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0 Introduction and Main Results

The setting for this paper is n-dimensional Eucli-
dean spaces R". Let £ denote the set of convex bodies
(compact, convex subsets with non-empty interiors) in
Euclidean space R". £ denotes the set of convex bodies
containing the origin in their interiors. V' (K) denotes the
n-dimensional volume of a body K, B the standard unit
ball, and V(B)=w,. Let S"' denote the unit sphere in R".

Blaschke!" considered the classical width-integral
of convex bodies first and Hadwiger™ studied it further.
In 1975 Lutwak™ introduced the i-th width-integral of
convex bodies. In 1977, Lutwak™™ generalized the i-th
width-integral to the mixed width-integral of convex
bodies. In 2016, Feng® gave the definitions of mixed
width-integral and the general i-th width-integral of con-
vex bodies. In 2017, Zhou”defined the general L,
mixed width-integral of convex bodies. For the more re-
sults of the mixed width-integral of convex bodies, we
refer the interested reader to Refs. [7-14].

In this paper, we first establish the Brunn-
Minkowski type inequality for the i-th general L -mixed
width-integral of convex bodies.

Let M,N,K,LeX, t€[-1,1], p>0,M
and N have similar general L -width,for KcM, LcN,
n—p<i<norMcK NcL,i>n,we have

Theorem 1

P
n—i

[ B®

p-i

(M+,N)-BS(K+,L)]

P
n—i

<[BY.(M)-BS(K)] Ty [BO,(N)-BS.(D)]

pi poi pi poi

(1)
for KcM,LcN,0<i<n-p, we have
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. .
(B (M+,N)=By(K+,1) "> [ BL.(M)=BR,(K) ]+ [ BL.(N)-By.(D)] @
the equality holds in (1) or (2) if and only if K and L have similar general L,-width, and (B}, (M),BY. (K))=

c(BY.(N),BY.(L)) , where c is a constant.

pi

P
n—i

We also establish two cyclic inequalities for the differences of i-th general L ,-mixed width-integral of convex bod-
ies.

Theorem 2 Let M, Ke K, , KcM, r€[-1,1], p>0, M has constant general L -width, for 0<i<j<k<n,
i,j,k € R, we get

k=i k—j J—i
[ B0, (M)-BY(K)] = [BO (M)~ BO(K)] [ BYL.(M) - BY (K)] 3)
with equality if and only if K has constant general L -width.

Theorem 3 Let M,N,K,Le K, Kc M, Lc N, t€[-1,1], p>0, M and N have similar general L -width, for 0<i<

j<k<n,ij ke R, we can obtain

(o) -BYKD)] > [Bo0am-Bo k] [BL 04N -BoKD)] @

with equality if and only if (b5 (M, u), b (K, u))=c(b} (N, u), b (L, u)) , where c is a constant, and K and L have similar
general L, -width.

Meanwhile, we establish a cyclic Brunn-Minkowski inequality for the i-th general L -mixed width-integral of con-
vex bodies.

Theorem4 LetK, Le K, p>0,7€[-1,1],ifj<n—p and i <j <k, we can obtain

plk—j) Ju V)] pk=)) pU=1

L’ ) j ) j k—i)n—j T —i)(n—j
B;’; (K+pL)"7’ < B;r)l (K)(k")(”’./)Bg)k (K)(kﬂ)(nf/) +B§?j (L)(/‘ Nn=j) BL.)k (L)(k =) (5)
with equality if and only if K and L both have constant general L,-width. If n—p<j<n and j<i<k, orj>nand i<j<Kk,

the inequality is reversed.

1 Preliminaries

1.1 Support Function and Firey L -Combination

If K € K", the support function, /,=h(K, -). R" — (—0, ), is defined by!">'"

MK, x)=max{x-y;yeK},xeR"

where x - y denotes the standard inner product of x and y.

For K,L € K;, p>1 and A, u>0 (not both zero), the Firey L,-combinationZ-K+ ,u-L € K of Kand L is defined
by!17

h(A-K+,u-L, -Y =K, -Y +uh(L, -¥ (6)

where the operation "+," is called Firey addition and 4 - K denotes the Firey scalar multiplication.
1.2 General L -Mixed Width-Integral of Order i

For 7 €[-1, IJand p >0, the general L,-mixed width-integral B (K, ---,K,) of K, ---,K,, € K/ is defined by "
BO(K, oK)= - [ B0y b (K, S ™
S!l*l

1
where b0 (K, u)= ( fi@ (K, u)+f, (o)l (K, — u))" for any u € "', and f, (7), f, () are chosen as follows:

