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Abstract: In this paper, we study the regularity and local energy
equation of the weak solutions for nonhomogeneous incompressi-
ble ideal magnetohydrodynamics system. The conditions given on
the regularity of solutions guarantee the energy to be conserved.
The main method we have employed relies on the commutator
estimates.
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0 Introduction

The goal of this paper is to study the relationship
between the regularity and energy conservation of the
nonhomogeneous incompressible ideal magnetohydro-
dynamics (MHD) equations, reading as:

9, (pu)+div(pu ®u)=—VP+icurlB><B (1)
yri

9,p+div(pu)=0 )

d,B =curl(uxB) 3)

divu =0, divB=0 4)

where p, u and B represent density, speed and the
magnetic field, respectively. The permeability u is a
constant, and the pressure P is unknown. We consider
this system in the three-dimensional periodic domain
T.

When B=0, system (1)-(4) become the well-
known nonhomogeneous incompressible Euler equa-
tions. Onsager'' asserted that the velocity of Holder
continuity with exponential d>1/3 guarantees energy
conservation, and many researchers also studied the en-
ergy conservation of the Euler equations, which can be
referred to Refs.[2- 4] etc.

For the homogeneous ideal MHD equations,
Caflisch, Klapper and Steelel™ proved the conservation
of energy in the periodic domain by extending the results
of the Euler equations to the ideal MHD equations. Then
Kang and Lee!® proved the conservation of energy and
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cross-helicity of the ideal MHD equations. Subsequently,
Yu!”! improved the previous results by using the special
structure of the nonlinear term in the ideal MHD equa-
tions.

For the nonhomogeneous MHD equations, some
results have also been obtained recently, which could be
referred to Refs.[8-13] etc. Among these documents, Bie
et al™ studied the compressible MHD equations, and
they gave two sufficient conditions on the regularity of
solutions to ensure energy conservation. Wu ez al”) con-
sidered the incompressible MHD equations, and they
proved that the regularity of the solution is sufficient to
guarantee the balance of the total energy in the Besov
space. However the magnetic field in Ref. [9] needs to
satisfy

curlBe Bf’“ ((0,T)><T3),
a natural question then is whether this condition is re-
quired or not.

Inspired by Refs. [3, 4, 8] and [9], we study the en-
ergy conservation of nonhomogeneous incompressible
ideal MHD system (1)-(4) in the three-dimensional peri-
odic domain T’. Our strategy relies on commutator es-
timates similar to those employed by Constantin et al'*.
In order to prove the energy conservation of system
(1)-(4), we first mollify the equation (1) and then select
the test function @ to obtain an equation that approxi-
mates the energy equation. For the treatment of the
nonlinear term curl BX B in this equation, we use the
condition divB =0 to transfer the derivative to the test
function ¢ by partial integral formula, which makes the
regularity assumption about curlB in Ref.[9] unneces-
sary.

We briefly recall the definitions of Lebesgue space
I (Q) and Besov space B, (), where Q=(0,T)
XT* or Q=T. I/(Q)={u:Q—>R|uis Lebesgue

measurable, ||u o < oo}, where
1
”” @ (IQ|M|P dx)p »ISp<e
ess sup|u| , p=o°
Q

And B (Q)={@:Q > R|la],. , <}, where

def ”w( +¢)- a)"L (@n(Q-¢))

"a)l By (Q) = "a)”LU(Q) + S;:g |§|a

here Q-¢&={x-¢:xeQ}.
The main result of this paper is stated as follows.
Theorem 1 Let (p,u,P,B) be a weak solution

to system (1)-(4). Assume
ue B L ((0,7)xT),Be B/~ ((0,T)xT")

pe B AL ((0.1)xT),Pe L ((0.T)xT)

forsome 3< p<oo,0<y<a<land0< <1 such that

l+z= l,l+%: Lmin{2a+y,a+24}>1 (5)
P 9 p P
Then the energy is locally conserved in the sense of dis-

tribution, that is,
9, (%P|u|2 + i|3|2j + diVK%pMz + P]u}
—div{i(uxB)xB}zo (6)
U

Remark 1 If B=0, this system reduces to the
nonhomogeneous incompressible Euler equations, and
our result could recover the one for the incompressible

Euler equations ).

1 Preliminaries

In this section we introduce some properties of Be-
Let Je C:"(R3) for d=3 or

d =4 (according to the choice of Q) be a standard
mollifying kernel and set

J(x) =%J(f)

€ €

sov space By (Q) .

with the notation” =J *@. For any function @, @
is well-defined on
Q ={xe Q:dist(x,0Q) > e}
Referring to Ref. [1], we have the following facts
about functions in the Besov spaces:

| s a)"LP(Q) <C6a "ﬂ)l By (Q) (7)

and
||Va)‘

) <Ce™! "(”| 5= () ®)

Moreover, (Bl’j”'” mL‘”)(Q) is an algebra, that is

r(Q
the product of two functions in this space is again con-
tained in the space.
2 Proof of Theorem 1
By smoothing (1) in space and time, we obtain
3, (pu) +div(pu®u) =—VP + 1 (curlBxB) (9
Y7,

Taking ¢e C; ((0,7)x% T’) , multiplying (9) by ou
and integrating on (0,T)x T, we get
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j [0, (pu) - pu dxde

+J.0 J-Tz div(pu ®u)E - u“dxdt
T

+jj VP - pudxdt

1l

here we take e>0 small enough so that suppge

(curlBx B)" - gu‘dxdt = 0 (10)

