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0 Introduction

In this paper we consider the boundary value prob-
lem of nonlinear fractional differential equations
“Diu( ) +[(t, u@), u'(@)=0, 1 €[0, 1] (D
w'(0)—=pu' (&) =0, u(l)+yu’(n) =0 )
where fe C([0, 1]x[0, +00)x (o0, +o0), (0, +0)) and 1<
a<2, €(0,1),y>0,0<E<p<1 and °Dj, denotes the
Caputo’s fractional derivative of order a.

Due to the development of the theory of fractional
calculus and its applications, such as Bode’s analysis of
feedback amplifiers, aecrodynamics and polymer rheol-
ogy in the fields of physics, etc, many works on the ba-
sic theory of fractional calculus and fractional order dif-
ferential equations have been done!”. Recently, there
have been many papers dealing with the solutions or
positive solutions to boundary value problems for non-
linear fractional differential equations (FBVPs) with lo-
cal boundary conditions®** and nonlocal boundary con-
ditions®*" and references along this line.

Zhang'"¥ proved the existence of positive solution
to the boundary value problem of fractional order differ-
ential equation

“Dju@®)=£, w®)), t 0, 1),
u(0)+u'(0) =0, u()+u'(1) =0,
where 1 <g<2and fe C([0, []x[0, +0)—[0, +x)).

By using the fixed point theorem, Goodrich® con-
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sidered the following class of nonlinear fractional differential equations with the given boundary conditions for multi-
plicity of positive solutions as

D u@®)+f(t, u@)=0,1e(, 1), n—1<a<n

u”(0) =0, 0<i<n—2and D}, u(l)=0

Specially, there are a few researches concerning four-point boundary value problems for fractional differential
equations. For examples, in Ref.[28], the authors considered a class of four-point fractional boundary value problem of
the form

D u@®)+f(t, ut)=0, £ (0, 1),
w'(O)=p,u(E) =0, u'W)+uu(n) =0
where u’ denotes the first order derivative of function u# and 1<a<2, 0<&<y<1, O<u,u,<1, £i[0,1]x R">R" is
continuous and Dy, is the Caputo’s fractional derivative of order a.
In Ref.[29], the following four-point nonlinear boundary value problem
“Dju(®)+/ (¢, u(@®), (Ku)?), (Hu)®))=0, 1 (0, 1),
al”(o)_blul(o)=dlu(§l )vazu(l)"'bzul(l):dz”(fz)
was considered. The existence of solutions of the problem were established.
Ji and Ge " studied the following four-point nonlocal boundary value problems of fractional order
“Diut)+f(t, u())=0, t €[0, 1],
u'(0)—pBu' (&) =0, u(l)+yu’(;7) =0
where 1<a<2, <y<1 and “Dj, is Caputo’s fractional derivative. By using the fixed point theorem, multiplicity re-
sults of positive solutions are obtained.

We noticed that in these work the existence results of positive solutions were all established under the assumption
that the derivative of the unknown function was not involved in the nonlinear term explicitly. The main reason is that
one can not derive the concavity or convexity of the function by the sign of its fractional derivative. On account of the
practical meaning of u'(¢), it is interesting to consider the boundary value problem of fractional differential equations in
which the derivative of the unknown function is involved in the nonlinear term explicitly.

In this paper, by using the careful analysis of the associated Green’s function and defining the special cone in a
suitable Banach space together with the Avery-Peterson fixed point theorem, we overcome the difficulties bringing by
the lack of the concavity or convexity of the unknown function and show the existence of multiple positive solutions of
problem (1)-(2).The results complete and extend the previous work on boundary value problem of fractional differen-
tial equations.

1 Preliminaries

Definition 1 The Riemann-Liouville fractional integral of order o> 0 of a function u(¢) is given by
L r .
1310= s | (=9 uls)ds
provided the right side is point-wise defined on (0, + ).
Definition 2 The Caputo’s fractional derivative of order o> 0 of a continuous function u(z) is given by

€ ya _ 1 Cu"(s)
D0+u(t)_ F(n—a) jo (t_s)l+a—n

where n=[a]+ 1, provided that the right side is point-wise defined on (0, + o).