1+7) 1—-1)”
e e e
£, (z) and £, () satisfy
Si@+L@=15f 0=/ L 0=1 ).
K and L are said to have similar general L -width if there exists a constant 4> 0 such that b (K, u)=Ab" (L, u) for
all u e 8" If bY (K, u)=bY (L,u) for all u € §"', then we call K and L have the same general L -width. If 5 (K, u) is a
constant for all u € $"~', we call K has the constant general L -width.
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Taking K,=---=K, ;=K and K, ,,,=---=K,=L in (7), the general L,-mixed width-integral BY,(K,L) of K,L € K.,
is given by
BY/(K,L)= % | o ey Ly st )
g

Further, let L=B in (8), since b (B, u)=1, and write B, (K) for BY. (K, B), we get

pii

BO(K)= + f By dS() ©)

pi

where B, (K) is called the i-th general L,-mixed width-integral of K € K). If i=0, we write B, (K)=B% (K), By (K) is
called the general L -width-integral of K € ;.

2 Proofs of Theorems

In this section, we give the proofs of the Theorems 1-4. The proof of Theorem 1 requires the following lemmas.
Lemma 1 IfK, L € K!, r€[-1,1]and p>0, for i<n—p<;j<nand i#j, then

P P
BO.(K+,L) j, (BT (Bw) | 10)
BY,(K+,L) BY(K) BY.(L)
forjzn=i>n—p andi=j, then
P P
BOK+, D)\ [BOK) )f"+ BY.(L) ),.,. a1
BY,(K+,L) BY,(K) BY(L)

with equality in every inequality if and only if K and L have similar general L -width.

n
Lemma 2" Let x=(x,,--,x,) and y=(y,, -+, »,) be two series of non-negative real numbers, and x,” > zxf.’,

= zyf, for p>1, then
i=2

1 1 !

n V4 n P
x,"— zxf + - zy‘i’ <
i=2 i=2

(047 - i(xf+ny)p (12)

forp<OorO<p<l,

1 1 1
n P n ) n P
(xlp_ zxf) +(y1p_ zyf?) 2((xl'+'J/1)p_ Z(x:'+yf)])) (13)
i=2 i=2 i=2
with equality in every inequality if and only if x and y are proportional.
Proof of Theorem 1  Letj=n in Lemma 1, since BY, (K+,L)=w, is a constant, for i <n—p, we immediately ob-

tain
BY.(K+, Ly < B (K)y"-i+ BS, (L)~ (14)
and forn—p<i<n,
BY(K+, L) > BO,(K) 7+ B, (L) (15)

the equality holds if and only if K and L have similar general L,-width, which is just Corollary 3.
Since M, N, K, Le K", M and N have similar general L,-width, for n—p <i<n, we have

BY(K+, L) > B, (K) + B, (L)' (16)
B, (M+, Ny =B (M) + B, (N)y (17)

By the definition of the i-th general L -mixed width-integral of convex bodies, we know that B, (K)< B, (M) and
BY.(L)<BS.(N)if KcM, Lc N for n—p<i<n; BY,(M)>BY,(K) and BY.(N)>B', (L) ift Mc K, Nc L for i>n. Accord-
ing to (13), combining (16) with (17), we can obtain
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i i

b B o, n—i o, B n—i|n=i

(B0, (M+, M)~ BY(K+,1)] 7 < {(B;:z oy o) " - BBy ]
L
(M)~ B (K) |+ [ B (N)-B (D] (18)
the equality holds if and only if (BY, (M), BY.(K)) is proportional to (BY.(N), B, (L)), and K and L have similar general

i i p-i

P
n—i

<[BY

p-i

L,-width. The proof of inequality (2) is similar. This proves the theorem.
The proof of Theorem 2-3 requires the following lemma.

i

Lemma 3™ Suppose that f; , g, (i= 1,2) are non-negative continuous functions on §"~' such that f fr(&)de=
o

f ~ fY(©)d¢ and f ~gi(9)de> f ~ g4(&Hd¢ for p>1, zl? + é =1, and for all Ee 8", f7(&)=2g?(&) where 1 is a con-

stant, then

[ (roro|([ (@o-g@u) <[ (roao-romno) (19)

st S" N
with equality if and only if £ (&)=2Ag{ () for any e S" .
Proof of Theorem 2  Suppose that 0<i<j<k<n, let

1
7

1 1 1
fi= (B0 My ) fo= (B (Kouy ™) gy= (b)) Moy~ )" go= (b (Kouy™ )", A= (k=)= ). = (k= D)/ (k—))

in Lemma 3, since K < M, M has constant general L -width, f\"/g{=b'’ (M, u))* is a constant, according to Lemma 3, we
can get the inequality (3).

