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0  Introduction 

For any real number )1,0(x , the Luroth map 
)1,0()1,0(: T  is defined by 

1 1
1

1
( ) : ( )( ( ) 1)( )

( )
T x d x d x x

d x
             (1) 

where 1

1
( ) 1d x

x
    

 and ][x  denotes the greatest 

integer not exceeding x . We define the integer sequence 
}1:)({ kxdk  by 

1
1( ) ( ( ))k

kd x d T x               (2) 

where kT  denotes the k-th iterate of T . By (1) and (2), 
for any )1,0(x , this map can generate a series expan-

sion of x , i.e., 

1 1 1 2

1 1 1 1

1 1

( ) ( )( ( ) 1) ( )

1
,

( )( ( ) 1) ( )( ( ) 1) ( )n n n

x
d x d x d x d x

d x d x d x d x d x 

  


 
 

Λ

Λ
Λ

 

where 2)( xdn  are positive integer for any 1n . We 

call )(xdn  the digits of the Luroth expansion of x , and 

write the above representation as 1 2[ ( ), ( ), , ( ),nd x d x d xΛ  

]Λ  for simplicity. Such a series expansion was first 

studied by Luroth[1] in 1883. 

Luroth series expansion plays an important role in 
the representation theory of real numbers and dynamical 
systems. It is well-known that every irrational number 
has a unique infinite expansion and each rational number 
has either a finite or a periodic expansion (see Galam-
bos[2]). For dynamical properties, the transformation T  
is invariant and ergodic with respect to Lebesgue meas-
ure[3-5]. In other direction, Fan et al [6] obtained the 
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Hausdorff dimension of sets of real numbers with pre-
scribed digit frequencies in Luroth expansion. Barreira 
and Iommi[7] considered the Hausdorff dimension of a 
class of sets defined in terms of the frequencies of digits 
in Luroth expansion. For more details, we can refer the 
reader to Refs. [8-10]. 

Asymptotic behavior of the orbits is one of the most 
important theme in dynamical systems. The first mathe-
matical treatment of chaotic behavior of dynamical sys-
tem appeared in the work of Li and Yorke in 1975[11]. A 
dynamical system is a pair ),( fX , where X  is a 
compact metric space with a metric d and f  being a 
continuous map XX  . A subset XS  , containing 
at least two points, is a scrambled set for f  if every 
pair ),( yx  of distinct points in S  is a scrambled pair, 
i.e., 

0))(),((inflim 


yfxfd nn

n
 

and  

0))(),((suplim 


yfxfd nn

n
 

If X  contains an uncountable scrambled set, then 
the dynamical system ),( fX  is called chaotic in the 
sense of Li-Yorke. It is well-known that the surjection 
continuous transformation on compact metric space with 
positive topological entropy is chaotic in the sense of 
Li-Yorke[12]. Note that the topological entropy of the 
Luroth map is infinite, the result in Ref. [12] can not be 
applied since it is not continuous.  

In the following we will show that the scrambled set 
for Luroth map is small in the sense of Lebesgue meas-
ure and large in the sense of Haudsdorff dimension, not 
just uncountable. 

Theorem 1  Let T  be the Luroth map on (0, 1), 
then all scrambled sets for T  have null Lebesgue 
measure. 

Theorem 2  Let T  be the Luroth map on (0, 1), 
then there exists a scrambled set in (0, 1) with full 
Hausdorff dimension. 

Corollary 1  The Luroth dynamical system ((0, 1), 
T) is chaotic in the sense of Li-Yorke. 

We use N  to denote the set of positive integers, 
  the set of points whose Luroth expansion is finite,   
the Lebesgue measure and Hdim  the Hausdorff dimen-
sion. 

1  Preliminaries 

In this section, we present some elementary results 
in the theory of Luroth expansion and some fundamental 

concepts in symbolic dynamics. For more details, we 
refer to monographs of Dajani and Kraaikamp[8] and 
Kurka[13]. 