Lemma 1 Let a>0. The fractional differential equation D, u(f)=0 has solution
ut)=C,+Cot+Cot* +---+C,t" ', C,e Ri=1,2, -, n.

Lemma 2 Assume that u(?) is differentiable with a fractional derivative of order o> 0. Then
L. Dy u()=u(t)+C,+ Cot+ Cst*+ -+ C,t" ', C.e Ri=1,2,---,n,
where 7 is the smallest integer greater than or equal to a.
Definition 3 The map ¢ is said to be a nonnegative continuous convex functional on cone P of a real Banach
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space E provided that ¢: P —[0, + o) is continuous and
dtx+(1—)y)<tp(x)+(1 -1)p(y), x,y € P, t €[]0, 1].
Definition 4 The map £ is said to be a nonnegative continuous concave functional on cone P of a real Banach
space E provided that 5: P —[0, + ) is continuous and
Px+A—-t)y)=tp(x)+1 -1)B(y), x,y € P, t €]0, 1].
Let 7, § be nonnegative continuous convex functionals on P, ¢ be a nonnegative continuous concave functional on
P and y be a nonnegative continuous functional on P. Then for positive numbers a, b, ¢ and d, we define the following
convex sets:
P(p.d)={x € Ply(x)<d},
P(p.¢,b,d)={x € Plb< §(x). y(x)<d},
P(,0,p,b,c,d)={x € Plb<¢(x),0(x)<c,p(x)<d}
and a closed set
Ry, w,a,d)={x € Pla<wy(x),y(x)<d}.
Lemma 3 9 Let P be a cone in Banach space E. Let 7, 6 be nonnegative continuous convex functionals on P, ¢ be
a nonnegative continuous concave functional on P, and y be a nonnegative continuous functional on P satisfying
wAx)<Ap(x),0< A<,
X)) <p(x),| x || <Ip(x) forx € P(y.d),
where P(y,d) is the closure of the set P(y, d). Suppose T:P(y,d) — P(y,d) is completely continuous and there exist
positive numbers a, b, ¢ with a<b such that
(S,)) {xeP(y.0,¢,b,c,d)d(x)>b}#D, ¢(Tx)>b forx € P(y,0,4,b,c,d);
(S,) &(Tx)>b,x € P(y,p,b,d)with 8(Tx)>c;
(S;) 0 ¢ R(y, w,a,d)with y(Tx)< a for x € R(y, y, a,d) with w(x)=a.
Then T has at least three fixed points x,,x,,x, € P(y,d) such that:
P(x;)<d,i=1,2,3;b<P(x,); a<w(x,), d(x,)<b; w(x;)<a.

2 Main Results

Lemma 4% Given y(f)e C[0, 1], then boundary value problem
D u(t)+y(6)=0,1 €[0, 1] 3)
u'(0)=pu'(€)=0,u(l)+yu'(n)=0 “4)

is equivalent to
1
u)= [ Gt s)s)s,

where
I R (B ) (S G VR Glp
T T T T Ta=hi=p) T Ta—ip 0SsSesst
A=sy"  BUy=0C—9" =5V (_ . _

Ta) © Ta=h1=p) T Ta-i 0Ssses>!

(=5  (A=9)""  yy-s)"
T Tw | @ | Te-)
(=9 n=s5)""
IN@) T'le—-1)

t—s)"! 1—s)""
_(F(o)c) +(F(o3) ,N<s<l1, s<t

,EC<s<y, s<t

G(t,9)=

,E<s<y, s=t

Furthermore, the function G(¢, s) satisfies that
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G(t,s)=0 forall t,s €[0, 1]and G(¢,5)>0 forall £,s €(0, 1)
Lemma 5 The function G(¢, s) satisfies the following properties:
1) G(t, s) is decreasing with respect to #;
2) gmr}? G(t, 5)=7, max G(t, 5), s €[0, 1], where

<is<

1_;7“’l ﬂ 1 _ a—2 a—2
7o =min a1’ l_ﬁ( e 1- (n=&)" 1, >0
‘ 1 B ciryan (=) Ha— =& '
+ A+ +m
a—-1 1-p

Proof 1) To prove that 1) is true, we begin with

= B
[a-1) T-h1-p)’

0<s<{&s<t

6G6(;,s) _ —%,0@%5;1
(t—s5)">

- <s<ls<
F(a—l)’f s<1,s<t

0, f<s<,s>t

It is easy to find that G(¢, s) is decreasing with respect to 7.

