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0 Introduction

In the past two decades, the convexity theory on
spherical spaces, emerging almost at the same time as
that on Euclidean (linear) spaces and developing rela-
tively slow in the last century (Refs.[1-7]), has attracted
much attention in various mathematics areas, such as
analysis, geometry and optimization theory etc. (Refs.[8-
14]). Encouragingly, some efforts have been made to es-
tablish a systematic theory, parallel to that on Euclidean
spaces, of convexity on spherical spaces (for details see
Refs.[15-17] and the references therein).

Although some progresses have been made in the
study on spherical convexity, the task to establish a sys-
tematic theory is far away from being completed, simply
because many counterparts of concepts and definitions
for convex sets in Euclidean spaces have not been found
for spherical convexity, due to the lack of suitable com-
positions and operators on spheres. So, in this paper, we
make an effort to study the so-called spherical differen-
tiability of functions defined on spheres and the criteri-
ons of spherically convex functions.

The paper is organized as follows. In Section 1, we
recall some notations, definitions and basic properties
about spherically convex sets and spherically convex
functions which will be used throughout the paper. In
Section 2, we introduce the spherical Gateaux and
spherical Frechet differentiability of functions defined
merely on spheres. These differentiabilities are proper
extensions of those defined in Ref.[15] where the au-
thors have to assume that the functions are defined on
some suitable Euclidean open sets. Section 3 is devoted
to studying the criterions of spherical convexity of func-
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tions defined on spheres. The results obtained here gen-
eralize those in Ref.[15] etc. and will play some roles in
the further study.

1 Preliminaries

R’, S"°' denote the Euclidean n-space and the unit
sphere in R”, respectively. As usual, <-, ->, || - | de-
note the standard inner product and the norm induced
by <-, -> on R”, respectively. Often we also view R” as
an affine space, so we will not distinguish vectors and
points intentionally. The origin (or zero vector) of R” is
always denoted by the letter o.

A set of the form S,: =V S""!, where Vis a (k+ 1)-
dimensional subspace of R" (0<k<n-1), is called a k-
sphere. If V/'=<x> is a 1-dimensional subspace generated
by a nonzero x € R", we write S, and S simply instead

of S...and S

orthogonal complementary space of <x>. S, is a 0-

., respectively, where <x>" denotes the

<x>

sphere and S . is an (n—2)-sphere for each nonzero x. In

geometric language, u and —u in S"' are called (a pair
of) antipodes. So a 0-sphere consists of a pair of antipo-
des. For the s-convexity of sets or functions on S"°',
there are several equivalent definitions, among which
the one given in Refs.[16, 17] is the only analytic form.
So, we follow the approach adopted in Refs.[16, 17].

The spherical addition, denoted by "+.", in R" (see
Refs. [16, 18]) is defined by x+, y:=p(x+y), x,y € R,
where p:R"— S"'U{o}, called the radial projection, is
defined by

X x#0
p(x)i= x|’
0,X=0
which is clear of the properties:

)pep=p;
i) p(tx) =p(x),p(—x)=—p(x)forx e R"and 1> 0;
iii) p(x) =x ifand only if x € "' orx=o0.
The spherical addition is communicative but not as-

sociative, so the following composition is introduced in
Refs.[16, 18]: for x,,x,, ---,x, € R"(k>2), define

(s) in =p (zxi)

Naturally, when k=2, we write x+,y instead of
(s)(x+y). In terms of the spherical addition, the so-called
spherically convex combination (s-convex combination

for brevity) of x,,x,,--,x,€R" and non-negative

k
Aishay oA with > 2,=1 is defined as
i=1

() Sx, <=p(ﬁxix,-)>.

Now, we introduce the definition of spherically con-
vex sets given in Ref.[16] (for sets containing no antipo-
des) and in Ref.[17] (for general cases).

Definition 1 A subset CcS"' is called spheri-
cally convex (s-convex for brevity) if

Ju+,(1-u,e C
whenever u,,u, € C, A €[0, 1] with Au, + (1 —1)u, #0.

If further C contains no antipodes, then C is called
a proper s-convex set.

Remark 1 It is easy to check that all k-spheres
are s-convex(0<k<n-1), and it was shown in Ref.[17]
that if C#S""" is s-convex, then C is contained in some
closed hemisphere.