Lemma 1[3]  The digits )(,),(1 xdxd n  are in-
dependent identically distributed. 

For any nk 1 , we call 1( , , )n nI d d Λ  

1 1{ (0,1) : ( ) , , ( ) }n nx d x d d x d  Λ  a rank-n basic in-
terval. Denote by )(xIn  the rank-n basic interval con-
taining x . Write || I  for the length of an interval I . 
The next proposition concerns the length of rank-n basic 
intervals.  

Proposition 1[2]  For any Ndd n ,,1   with 
)1(2 nkdk  , the rank-n basic interval 

),,( 1 nn ddI   is the interval with the endpoints 

n

n

k kk ddddddd

1

)1(

1

)1(

11 1

12111



 



    

and 
1

1 11 1 1 2

1 1 1 1 1

( 1) ( 1) ( 1)

n n

k kk k n k kd d d d d d d d d



 

   
   Λ  

As a result, 


 


n

k kk
nn dd

ddI
1

1 )1(

1
|),,(|              (3) 

For any integer 2M , let ME  be the set of 
points in (0, 1) whose digits in the Luroth expansion do 
not exceed M . That is, { (0,1) : 2 ( ) }.M nE x d x M    
We can see that ME  is a self-similar set, and then the 
Hausdorff dimension of ME  is the unique positive root 
of  





Md

s

dd2

1)
)1(

1
(  

Lemma 2[14]  For any integer 2M . Let 

MMH sE dim , then 1lim 
 M

M
s . 

Now we give some notations for symbolic spaces. 

we denotes by nA  the set of words of A  with the 

length of n. NA is the set of infinite words and 
n

n
AA

0

*


  , the concatenation of words *, Avu   is 

written as uv . For any 3M , let },,3,2{ MA   or 

{2,3, , , }A n Λ Λ , we denote the symbolic space of 

one-sided infinite sequence over A by {NA x   

1 2( , , ) : , }ix x x A i N  Λ . The symbolic ix  is called 

the i -th coordinate of x . Let ji,  be positive integers 

with ji  , write , ,
j

i ji
x x x Λ . For any NAyx , , we 

define the metric  

( , ) 2 ,nd x y  where },0inf{ 11   ii yxin  
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The shift map   is defined by 

1))((  ii xx , for any NAx  and Ni . 

2  Proofs of Theorem 1 and  
Theorem 2 

In this section, we first prove that all scrambled sets 
of Luroth map have null Lebesgue measure. To deal with 
Theorem 2 , inspired by Xiong[15], Liu and Li[16], we will 
construct a scrambled set in N},3,2{   and then estab-
lish a continue and bijective map between N},3,2{   
and )1,0(  such that the projection of the scrambled set 
in N},3,2{   has full Hausdorff dimension. 

Proof of Theorem 1  Suppose that there exists a 
scrambled set A  for Luroth map T  with 

0)(  cA , let k  be the smallest positive integer 
such that 12 ck . Let 1}{ iiI  be all rank- k  basic in-
tervals from left to right, put )1(  iIAA ii  , then for 
any iIAx  , we have 

1 1
1 1

1

( ) ( )( ( ) 1) ( )( ( ) 1) ( )

2 ( ) 2 1

k
i k k i

i i

k k
i

i

T A d x d x d x d x A

A c

 


 



  

  

 



Λ

 

Thus there exist two positive integers ji   such that 
( ) ( )k k

i jT A T A  Ι . As a result, we have ( )kT x   
( )kT y , where iAx  and jAy . Hence for all kn  , 

we have )()( yTxT nn  , which contradicts the defini-
tion of scrambled pair. 

Let MMMg  ,,  and M  be the maps dependent 

on the symbol )3( MM , we write M   

{2,3, , }NMΛ  to emphasize the dependence of M . 

