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Abstract: Two kinds of unconnected double fan graphs with even
vertices, (POV(POUPE )P, (PPV Ky) and (PPv(PLU

PE)UPPv KD)YU(PPv K2) were presented. For natural num-
ber ne N,n>1, the two graphs are all graceful graphs, where
Py, PY are even-vertices path, P,,,, is odd-vertices path,
K,,. K9, K2 are the complement of graph K,,,G,v G, is the

join graph of G, and G,.
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0 Introduction

Research on labeling of graceful graph is on the
rise following the process of computing science! .
Researches on the gracefulness of fan graph, espe-
cially double fan graph, are very important for the
study of graph®. The gracefulness of union graphs of
double fan graph, linear graph and star graph has been
proved®™, and the gracefulness of union graphs of
double fan graph and all graceful graphs has also been
proved"”. The gracefulness of union graphs of fan
graph and non-graceful graphs has rarely been stud-
ied, thus it is rather significant to have further re-
search on the gracefulness of fan graph and non-
graceful graphs.

The graphs in the following are all simple undi-
rected graphs. Let G(V, E) be a graph, V=V (G) be the set
of vertices of graph G, E=E(G) be the set of edges of
graph G, | 4| be the order of the set 4, P, be the path with
n vertices, P, be the trivial graph with one vertex,
G,v G, be the joint graph of G, and G,, G be the
complementary graph of G.

Definition 1 Let G=(V,F) be a graph, and let k be
a positive integer. If there is a injection f V—
{0,1,-,| E| +k—1}, such that for every edge uveE,
['@)=| f) =)
1,---| E|+k—1}, then we call G a k-graceful graph, call
f a k-graceful label of graph G. 1-graceful graph is also

induces a bijection f':E—>{kk+

called graceful graph, and 1-graceful label is called
graceful label.
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1 The Gracefulness of Graph P*v(PY U P?)UP,, .  U(P?Vv K,,)

Theorem 1  For natural number n e N, n>1, POv(PRUPL)YUP,, ., U(PPv K,,)is a graceful graph.

Proof For V(P! )=fx}, V(P3))= {xnxz»x}a "'vxzn}a V(PS5)= {x2n+17x2n+2’x2n+37 "'vx4n}: V(P )= {ylvyzayy ”.7y2n+1}9
V(PP)= {2V (K)= {21020 20 2, [, E=E(PPV (PRUPE) U P, U(PPV K, then | E| = 1212, (V| =80 +3.

Define the vertex label f'of graph P (PO UP2)UP,, ., U(P?Vv K,,) as follows:

S(x0)=0, f(xy,_1)=12n-2, f(x,,)=2,

i-1, i=2,4,6,--2n-2,
f(x2”"):{12n—2—i, i=3.57,-.2n—1.

2m-3+(+1), i=1,3,52n1,
f(xz"”):{lOn—l—i, i=2,4,6,.2n.
S2i)=12n—=6, f(y,,)=4n—06, f(y,,_,)=4n-2,

An+6-i, i=2,4,6,-2n-2,
f(yz"i):{4n+9+i, i=3,5,7, . 2n—1.
f(z0)=12n—4, f(z,)=4n—3+2i, i=1,2.3,---2n

We shall prove that label fis a graceful label of graph PO v (PQ U P@YUP,, , U(P?V K,,).

(1) By the definition of f:

S o) <f (2 ) <S (00 ) <f (0mg ) <o <J(05) < (X1 )< (X ) < <f(X2009)
<S)<S i )<Sa) < <f (X)) <SS 2 <f (X)) < (a1 )< (V1)
<)< D2-6)<S(2:)<f V20a) <S(23) < (12022) < <[ (20)) < D2023)< S (213) < (2-5)
<S )< (22)<S (x0,) < (2 ) <S (g )< o <f(X00) < () <Sf(x5)

<S(xs) < <f(x0-5)<f (Vo )<f(x2nf}Ef(ZO)<f(x2n71)
Hence mapping /: V(P v (PO PP )UP,,,., VPPV K,,)—{0,1,---,12n—2}is an injection.

(ii) For every edge uv € E(P{"v (P} U P)U P, U(PPV K,,), let //uv)=| f()~f(v) |

Then

Hence

i-1, i=2,4,---,2n-2,

12n-2-i, i=3,5--2n-1.

, 2n—1+@G-1), i=1,3,---2n—-1,
f(xoxz"“):{IOn—l—i, i=2.4,..2n.
f'(xx.,)=8n+2i, i=1,23,---,2n-3,

(e Xopein )=8n—20, i=1,2,3,---,2n—1,

L' DopeiVanoin )=20+1), i=1,2,3,---,2n—1,
f'(zyz,)=8n—-1-2i, i=1,2,3,---,2n,

f'(x0x2,)=2,  ['(xoXy_)=120=2, f'(Xy,_1X,,)=12n—4,
S (X0 X0)=120=3, f'(¥2,V5,.1)=8n.