By Lemma 3, the equality in (3) holds if and only if b (K, u))'*=bY (M, u))* for all u € §"~', that means K has
constant general L -width. This proves the theorem.

Proof of Theorem 3  We can prove Theorem 3 by Lemma 3 as well. Suppose that 0<i<j<k<n,A=(k—1i)/(j—i)
and u=(k—1i)/(k—j), let

i i i i
fi= (B My b (Now)' ), fo= (B (Kouy b0 (L)' ), €= (b5 (Mouy b0 (Vo) ), 8= (B (K.u) b (Louy )"
in Lemma 3, since Kc M, Lc N, M and N have similar general L -width, f*/g{'=(b5 (N, u)/b (M, u))*" is a constant.
We get the consequence.

By Lemma 3, the equality in (4) holds if and only if (b (L, u)/b$ (K, u))*'=(bS (N, u)/bY (M, u))*" for all u e §*',
that means K and L have similar general L,-width. This proves the theorem.

Taking i=0, j=1, k=n in Theorem 3, we obtain

Corollary 1 Let M,N,K,L € K}, 7 €[-1,1], p>0, M and N have similar general L, -width, for Kc M, L <N, one
gets

[ B3 N B (K] = [ BY - B2 &) | [ BY ()~ B (1)] (20)
with equality if and only if (b5 (M, u), b (K, u))=c(b}) (N, u), b (L, u)) , where c is a constant.
Proof of Theorem 4 If j<n—p, combined (6) with (9), according to the Minkowski’s inequality®", it follows
that
BY(K+,L)= % f bSO (K+, L, u)" 7 dS(u)= 1 f (£ @k (K+,Lu)+f, (@ (K+,L, —u))"”j dS(u)
o o

n

n—j

— | (AW K+ £ (K e fy O Ly o (L. =) 7 A

n-j

- %J S,,,‘(bg) (K,uy'+ by (L, u)l’) 7 dS(u)

nj
1 plk=n=i) PG=in-h) plk=n=1) pU=00=0)\ p

= f b (K, u) &9 bO (K, 4) €% 45O (L 1) ©5 pO (L, ) &0 dS(u)

S 1
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L have similar general L -width. By the equality conditions of Holder’s

nej
1 =n=p G=in-k) (1 == - |’
< ( | Wy B dS(u)) +( [ W) T BOLu) T dS) @1
nvJ g- nJg-
L k—i . s )
Since i <j < k means k=j > 1, using Holder’s inequality ** we have
1 te=pir=p G=iXn—F)
f BO(Kow) 1 bO(Kow) T dS(u)
k—i T:l kﬂ %
1 (k=j)n—i) 1 U=dn=k)\ j- /7
<\ | B (b‘”(K NE ) as@)| x| | . (b<’>(K W ) dSw)| =BOK)Y BLEK T (22)
Hence, we can get the following inequality
1 (k=j)Xn—i) G-iMn—k) % pk=j) pG—1)
[n f bOKou) 0 bO(Kou) b dS(u)} < B (K)" %0 B, (K07 (23)
s
Similarly, we can also obtain
1 (k=j)Yn 1) (G=i)n=k) % pk—)) PU—i)
|:nj b(f) (L u) k—i b(f) (L u) k—i dS(u):| <B(T) (L)("—j)(k ')B(T) (L)("—j)(k i) (24)
N
By (21), (23) and (24), we get
plk=)) U= plk=)) U =1
BY(K+ L)" 7< BY,(K)“") B, (K)*%) 4 B (L)%= B, (L)~ (25)

From the equality condition of the Minkowski’s inequality, we see that the equality (21) holds if and only if K and

inequality, equality holds in (22) if and only if

K has constant general L -width. Similary, the equality holds in (24) if and only if L has constant general L -width.
Thus, the equality holds in (5) or its reverse if and only if both K and L have constant general L, -width.

In particular, take L={o} in Theorem 4. Since K +{o} =K, and notice that B{({o})=0, by inequality (5), we can
obtain the following Corollary.
Corollary 2 LetK e K p>0, 7 €[-1,1], for i<j <k, then

B (K)~'< B (K) 7 B, (K)™
with equality if and only if K has constant general L -width.

(26)

Let i=j in Theorem 4, we may obtain the following Brunn-Minkowski inequality for the i-th general L -mixed

width-integral.
Corollary3 For K, L e K2, p>0,7€[-1,1], i#n, ifi<n—p, then

P P P
BY.(K+,L)" < BO,(K)" +BY, (L)"

27)

with equality if and only if K and L have simliar general L -width. If n—p <i<n, or i >n, inequality (27) is reversed.
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