1) For any 1 2( , , ) Mx x x  Λ  and 1k , we de-

fine :M M Mg    by 

2

2 2
1

, 1

( ( )) 2, ( 1) 2 1 , 1

, 1 1 , 1
M n

n k

M n

g x k k n k k

x k n k k k 


      
      

 

One can see that 

1 2 1 2 3 1 2

( )

( ,2, , , 2,2,2, , , , , 2,2, ,2, , , , )
M

n

n

g x

M x x x x x x x x


Λ Λ Λ14243

 
(4)

 

2) For any 1 2( , , ) Mx x x  Λ , :M M M    
is given by 

1 1 2 1 2 3 1 2

1 2 1

( ) ( , , , , , , , , , ,

, , , , , , , )
M

n n n

x x x x x x x x x

x x x x x





 Λ Λ

Λ Λ Λ
       

(5)
 

3) Let 3
1

1 1

{ } { }
m

k k
m t

L l m t



 

  Υ Υ  be a sequence 

of positive integers, for any 1 2( , , ) Mx x x  Λ  and 

1 2( , , ) My y y  Λ , we define :M M M M      

by 

1 1

, , 1
( ( , ))

, , 1
k k

M n
n k k k

y n l k
x y

x l n l k


  

 
    

       (6) 

4) For any Mx  , we define :M M M    
such that  

))(,()( xgxx MMMM           (7) 

Then we have 
7 3 24

1 1 2 2 8

6 48
4 25

( ) ( , ( ( )) , | , ( ( )) | , | ,

( ( )) | , | , )

M M M M M

M M

x x g x x g x x

g x x

 


  ο ο

ο Λ
 

Remark 1 
1) The mappings MMMg  ,,  are continuous and 

injective, the mapping M  is a continuous  bijective 

from M  to ( )M M . 

2) For any Mx  , 1( ( )) (M M Mg x ο ο 

2( ))Mg x M  and 2))(( 3 xgMM  . 

For any 3M , let ( )M M MS    and 

M
M

SS
3

  , we have the following lemma. 

Lemma 3  For any 3, 21 MM , if 21 MM  , 

then 
1 2M MS S Ι . 

Proof  Without loss of generality, we assume that 
3, 21 MM . It is worth nothing that 

1 1M MS    

1 1 1( ) ({2,3, , } )N
M M M   Λ  and 

2MS 
2 2
( )M M   

2 2({2,3, , } )N
M M Λ . 

Hence, by the definition of 
1M  and 

2M , for any 

1Mx   and 
2My  , it is easy to see that 1M  ap-

pears infinitely often in )(
1

xM , but not appear in 

)(
1

yM , and thus 
1 2M MS S Ι . 

Lemma 4  The set S  is a scrambled set of shift 

  on N},3,2{  . 

Proof  Let 
1MSu  and 

2MSv  such that 

u v . We shall prove that ),( vu  is a scrambled pair for 

shift  .  
Case (i) 21 MM  . Let 

1 1
, ( )M M Mu v S    , 

then there exist two different points 
1

, Mx y   such 

that  )(
1

xu M  and )(
1

yv M . Since yx  , there 

exists  1k  such that kk yx  . Notice that the sym-

bols kx  and ky  appear infinitely often in the same 

location of )(
11

xgMM   and )(
11

ygMM   respec-

tively. Using the same method, we obtain that kx  and 
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ky  appear infinitely often in the same location of 

)(
1

xM  and )(
1

yM , respectively. As a result, there 

exists an increasing sequence 1}{ jjn  such that 

11 ))(())(( vyxu jj n
kk

n   .  