S (xox5,)= {

S (0X0,2 ) <f (60X, ) <f (X0 X004 ) <" (Vano1 V20) < (X0 X0 ) <f ' (Var-2 V20 1)

<o <X X)) < W2 Vs )< (%0200 ) < W1 V2 )< (602005 ) < ' (0 V001)

<o < O0 Xy )<L (0233 < (2022 ) < D1 32) < S (20200 ) < (K41 X))
<2022 ) <S4, )< oo <f1(2020) < S (1 X500 ) < (X0 X))

W20V VS R Xy 2 ) <S80 ) < S (g4 ) < S (02205 ) < <1 (X0 X ) <1 (X, X, 01 )

<023 )< S0 1 X0 ) < < (0 X3 ) <S (X1 X0, ) <S50 X0, 1 ) < S (XX, 21 )

Hence
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S E(PV (P OPY)) P, O (PP K, ) {1,2,--,12n=2 is a bijection, graph (Pv(P)UPE)UP,, U

(P?v K,,)is a graceful graph.

2 The Gracefulness of Graph (P v (P® U P2)U(PPv KM)U(PPv K?

Theorem 2  For natural number n € N, n> 1, (PO v (PY U P2 )U(PPv KO)YU(PPv KP)is a graceful graph.

Proof For V(P)={x,},V(PY)= {xl,xz,x3, ---,xZ"},
V(PE)= {Xass15 KooK o5 X f
VPP)= {yof VKD = {11005 0
V(PY)= { } V(K?)= {zl,zz,zg,- -,Zz,,},
E=E(P"v(PLUPL)YUP?V K;'Z)U(P@)v Kz(,?)) then|E|=12n-2.
Define the vertex label fof graph (P v (P2 U P2 ) U(PPv KN)YU(PPv KD)as follows:
S(x0)=0, f (x5, )=12n-2, f(x,,)=2,
i-1, i=24,6,---2n-2,
f(x“"):{un—z—i, i=3,57,-2n—1.
m—1+G-1), i=1,3,5-2n—1,
f(xz””):{mn—l—i, i=2,4,6,---2n.
fo)=12n-4, f(zy)=12n-6, f(z,,)=4n—-6,
fH)=8n—-1-2i, i=1,23,---,2n
f(z)=12n—6-20+1), i=1,23,-2n—1.
We shall prove that label /s a graceful label of graph (P v (PY U P2 )U(PPv KD)YU(PPv KD).
(i) By the definition of f:
S (x0)<f (X0 2 )<f (X0, ) <S03y a )< <f(0 ) < (1 )< (20 3) < f(22,)
<5 )< oo <f (x5 )<S(22) <Sf (X3 )< S 2)<f (2 )< < (13)
< (22 )< 2)<S (22 2)< S 1) <f (220 5) < S (x4, )< f (224 ) < f (¥ 2)
<S (226 < - <f(2,)<f (X216 )<S (2,1 ) <S (020 ) < (1)< f(z2,0) < f(x3)

<f(z,m5) < <f(22)<f(21)<S (a7 ) < S (X205 ) < (20 ) <S (%23 <Sf (Vo) <f (X2,-1)
Hence mapping f: V((P"v (PO U PR ) U(PPv KDYU(PPv K2))—>{0,1, -, 12n—2} }is an injection.

(i1) Let
flv)=| f@w
, i-1, i=2,4,6,---,2n-2,
f(x°x2""):{12n—2—i, i=3,57,-.2n—1.
, 2n—1+G-1, i=13,--,2n-1,
f(x°x2””):{10n—1—i, =24, 2n.
f'(xx,)=8n+2i, i=1,2,3,---,2n-3,
f'(XgpsiXopein )=8n—2i, i=1,2,3,--,2n—1,
f'yey))=4n-3+2i, i=1,2,3,---,2n,
f'(zoz)=2G+1, i=1,2,3,---,2n—1,
S (x0x3,)=2,  ['(xox5,_)=12n=2,  ['(x3,%;,_,)=12n—-4,
S (X31%5,,)=12n-3, f'(zy2,,)=8n.
Hence

S (e0X5, 5 )< S (05, ) <f (XX, 4 )< (2021 )< S (X0 X5, 6 ) <f'(202,) < -+
<Sf'(x0x,)<f(202,25) <" (X0 X000 ) <S (202,20 )<S (X0 X2013) <[ (202, )< -+
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<X X4 ) <S (202202 )< Doy )< (202202 )<L V0 12) <" (K1 X))
< X1 X0 )<L Do) < K2 X0y ) D0 ya) < < (V012 < (K1 X002)
< (0%, )< (20220 ) < (X000 ) <S (0120 ) < (0024 ) <1 (05 X5) <o
<X ) <S (0,1, < S0 X ) <1, %00 ) < e <f (X0 X05)
< (3000 ) <S (o X3 ) < (X0 X1 )< (X1 X0 ) < (X0 X1 )
Hence
FE(POV(POUPY)UPOY KDYUPPV KP)—{1,2,---,12n—2} is a bijection, and graph (P"v (P2 U P2))

UPPv KMYU(PYv K2)is a graceful graph.

3

Conclusion

The gracefulness on two kinds of unconnected double fan graphs with even vertices, (P{v (P U PY))

UP,,.,U(P?v K,,) and (P v (PY U P2 ) U(PPv KNYU(PPv KP), were proved. The vertex label f of graph was de-
fined by the definition of graceful graph, and f was proved as injection/bijection. The graceful theorem of the union of
unconnected triple graphs was proved. The research will be beneficial to the study of gracefulness on union graph of
multiple graphs.
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