ (hoardu (D
Similarly,
i [ o= G caraa )
lim [ (b 0B, )du=[ (hoB)du ©)
lim [ (hyo B, =] (hopdu  (10)
Thus,
(s, ) -2 ()

=|[ o, ~hoardu+[ (hoB, ~hoPdu
H(J (hoa, —hoadu+] (hof, ~h o B)dw)
< UX (h o —h, 00{)(1,[1‘-{-“.)( (h oﬂk,m —h oﬂ)dﬂ‘

+UX (hy o %, — hy o a)dlu‘ +UX (hy o :Bk,m —h,o ﬁ)dﬂ‘
From (7)-(10), we conclude @( fi, ) > D(f)- Hence,

@ is continuous.

Lemma 2 If the function @:L7(C,u) —>C is a

valuation, then
D(f)=PRf)+P(3Tf)
forall fe L’(C,u).
Proof If R/, 3/ =0 or Rf,3f <0, then, by
(2) and (3), we have

PR )+ @(3f)=D(f)+P(0) )
If RfF=0,3f<0 orRf <0,3f =0, then, by (2) and
(3), we have

D(f)+@(0) = D3f) + D(i3f) (12)

Note that @(0)=0, apply (11) and (12), then get
D(f)=PRf)+P(3Tf)
forall fe I”(Cu).
If we restrict fto L”(R,u), then it is obvious that
@ is a valuation on L”(R, ). Also, we can construct
another valuation on [”(R, ) which is relatedto @.
Lemma3 Let @:17(C,u) — C be a valuation.
If the functions @”: L” (R, u) — C is defined by
D'(f)=(if)

for all fel’(R,u), then @  is a valuation on
LF(R,u).
Proof For f,gel’(R,u), by (2) and (3), we
have
i(fvg)=ifvig and i(fAg)=if Aig (13)
By (13) and the valuation property of @, it follows that
D(fve)+P(frg)
=&(if vig) + D(if Aig)
=@(if )+ D(ig) = P'(/) + P'(g)
for all f,ge I’(R,u). Thus, @ is a valuation on
'R, ).
Lemma 4 Let @:L7(R,u) — C be a valuation.
If the functions @,@, : L’ (R, ) - R are defined by
() =q(/)+iB())
for all fe L”(R,u), then both @,®, are real-valued
valuations on I (R, 1).

Proof Since @ is a valuation, we have
D(fvg)+P(fAg)
=@(fve)+id(fvy)

TB(f AQ+IB(f A g)

=D(/)+D(g)

=@Q(NH+D(f)+B()+1B(2)
forall f,ge I”(R,u). Thus,

B(f v ) +B(f Ag)=B()+B(g)
and
D(fVv+D(frg)=D(f)+B(2)

forall f,ge (R, u).

Therefore, both @,®, are real-valued valuations

on IF(R,u).

In order to establish a representation theorem for

continuous complex-valued valuations on L7(C,u), we

will use the corresponding representation theorem for
real case which was obtained by Tsang "1,
Theorem 6°'" Let (X,X,4) be a non-atomic

measure space and let @:I”(R,u) > R be a continu-

ous translation invariant valuation. If there exists a con-
tinuous function A2:R—>R with A(0)=0 such that

Dby, )=h(b)U(E) for all beR andall Ee X with
U(E)<<eo, then there exist constants %,0=0 such
that |h(a)|< ;/|a|" +¢6 forall aeR,and

@(f)=| (hof)du
forall fe I’(R,u).Inaddition, d=0 if u(X)=-c.
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Proof of Theorem 1
Let @:17(C,u) > C be a continuous valuation.

For fe L”(C,u), by Lemma 2, Lemma 3 and Lemma
4, we have
D(f)=PRf)+P(3S)
=B RN ) +iB, (R ) + B (/) +1D,(Tf)
= Q) +i%(RN) + & (3) +id/(3/)
where  @(3/)=@(Sf) and B/(3/)=i,(S).
Since  R(f v g)=Rf v Rg, R(f A g)=Rf ARg,
3(fveg)=3fvS3g,and 3(f A g)=3f A g . Moreover,
Lemma 3 and Lemma 4 imply that @, @, @’ @/ are
real-valued valuations on " (R, 1).
If we restrict to fe L”(R,u), then the continuity
of @ implies that @, @,,are continuous on L”(R, ).
If we consider fe L’(C,u) with Rf =0, then
the continuity of @ implies that @', @, are continuous