On the other hand, by (4) and (5), there exits an in-
creasing sequence 1}{ jjm  such that 

1 1

1 1

( ( )) | (2,2, ,2)
1

( ( )) |
1

j

M M
j j

j

M M
j

m j
g x

m

m j
g y

m















ο Λ14243

ο

 

By the definition of 
1M , there exists an increasing 

sequence 1}{ jjt  such that  

1 1 1

1 1

1

| ( ( )) | ( ( )) |
1 1 1

(2,2, ,2) ( ( )) |
1

( ( )) | |
1 1

j j j

M M M
j j j

j

M M
jj

j j

M
j j

t j t j m j
u x g x

t t m

m j
g y

m

t j t j
y v

t t





  
  

  


 



 
  

 

ο

Λ ο14243  

Then we have jtt
uvud jj  2))(),((   and thus 

0))(),((inflim 


vud nn

n
 . 

Case (ii) 21 MM  . Let 
1MSu  and 

2MSv . 

Then there exist 
1Mx   and 

2My   such that 

1
( )Mu x  and 

2
( )Mv y . From 1) of Remark 1  

we have  

11))((
11

MxgMM   and 21))((
22

MygMM   

By the definition of M , there exists an increasing 

sequence 1}{ jjn  such that 111 ))((
11

Mxgu MMn j
    

and 211 ))((
22

Mygv MMn j
  . 

It follows that 1))(),((lim 


vud jj nn

j
 , thus 

0))(),((suplim 


vud nn

n
 . 

The proof of lower limits is similar to the case 

21 MM  . In fact, there exists an increasing sequence 

1}{ iit  such that 
1

)2,,2,2(
1 







j

j

j
j

j

t

jt
v

t

jt
u


 , with 

the same method, we get  

0))()((lim 


vud jj tt

j
  

and thus 0))()((inflim 


vud nn

n
 . 

It is the fact that the Luroth expansion of 

(0,1)cx  Ι  is infinite and unique. Then for any 
Ndd },3,2{),,( 21   , we define a continuous bijective 

map   from N},3,2{   to (0,1)c Ι  by 1( ,d  

2 1 2, ) [ , , ]d d dΛ Λ , then we have T  ο ο . 

Lemma 5  The set ( )S  is a scrambled set of 

T  on )1,0( . 

Proof  For any Svu , , vu  . Let 
1MSu  and 

2MSv , by the definition of scrambled set, we shall 

prove that ( ( ), ( ))u v   is a scrambled pair of T . 

Lower limits By Lemma 3, we have 

0))()((inflim 


vud nn

n
 , thus there exists an in-

creasing sequence 1}{ iin  such that lim ( ( )i in n

i
d u 


  

( )) 0v  . Recall that the map   is continuous and 

T  ο ο . Then we have 

| ( ) ( ) | | ( ( )) ( ( )) |i i i in n n nT u T v u v       ο ο  

It is easy to see that  
lim | ( ) ( ) | 0i in n

i
T u T v 


 ο ο  

and thus liminf | ( ) ( ) | 0n n

n
T u T v 


 ο ο . 

Upper limits  We divide the proof into two cases. 
Case (i) 21 MM  . Let 

1
, MSvu  , then for any 

1i , },,3,2{, 1Mvu ii  . By Lemma 4, we have 

1))()((suplim 


vud nn

n
 , thus there exists an in-

creasing sequence 1}{ iim  such that 1( ( ))im u   

1( ( ))im v . Without loss of generality, let 1( ( ))im u   

1( ( ))im v , we obtain 

2 1 1

1 1 1 1

2
1 1

| ( ) ( ) |

| ( ( )) ( ( )) |

| ( ( )) , 1|

| ( ( )) | | ( 1) |

| ( 1) | 0

i i

i i

i

i

m m

m m

m

m

T u T v

u v

I u M

I u I M

I M

 
   






 

 

  

  

ο ο

 

Hence, we get limsup | ( ) ( ) | 0n n

n
T u T v 


 ο ο . 

Case (ii) 21 MM  . Let 
1MSu  and 

2MSv . 

From 2) of Remark 1, there exists an increasing sequence 

1}{ iit  such that 121 ))(())(( Muu ii tt   and 

1( ( ))it v  2 2( ( ))it v M  . Suppose that 21 MM  , with 

the same method, we have  

Therefore, limsup | ( ) ( ) | 0n n

n
T u T v 


 ο ο .  