Denote, for u,,u, € S"",

[, u, o=, + (1-2)u, |0<A<1}

which is a subset of S"' U{o}. When u, #u,, [u,,u,], is
called the short arc connecting u, and u, (it can be
checked easily that the short arc defined here coincides
with the usual one defined in geometric languages), and
[w, —ul,={o,u, —u} for ueS"'. For u,#u, (u,u,),
(u,,u,], and [u,,u,), are defined in a similar manner.
From these notations, we see that the definition here is
equivalent to the popular one adopted by other authors
recently (see Refs.[16, 17] for the precise proof).

Foru € S" 'and v € S, denote

[u, —u), (v): Hu, v], V[v, —u),
(. =), (V)= (u, v], D[V, — ),
[u, —u], (v): =[u, v], U[v, —u],
which are semicircles of various types passing through v.

Next, we recall the concept of spherically convex
functions. In fact, before the "spherical convex combina-
tion" composition is introduced, it was not as simple as
one may think to define spherically convex functions.
Ferreira et al in Ref.[15] proposed a definition in terms
of minimal geodesic segment (function): if C< S"™' is an
s-convex set and f: C— R is a function, then f'is called
spherically convex if the function f°y: [a,b]—> R is a uni-
variate convex function for each minimal geodesic seg-
ment (function) y: [a, b]—> C (see Ref.[15] for more infor-
mation). This definition is quite intuitive but not very
convenient in application. Here, we adopt the one given
in Refs. [16, 17] which is equivalent to Ferreira’s in
Ref[15].
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Definition 2 Let C<S"' be an s-convex set. A
function f: C — R is called spherically convex (s-convex
for brevity) if
S Quy+ (U= Duy ) <A (uy )+ =) f ()

holds for u,,u, € C, A €[0, 1] with Ju, +,(1-21)u, € C.

For an s-convex function on C, it was shown in Ref.
[19] that it is continuous with respect to the both metrics
mentioned below, and also that restricted on each k-
sphere contained in C(0<k<n-—1), it is a constant, in
particular, f(u)=f(-u)ifu, —u € C.

The intrinsic metric d,(, -) in S"', defined by
dx(ul,uz):=arccos<~, -y for u,,u, € 8", will be used in
studying the continuity and the differentiability of func-

tions on S"'. An elementary geometric argument

d(uy,u,)
2

ric and Euclidean metric are equivalent on S"~".
For given u € " ' and > 0, the set

B, (u,0):={we S"'|d, (u,w)<d}

shows || u,—u, || =2sin , so the intrinsic met-

is called an s-ball. A set ScS"' is called s-open if for
each u € S, there is 6> 0 such that B, (u,0)c S. It is easy
to see that S is s-open if and only if there is an open set
QcR"such that S=Q N S" .

For u,,u, € "' with u, #u,, to describe the points
in [u,,u, ],, there are two popular geodesic segment func-
tions connecting u,,u, considered in Refs.[16, 17, 19]
and Ref.[15], respectively:

u, =y, .. (A:=Au,+ (1-21)u,, 2 €[0, 1] and
sin(o.— 6) - s?n 0

: u,, 0 €0,
sina "isinag P [0.4]

Uy=7u., O): =

where a=d, (u,,u,). It can be easily checked that 6=
d, (uy,u,) (see Ref.[15] for more information).

The following conclusion, cited as a lemma here (a
proof is also included for convenience), was confirmed
in Ref.[19].

Lemma 1 Let u,,u,eS"" with u,#%u,. Then
u,=u, if and only if

sin(o— 6)
sin @+ sin(a.— )
sin 6
sin 6+ sin(a— 6’))'

(or equivalently, 1 —A=

Consequently,
sin(a — 0) " sin 4 y
sin@+sin(a—0) ' “sinf+sin(a—0)

sin(a—6) sin @
= ; U+ ——u
sina sina

2

for all 6 €[0, a].