on I’(R,u) . Thus, @,D, D, D

), D, are continuous

real-valued valuations on L”(R,u). It follows from

Theorem 6 that there exist continuous functions
h, :R— R with the properties that %, (0)=0 and there

exist constants y,, 5, =0 such that |hk (a)| <
V.|a|” +6, forall aeR (k=1,.2,3,4), and
D(f)=[ (hoRf +hoSf)du
+i[ (hoRf +h,oSf)du
for all fe L(C,u). In addition, J, =0(k = 1,2,3,4) if
HU(X) =oo.
If u is Lebesgue measure, then L”(C,u) becomes

the space of Lebesgue measurable complex-valued func-
tions. We usually write as L7 (C,R").
Lemma 5 Let /s :R—R be continuous func-

tions with the property that there exists y =0 such
that |h (a)|<7y,|a|" for all ae R (k = 1,--4). If the
function @:L7(C,R") —» C is defined by
D(f)=[ (b oRf +ho3f)dx
+1[ (B o RS +hy 0 Sf ) dx
Then @ is a continuous translation invariant valuation.
Proof Let M enote the collection of Lebesgue
measurable sets in R". Take X =R",X=M and u
Lebesgue measure in Lemma 1 to conclude that @ is a

continuous valuation on L”(C,R").
For every te R" and every fe L”(C,R"), we

have
D(f(x=0)=[ (oRf +h o Sf)(x—1)dx
+in(h2 oRf +hy 0 3f ) (x —1)dx
=D(f)
which means that @ is translation invariant.
Proof of Theorem 2

It follows from Lemma 5 that (4) determines a con-
tinuous translation invariant valuation on L”(C,R").

Conversely, let@: [”(C,R") — Cbe a continuous trans-
lation invariant valuation. Taking X =R", X =M and
1 Lebesgue measure in the proof of Theorem 1, we ob-
tain

D(f)=BRN) +iD,(Rf) + B(S/) +i/(3/)
where @ @, @ @/ are real-valued valuations on
I’ (R, 1) . Theorem 4 implies that there exist continuous
functions 4, :R — R with the property that there exist
constants y, =0 such that |hk (a)| <7, |a|” for all
aeR (k=1,2,3,4), and

D(f)=[ (b oRf +hoSf)dx
+i[ (b o RS +hy o Ff)dx

forall fel’(C,R").

Let W denote the o -algebra defined as

W={E:EcS"" {Ax:xe E,0< A<l}e M|

Also denote by o the spherical Lebesgue meas-
ure. If x4 is the spherical Lebesgue measure, then
L[’(C,0) denotes the space of spherical Lebesgue
measurable complex valued functions. We usually write
as I7(C,S"").

Lemma 6 Let s :R—R be continuous func-

tions with the properties that 4,(0)=0 and there ex-
ists y.,8, =0 such that |hk(a)|<7k|a|p +g, for all
aeR (k=1,-4). If the function @:L"(C,5""')—=C
is defined by
®(f)= ., (o Rf +hyoSf)du
+ijSH (hy o RS +h, o 3f)du

then @ is a continuous rotation invariant valuation.

Proof Take X=S5"'",R=W and =0 in
Lemma 1 to conclude that @ is a continuous valuation
on L”(C,S"™").

Note that Que S""' for every Oe O(n) and

every ue S""'. Since the spherical Lebesgue measure is



40

Wuhan University Journal of Natural Sciences 2022, Vol.27 No.1

rotation invariant, we have
D(f207") =] (hoRf +hyo3f)(Ou)du
H L (hy oRf +hy 0 3f ) (Gu)du
=&(f)
forall fe L”(C,S""), which completes the proof.
Proof of Theorem 3
It follows from Lemma 6 that (5) determines a con-
tinuous rotation invariant valuation on L”(C,S"™")
Conversely, let @:17(C,5""')— C be a continu-
ous rotation invariant valuation. Taking X =S"",
X=W and =0 in the proof of Theorem 1, we ob-
tain
D(f)=BRN)+i1D(Rf) + B(3/) +i1D(3/)
where @, D, D, @D/
I’(R,S"™")

are real-valued valuations on

Theorem 5 implies that there exist continuous func-
tions 4 :R — Rwith the properties that %, (0)=0 and

there 7.,8.20 that
|, (a)| < 7.|a|" +6, forall aeR(k=1,234),and
D(f)=[ (b o Rf +hyoSf)du
+i[ (o Rf +h, 0 Sf)du
forall fe L’(C,S"").

exist  constants such
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