(,T—€)XT’. We can rewrite (10), using appropriate
commutators, as

[7].0,(pur)- gudude

+[ [ div((pu) ®u*) pu'dvdr
T

+ ] VP pudude

+ IOT J‘Tx%¢(ux3)é -curl B dxds

=R +R,+R; (11

where
R Z.[OT T J, [pmf _(p”)eJ'WEdth
- JOTJ.Ts di"[(/’“)e ®u —(pu ®u)5](pu‘dxdt
= J'OTJ‘T3%(o[(curIBXB)F “ut + (uxB)‘ 'CurlBE]dxdt

In order to prove our theorem, the first step is to
show that the terms in the left side of (11) converge to
the ones of the equation (6). For the first three terms of
the left side of (11), we refer to the proof of Ref.
[3]( Theorem 3.1), and get

R
-1 L{W u

[ [ div((pu) ®u*)- pudvdr
=3 T (el

J-OTJ'T3VPF,Wedxdt:_J'OTJ-T}V¢.uePedxdt (14)

2
€

e 2jdxdt (12)

2
€

+((pu) Vo)

u 2)dxdz (13)

And for the fourth term, we first introduce the following
equality about curl,

div(axb)=curla-b—a-curlb
By smoothing (3) and multiplying it by B°, we obtain

(uxB) - B

Then

IOTL%(/’(“XB)‘ -curlB*dxd

- fonTsiq)curl(uxB)‘ - B‘dxds
_LTLK%W((”XB)‘ xB')ddr

=ﬂlﬁi¢cmuux3y.3auw
+wﬁi(ux3)6 x B" -V pdxdt

[ Jgp o8
H (ux B) X B* -V gdxds

:_.[ J.T3_a[¢ B

J. I (uxB) xB* -V pdxdt (15)

Thus, combining (11), (12), (13), (14) and (15), we find

KL@@[%,OE u +L dt

+J'OT T}V(p-[l(pu)é ul +P‘u‘}dxdt

—j [.Vo: { uxB) }dxdt

=R —R—R; (16)

To prove our result, it suffices to show R/ ,R;,R; =0
as € — 0. For the treatment of R and R;, we refer to
the proof of Theorem 3.1 of Ref. [3], and get

J. J'Tj)z[pu —(pu) } (pu‘dxdt‘

<Clel, e |l 1

Qo
B,

1
, €'e%e™

+C||(p

ol el =0 (17)

and

T . € € € €

- [(pu) Qu —(pu®u) }(pu dxdt‘
2
o el

. =0 (18)

<Clo

1
- e’e’e”” |

+Cllel €€ loul - [l

here we request pue B!~ ((O,T )><T3). In fact when

o=y, we know BZ’“’ c B;”“’ and



102

Wuhan University Journal of Natural Sciences 2022, Vol.27 No.2

[(pu)(-+&) - pu
5
Jplut+8)-u),

~

Mot+o)-pput+8)],
5 &
<|ol,- el - + el - -

<Iol- hellyg- + el 1l

which yields that pue B~ ((O,T)XT3 ) As for R;,in

view of the equality

(curle X B¢ ) ‘Ut = —(u‘ X B¢ ) -curlB¢

we have

R = J‘OTJ‘TB%(D[(curLBXB)f. u' +(uxB) 'CurlBE:|dxdt
= IOTJ.T3i¢|:(CurLBXB)€. u —(curlBE X B¢ ) Uy }dxdt
+ jOT .[13 %(p[(u XB)f- curlB‘ — (u6 X B ) . curlB° }dxdt

def

=R, +R,, (19)

Here R;, can be estimated as

[ J‘T]lq)[(curleB)e ' —(curlB < B)-u Jdudr
=[] .~ [B VB) —%V(|B| )} pu‘ dudr
50 (5 vm )29 (8l |
“[1f, sy
-1, Lz;[EV(IBI ) ‘lv(|B|F)2]<"“Ed’Cdf
-I'[. ﬂa (BB,) -3,(B:
DLl 52080) 50,81 ) v

=1 +1,

(B VB )] - u* dxdr

8;) |- gu'axar

Because the estimates of /, and [, are the same, we
only calculate 7, . Firstly we observe that

B;B‘.—(B,B.)‘=(Bf—B.)(Bf.—B_)
-[ . (t-7.x-&)- B, (1.x))
(Bj(t—r,x—{f)— j(t,x))dé‘d‘r

By using Holder inequality and Fubini theorem, we

estimate [, as

T 1 .

J.o Jﬁzai [(B - - B, )]q)u dxdz
C(]
c! )7 il
<Clele €ﬂ€ﬁ€“ 1| o
+C||¢"cl e B[, [l - (20)
an

" ,(I I (t-7,x-&)- B (t,x))

x(Bj.(t—T x=&)-B,(t, x))dfdf)-(ou‘dxdt‘
<Clol 18l

+Cllels e (BT, - Ju . @

The estimate for R;, is similar to that of /. Then

.|-0T.‘-T3i¢[(1,[><8)é -curlB¢ —(u‘ XBF)-Curle]dxdz

aﬂﬂl

"u BE® B"Bﬂ“ (22)

Collecting all the above estimates and putting them into
(16), we obtain

r 1 2 1y e
Il Bt(p(§p|u| o ]dxdt

+J-0T . V(p'[l(pu)|u|2 + Pu}dxdt

—I J.T3V(p { uxB xB}dzdtzo

which completes the proof of Theorem 1.
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