Proof Clearly, u,=u,iffd (u,,u,)=d, (u,,u, (=0).
For brevity, denote u,=/u,+ (1-1)u,. By an elemen-

tary geometric argument, we see that d, (u,,u, )=0 if and
. .. . a

only if (noticing || u,—u, | :2sm§),

= w0 =l

—sin & +cosgtan(% -0),0 e[O,g]

- 2 2 2
=, |l = - _c
oy =w =1 =l
. a o a o
=sin~ —cosztan(ﬁ— 5)’06[5’0(]
. a a a
=sin~ —cositan(ﬁ— E)
and in turn if and only if
_ .o o a
i I HMZ_ u l” | . sin > —cosztan(ﬁ— 5)
u—v . a
2sin 5
.o o a . 7
smzcos(Q— 5)—cos§sm(9— E)

.o o
2s1nzcos(0— 5)

B sin(o— 6)
. a o ..
2sin £l (cos 7 cos 6+ sin o sin 0)
_ sin(a—0)
sino.cos @ +2 sinzg sin 6
B sin(a—60)
~ sinacos @ +sin@—cos asin @

B sin(a—6)
~ sin@+sin(a—0)

Finally, another elementary geometric argument (draw-

ing a picture to check) shows that

cos < .
|y | =2 = R
cos(z —0) 2s1nicos(5 -0)
_ sina
sin 6+ sin(a — 60)
Therefore,
sin(o.— 6) sin 6

sin 6+ sin(a— 0) it sin 6+ sin(a — 6) e

u, sin(o.— 6) sin 6
=u,;= —— = : U+ —u,
u U, sina sina
a
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2 Differentiability of Functions on
Sphere

Ferreira et al in Ref.[15] defined and studied the
spherical Frechet differentiability only for the functions
differentiable on an open set containing an s-convex set.
More precisely, they simply took the orthogonal projec-
tion of gradients of the functions (to a suitable subspace)
as the spherical gradients. Clearly, such an approach lim-
its the applications of their results. In this section, we
will define and study the Gateaux differentiability and
Frechet differentiability of functions defined merely on a
subset of S"' .

First, we give the concepts of s-directional deriva-
tive and s-Gateaux differentiability.

Definition 3 Let B (u,,5)cS"" and f: B, (u,, )~ R
be a function. If for some v € S, , the limit

(u;)—f (o)

e ]s(md (L{,uo) =:D.f e,
exists, where u,: =Av+ (1 —L)u,, then D, f(u,,v) is called
the s-directional derivative of f'at u, along (direction) v.

If both D, f(u,,v) and D, f(u,, —v) exist and

D, f(u,, —v)=—D, f(u,,v), then D, f(u,,v) is called the
partial derivative of f at u, along (direction) v, denoted
of (u,)
by ov

If D, f(u,,v) exists for all v e S,, then fis called s-

Gateaux differentiable (s-G-differentiable for brevity)
at u,,.
Remark 2

NJ

i) sind, (u;,u,) in Definition 1 can be
sind, (u;,u,)

replaced by d, (u,, u, ) since )113)1 d (.1, =1.
ii) Naturally, for each nonzero w e<u,>", one may

IACACTY

define as well D, f(u,, w)= sind, (u;,u,)
0 )7 0

(if exists),

where u;:=Aw+ (1 —2)u,. However, we point out that
such an extended definition is not essentially necessary:
writing w=1tv for some v € S, and ¢>0, we have by the

property of p,
w+ (1 =Duy=p(Atv+(1—u,)
At 1-1

“Pa= =1 a1 v A=A,

At . .- .
where y= PSR and in turn A — 0" iff 4 — 0".
Thus, D, f(u,, w) exists iff D, f(u,,v) exists, and in

such a case D, f(u,, w)=D, f(u,, v).
Consider the function /i R"— R defined by f (x)::
d, f(uy,x) (xS ") or 0 (otherwise), where u, e S"™" i

fixed. It is easy to check that, for each v € S}, the (usual)

uyd

directional derivative
Df (uy,v): = lim
A—0"

while the s-directional derivative D, f(u,,v)=1. Also, in

Sy +4v) _
——=

a same manner, one may construct a function f such that
D, f(uy,v) (resp. Df(u,,v)) exists, but Df(u,,v) (resp.
D, f(u,,v)) does not. Therefore, the s-directional deriva-
tive and the (usual) directional derivative (along direc-
tion v € S, ) have nothing to do with each other in gen-
eral. However, we have the following conclusion.

Let u, e
containing u,. If a function f: Q — R is differentiable at

Proposition 1 S" ! and Q be an open set

u,, then for each v e S, , D, f(u,, v) exists and

D, f(uy.v)=Df (uo. v).
Proof We have f(x)—f(u,)=<gradf(u,),x—u,>+
o(u X —u, ") for x € Q since f'is differentiable at u,, where

gradf denotes the usual gradient of f.