In order to estimate the Hausdorff dimension of 
( )MS , we shall make use of a kind of symbolic space 

described as follow: for any 1n , set  
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1 2

1 2 1 2 1 2

{( , , , ) {2,3, , } :

( , , , ) ( , , , ), ( , , , ) }

n
n n

n n n M

A d d d M

d d d x x x x x x S

 
  
Λ Λ

Λ Λ Λ
 

For any 1n  and nn Add ),,( 1   , let  

),,,(),,( 1111
1




 nnn
d

nn dddIddJ
n

  

where the union is taken over all 1nd  such that  

111 ),,,(   nnn Addd  . It is obvious that 

1

1

1 2
1 ( , , )

1 2
1 ( , , )

( ) ( , , , )

( , , , )
n n

n n

M n n
n d d A

n n
n d d A

S I d d d

J d d d


 

 




Λ

Λ

Ι Υ Λ

Ι Υ Λ
 

Recall that }{}{ 3

11
1 tmlL

m

tm
kk 






  . For any 

1n  and nn Add ),,( 1  , let )(nt  be the number of 

k  such that nlk   and Llk  . Let ),,( 1 ndd   be 

the block obtained by eliminating the terms 
},:{ Llnld kklk

  in ),,( 1 ndd  , then the length of 

),,( 1 ndd   is )(ntn  .  For simplicity, set 

),,(),,( 1)(1 nntnnn ddIddI             (8) 

Then we have )(
1 ),,( ntn

n Ddd  , where 

},,3,2{ MD  .  

By the definition of )(nt , it is easy to check that 

for large enough n  there exist two positive constants 

21,cc  such that 3

2

2
3

2

1 )( ncntnc  . 

Lemma 5  For any 0 , there exists 1N  such 

that for any 1Nn  , nn Add ),,( 1  . We have 
 1

11 |),,(||),,(| nnnn ddIddI  . 
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For any 1 2[ , , ] ( ),Mx S   Λ  1 2[ , , ]y   Λ  

( )MS , without loss of generality, we assume that 

yx  . Notice that the points x  and y  can not be 

contained in the same )(dIk  for any kAd   and large 

enough k . Thus there exists a greatest integer n  such 
that yx,  are contained in the same basic interval of 

rank n , that is to say, there exists 11   nn rl  such that 

111 ),,,(   nnn Aldd  , 111 ),,,(   nnn Ardd   and    

),,,( 111  nnn lddIx  , ),,,( 111  nnn rddIy  . Since 

1 1 1 1 1 1( , , , ) ( ) ( , , , ) ( )n n n M n n n MI d d l S J d d l S    Λ Ι Λ Ι

and 

1 1 1 1 1 1( , , , ) ( ) ( , , , ) ( )n n n M n n n MI d d r S J d d r S    Λ Ι Λ Ι

    We have 1 1 1( , , , )n n nx J d d l  Λ , 1ny J   1( , ,d Λ  
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So xy   is greater than the distance between 1  
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Proof of Theorem 2  Consider a map : ( )Mf S  
c

ME  Ι  defined as follows: For any 1[ , ,x d Λ  

] ( )n Md S , let 1( ) lim[ , , ]nn
f x x d d


 % Λ .  

For any 0 , by Lemma 4, when , ( )Mx y S  
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where 1N  is the same as in Lemma 5, we have 
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As a result, by Ref.[17] Proposition 2.3 and 
dim ( ) dimc

H M H ME S E Ι , we obtain 
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1 1
dim ( ) dim ( ) dim

1 1
c

H H M H MS E S E 
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1 MS
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                        (10) 

Recall that M
M

SS
3

  , then dim ( )H S   

dim ( )H MS . Combining with (10), we have 
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Let 0  and then 0M  , we conclude that 
dim ( )H S =1. 
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