Thus, to calculate D, f(u,,v) for veS;, we com-

uy?

pute lim first. Denoting 8:=d, (u,,u,) (ob-

P50 smd( I’ 0)

serving that § — 0" iff A — 0%), we have
u,=sinf@-v+cosf-u,

and in turn
. 2~ U . sin@-v+(cos0—-1)-u,
lim ———————— = lim : =v.
20" s1ndA.(u;.,u0) 00" sin 0

Therefore, we obtain

D, £t )= lim Sw)=f )

o sind, (u,,u,)

< gradf(u, ), ul—u0>+o(" U, —u, H)
m

P50t sind, (u;,u,)

U, —u, : O(H U,—u, ”)
- sind, (u;, u,) im0 sind, (u;, u,)

=< gradf(u,),v>=D, f(u,,v)

where we used the fact 0(||u,,—u0 “):o(sinds(uz,uo))

=< gradf (u, ), 11m

sind, (u;,u,) sind, (u;,u,)

since 11m im =1. The
>0 _ 70 . d; u,,u
| U=ty H 2sin? 2~ ( é )
proof completes.

Next, we define the s-gradient of functions defined
on S
Definition 4 Let B, (u,,6)cS"" and f: B, (u,, )~ R
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be a function s-G-differentiable at u,. If v € S, satisfies
D, f(uy,v" yemax {D, f(u,.v)| veS: }.then| D, f(up.v"
is called an s-subgradient of f at u,. If the s-subgradient

is unique, then it is called the s-gradient of f at u,, de-
noted by grad, f(u, ).

Examples are easily found to show that, for a func-
tion defined in an open neighborhood of u, e "', its s-
gradient and its usual gradient have nothing to do with
each other in general. However, we have the following
proposition.

Proposition 2 Let u,€S"' and Q be an open
neighborhood of u,. If a function £ Q— R is differen-
tiable at u,, then grad, f(u,) exists and

grad, f(u,)=P,, (gradf(u,))
where P, denotes the orthogonal projection from R" to
<u,>". Inturn, D, f(u,,v)=<grad, f(u,),v>forves,.

Proof Writing

gradf(u,)=P, (gradf (u,))+ P, (gradf(u,)),
we have, as shown in the proof of Proposition 1, for
eachves§,,

D, f(uo, v)=<gradf (u,),v>

=<P, (gradf(u,))+P,, (gradf(u,)). v>
=<P, (gradf(u,)),v>

since v e<u,>"*, which implies clearly grad, f(u,) exists
and grad, f(u,)=P,. (gradf (u, )), and in turn

D, f(u,,v)=<grad, f(u,),v>
forallves,.

Ferreira et al in Ref.[15] took P, (gradf) as the defi-
nition of s-gradient directly. Obviously, such a definition
may make sense only for functions satisfying the condi-
tions as in Proposition 2. To illustrate our definition as a
useful proper extension of Ferreira’s, we introduce the
following concept.

Definition 5 Let u, e S" ' and /2 U— R be a func-
tion, where U is an s-open set containing u,. If there is v°
e<u,>", such that

fw)—f(uy)=<v°sind, (u,u,)>+o(sind, (u,u,))
whenever veS, and u€fu,, —u,),(v)NU, then f is
called s-Frechet differentiable (s-F-differentiable for
brevity or s-differentiable simply) at u,, and f(u, ). =v°
is called the s-F-derivative of fat u,,.

Remark 3 It is easy to check that if f'is differen-
tiable at u,, then f'is s-differentiable at u,. However, the
inverse is not true even if the function is defined in an
open neighborhood of u,, as shown by the following ex-

ample: consider the function i R"— R defined by

F(x):=d?(u,,x) (x € S ") or 1 (otherwise),
where u, € S"" is fixed. It is easy to see that f is s-
differentiable but not differentiable at u,. Also, it is easy
to check that the s-differentiability implies the s-G-
differentiability (however, the inverse is not true). More
precisely, we have the following improvement of Propo-
sition 2.

Theorem 1 If a function f'is defined on an s-open
set U containing u, € S"~' and s-differentiable at u,, then
grad, f(u, )=/, (u,) and

D, f(u,,v)=<grad, f(u,),v>forallves§,.

Proof Since

S ) =f o) =<f(u, ), sind, (u;, u)-v>

+o(sind, (u,,u,))
whenever v e S, and u,: =Av+ (1 = A)u, € U, we have
Jw)=f )
o sind, (u,,u,)
o(sind, (u,,u,))
sind, (u;,u,)

D, f(u,,v)= 11

=<f/(u,),v>+lim
=0

=<f'(uy).v>
from which the conclusions follow.

The following proposition provides the expressions
of s-gradients for s-differentiable functions, which has
its own significance clearly even if it will not be used in
this paper.

Proposition 3 If a function f is defined on an s-
open U containing u, € S""' and s-differentiable at u,,
€,-1 € Siu

form a standard orthogonal basis

then for arbitrary pairly orthogonal e, e,, -,

(that is, 615627 ) e,,,]
of <u,>"), we have
of (u of (u, o (u
grad, f(u,)= f(eO) et j;(e )eﬁ' 6{20)6 o
2

\l s¥n—1

Proof Since fis s-differentiable at u,,, it is easy to
9f (uy) af (uy)
8 o,v

Fw)
O.e.

sYi

check that =<f'(u,),v> for

each v € S, , in particular,

f(uo)

3

=<f!(u,),e;>. So,

D, f(uy.v)= =< 1y ). v>=<f (uy ), za e>

(R , of (u,)
= Zai<fs (uo),ei>= ;<€[,V> W

Ea};(’:o) e v>

i=1

UG

which implies clearly grad, f(u,)= 2 Be, e,
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3 Criterions of s-Convex
Functions

In this section, we discuss the criterions of s-
convexity for functions defined on S"™' in terms of s-
gradients. The results obtained here are improvement of
several criterions of s-convexity in Ref. [15] since the
functions considered there have to be differentiable on
some open set.

The first one is an improvement of Proposition 7 in
Ref.[15].

Theorem 2 Let CcS"' be an s-open s-convex
set and f: C— R be s-differentiable. Then f is s-convex
on C if and only if, for any u, € Cand v €S, ,

fW)=f(u,)+<grad, f(u,),sind, (u,u,) - v>
holds for any u € CN\[u,, —u,),(v).

Proof

differentiability of f, for any u, € C and v € S}, we have

uy?

S ) =f(uy)=<grad, f(u,).sind, (u,u,)- v>
+o(sind, (u,u,))

(=) Suppose f'is s-convex on C. By the s-

whenever u € CN[u,, —u,), (V).

Denote u,:=Au+ (1 -Au, for u e CNlu, —u,),v)
and 0<A<1. Then u, € CN[u,, —u,),(v) clearly, so by
the s-convexity of f, we have

S )< ) +A =) f(uy)
which leads to
A @) =f (o)) =f (u, ) =1 (uy)

=<grad, f(u,),sind, (u;,u,)-v>+o(sind, (u,,u,))
that is

Sw)=f(u,)=<grad, f(uy),A" sind, (u;, u)-v>

+A " o(sind, (u;,u,)) (1)
Since A=sind, (u,,u,)sind, (u,,u,)+sind, (uw,u,))”" by
Lemma 1, we have
}Ln(? Atsind, (u,,u, )=sind, (u, u,);

lim A o(sind, (u;,u,))=0.
A—0"

Thus, letting A — 0% in (1), we obtain
fw)=f(u,)+<grad, f(u,),sind, (u,u, ) v>.
(<) Suppose for any u, € Cand v € Sﬁg,
fW)=f(u,)+<grad, f(u,),sind, (u,u,)-v>
hold for all u € CN\[u,, —u,), (V).
If C contains antipodes, then C=S""" since C is s-
open (one may find the argument easily). Thus, for any
u,ve S 'with<u,v>=0,ie. veS:andu € S}, we have

fW)—f(u)=<grad, f(u),sind, (v,u) - v>
=<grad, f(u),v>,

f(=v)—f(u)=<grad, f(u),sind, (—v,u)-(—v)>
=—<grad, f(u),v>
since ve CNlu, —u),(v) and

Therefore

-ve Cnlu, —u),(—v).

JO)Sf@)iff f)<f(-v) (2)
With the same arguments on the pairs (—v,u), (—u, —v)
and (v, —u), respectively, we have as well
S <f (it f(=v)<f(-u)
FEN<f(~u) iff f(~u)<f(v) (3)
S/ fv)<f(u)

Clearly, (2) and (3) lead to f(u)=f(—u)=f(v)
=f(—v). By the arbitrariness of u and v, f'is a constant on
S"~! (noticing that any two circles have intersection) and
SO is convex.

If C contains no antipodes, for any distinct
u,,u, € Cand 0 <A< 1 (nothing to prove for the case u, =
u,), denote u,: =Au, + (1 — )u,, we have

S@)=2f(u;)+<grad, f(u,),sind, (u,,u;) v>,

Suy)=f(u;)+<grad, f(u, ), sind, (uy, u, )-(-v)>
where (unique) v e S; such that u, € CN[u,, —u,),(v)
(naturally, u, € CN[u,, —u,),(—v)). Thus

A )+ =2)f(uy)

2Mf(u,)+<grad, f(u,),sind, (u,,u,) v>)

H1=A)(f (u;)+<grad, f(u,). sind, (u,, u;)-(=v)>)

=f(u,)+<grad, f(u,)(Asind (u,,u,)

(1 =A)sind, (uy,u, ))v>=1(u,)
since
sind, (u,,u;)
= sind, (u,,u,)+sind. (upu,)’

_ Sinds (u]’u).)
~ sind, (uy,u,)+sind, (u,,u,)’

by Lemma 1 and so
Asind (u;,u;,)—(1—2A)sind, (u,,u,)=0.

To give another criterion of s-convexity, we intro-
duce the following concept.

Definition 6 Let C<S"' be an s-open s-convex
set and F:C — R” be a map. Then, F is called
s-monotone on C if for any u,,u, € C with u, #tu,,

<F(u,),v,>+<F(u,),v,><0
holds, where v, € S, ,v, € S, such that
u, € Cnfuy, —u,),(v,)and u, € CNfuy, —u, ), (v,).

In terms of the s-monotonicity we have the following
improvement of Proposition 8 in Ref.[15].

Theorem 3 Let CcS"' be an s-open s-convex
set and f:C — R" be s-differentiable. Then f is s-convex
if and only if grad, f'is s-monotone on C.
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Proof

any u,,u,€ C with u,#+u, and v, €8,, v, €8S, with

(=) Suppose f is s-convex on C. Then for

u, €lu,, —u,),(v,), u, €lu,, —u,),(v,), we have by Theo-
rem 2
f(uy)—f(u,)=<grad, f(u,),sind, (u,,u,)-v,>,
fu)—f(u,)=<grad, f(u,),sind, (u,,u,) v,>
which leads clearly to
<grad, f(u,),sind, (uy,u,) v,>
+<grad, f(u,),sind, (u,,u,) v,><0,
and in turn
<grad, f(u,),v,>+<grad, f(u,),v,><0,
since sind, (u,,u,)>0 when wu,#+tu,, i.e. grad f is s-
monotone on C.
(<) Conversely, suppose grad, f/ is s-monotone onC.
If C contains antipodes, then, as explained in the proof
of Theorem 2, C=S""' Thus, for any u<S""' and
v e S} we have
<grad, f(u),v>+<grad, f(v),u><0,
<grad, f(-u),v>+<grad, f(v), —u><0 (4)
which leads to <grad, f(u)+ grad, f(—u),v><0. Hence,
since grad, f'(u)+grad, f(-u)e<u>" and ve S;c<u>"
is arbitrary, we obtain
grad, f(—u)=—grad, f (w).
Thus, by the s-differentiability of f, for we(u, —
u),(v), we have
fw)—f(uy=<grad, f(u), sind, (w,u)- v>+o(sind, (w, u))
(5)

Jw)=f(-u)

=< grad, f(—u),sind,(w, —u)- v>+o(sind, (w, —u))

=<—grad, f(u),sind, (w,u)-v>+o(sind, (w,u)) (6)
where we used the fact that grad, f(—u)=—grad, f(«) and
sind, (w, —u)=sind, (w,u). Now, (6) subtracted from (5)
gives

f(—u)—f(u)=2<grad, f(u), sind, (w,u)-v>

+o(sin d, (w, u))
which implies f(—u)=f(u)(letting w—>u), and in turn,
for any w e(u, —u), (v),

2 < grad, f(u),sind, (w,u)-v>+o(sind, (w,u))=0.
Dividing both sides by sind,(w,u) and then letting
w— u, we have

<grad, f(u),v>=0
By the arbitrariness of v e S;, we have grad, f(u)=o.
Hence grad, f=0 on S"' by the arbitrariness of u. Now,
for any distinct u,,u, € """ with u,#—u,, denoting (1)
=f(u,) where u,:=Au,+ (1 —Au,, 0 <A< 1, we have

d du
) p(A)=<grad, f(u,), ﬂ}- >=0

Therefore ¢ is a constant on [0, 1], in particular, f(u, )=
@(0)=p()=f(u,). By the arbitrariness of u, and u,, fis a
constant and in turn s-convex on "',

If C contains no antipodes, then for any distinct
u,,u,€ C and 0<i<1, denote u,:=Au,+ (1 -u,, a:=
d,(u,,u,), 0:=d, (u,,u,) for brevity first.

Then, define p(1):=f(u,)=f(Au,+,(1 —Au, ), 0<A<

sin 6

I, and 4=4(6)= sin 6+ sin(a—6)’

0<0<a. Thus, by

Lemma 1,
p(UO)=1(

Therefore,

i ~ i sin (a — 9) sin @

40 p(A0))=<grad, (g ). a6\ sina "7 sina

—cos(a—6) cos
- U +——u
sina sina

sin(a—6) sin 8
. U+ —
sina sina

u,),0<0<a

u,)>

=< grad, f (1, ), )
Let (unique) v, €8, such that u, €fu,,, —u;4),(v,),
then clearly,

P, (u;)=sin@-(-v,)and P, (u,)=sin(a—0)-v,
where P, denotes the orthogonal projection from R” to
<u,,>". Observing grad, f(u,,)e<u,,>" which im-
plies <grad, f(u,q ), u;>=<grad, f (u;y)). P, (u;)> i=1,2,

we obtain
ot
=< grad, /() W P, (u)+ % P, (u)>
=< grad, f (1,4 ), %aa—e) sinf-(-v,)
+ 9950 G- 0)v, >

sin a
=<grad, f (”1(9) )V, >
Now, for any 0 <6, <0, < a (observing
Ujo,) € Cnlu,, U, ) s Ujp,) € CN[u,, U, )
in such a case), choosing v, € S, ~such that u, €[u,,,,
_u/l(b‘,))x (v;)and Vzestmz, such that u, e[”w:)a - “A(ez))s (),
we have, by the monotonicity of grad, f,
d d
25 900) = —500(0.)
=< gradsf(uue, ) ), v >—< grad.vf(”wz) ), —v,>
=<grad, f(u;,), v, >+<grad, f(u;q,),v,><0
where %q)(l(@z )=<grad, f(u,,,), —v,> simply be-

Cause g Uy, ), — Uy, ), (—v,) when 0> 0,.
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So, % o(A(0)) is increasing and in turn @(A(0)) is
convex on [0, a], in particular,
1 1 o 1 1
J(Gu+ 5 u)=g((5) =95 0+ 5 a))
1 1
< S 0O+ - pli(@)

= )+ f)

which, together with the arbitrariness of u, and u,, im-
plies clearly that ¢(-) is middle-point convex (i. e.

+
o( 12 )< %q)(/ll )+ %go(/lz )) and in turn convex since

it is clearly continuous on [0, 1]. Thus, for any 0<A<1,

we have
SCGuy+ ((L=2u, )= p()=p((1=4)-0+4- 1)
< =p0)+ 2p(M) =1 =) f (w, )+ (u,)

By the arbitrariness of u, and u, , fis s-convex.

Final Remark In this paper, we introduce first the
concepts of s-directional derivative, s-gradient and s-
Gateaux differentiability and s-Frechet differentiability
of functions defined on subsets of the unit sphere, which
are different from the usual ones for functions defined
on subsets of Euclidean spaces. Then, as applications,
we provide some criterions of s-convexity for functions
on spheres which are improvements of results in Ref.
[15]. Also, compared with the work in Ref. [15], our
work has some advantages in applications since the func-
tions considered here are defined merely on subsets of
spheres.
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