2) From the expression and monotonicity of function G(z, s) with respect to 7, we have
min G(t, $)=G(, s), max G(t, s)=G(0, ).

O<r<p

Thus, for 0<s <&

(=s)"" (=9  plty=n0C=9""  yon=9""

Gos) _~ T@ ' T@ ' Ta-bi-p ' Ta-)
G(0.5) (=) UE—s)"  sn=9)"
I'(a) [(a—D{1-p) [(a—1)
e ey
= 1 B .
1 l_ﬁ(Hy)é“‘zﬂ)n“‘2

For é<s<y,
_=9t A=)y =s)
G(n.s) _ ['(a) I'(a) ['(a—1) _ n-9""
- a—1 a—2 21 a—1 w2 >O.
G(0.5) =9)""  rn=s) A= +(a=Dyn—-<)
I'(a) Ia-1)
Fornp<s<l1, G (17, s) =(G(0, 5). Then, we conclude that
gnin G(t, 5)=G(n, $)=y,G(0, s)= yomax G(2, ).
<t<n <t<

Lemma 6 Assume that y(#)>0 and u(?) is a solution to problem (3)-(4). Then
max | u(?) < (1 +7) max | u'(?).

0<t<1

Proof The fact that u(0)= max | u(?) and

1 1
uO)=u)~ [ w()ds =t~ [ uw(s)ds
0 0
ensure that
max | u(®) < (1+y) max | u'(0)-
Let the space X=C"'[0, 1] endowed with the norm
lull :max{gg u(r). max |u’(t)|}.

It is well known that X is a Banach space . Define the cone K — X by
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K={ueX|u@®)=0, mm u(t)> Jomax u(t), max | u(t)| <(1 +y) max |u'(z)}.

0<r<1
Lemma 7 Let % K— X be the operator defined by (7u) (¢): = f G(t, s)f (s, u(s), u'(s))ds. Then T: K — K is com-
0

pletely continuous.
Proof  First, we will show that the operator 7: K— X is continuous. For any u,,ue€ K,n=1,2,---, with

u,—n || =0, we have
e

limu,=u, hmu =u',t €0, 1].

n—o

From the continuity of function f, we obtain

Tim (6, (6), ()= ( (@ w'@). £ €[0, 1}

Thus
sup | £ (6w, (0), 1, ()= (& u(t), u'(®)) | > 0,n —>+oo.
1ef0,1]
Therefore,
| (Tu,) () ~(Tu) (1) | = ‘ f G ) (s, w, (5), w, (5)=f (s, u(s), u'(s))ds ‘
(1 L BUHET
i (F(aﬂ) T " - )i‘i‘?'f (it @, ()= 6 )
|(Tu,) (©)—(Tuy ©)|
s s = [ PS5 s

< ( I pee! )

F(a) 1=A(@) |0 o
which implies that || Tu,—Tu || — 0,n— . These ensure that T is continuous. Second, we will show that 7 is com-
pletely continuous.

Let Q< K be bounded. Then there exists a positive constant R, >0 such that | u || <R, u € Q. Denote
R= max Jf(t u(?), u'@®))+1.

0<t<l,ueQ

Then for u € Q, we have
|Tu| < f OG 0, 5)f(s, u(s), u'(s))ds
3 ( Jf(a =), PANE=) | pn=s)

+

() Ma-Da-p  Tl@-1

B 1 e A e
- (F(a-i—l) " T T T -p) ) xR,

as+ [

¢

(A=9)""  y=5)"" (=9
T  Ta—1) )ds ) dS)XR

7= ‘— S s s s = o [ @ s o u'(s))ds‘
1 ﬁg(l 1
| * r-m) "

Hence T (Q) is bounded. For u € Q. 1,,¢, €[0, 1], one has

7t Tute ) < | s [ =0 s w0 s = [ =91 16 s u(s))ds)‘
# et [ s 165wt s
« R e — PRy
T T+ "7 Y Ta=-D1-p) " "
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| Tu'(t;) = Tu'(, )| <

( [l 15 ws), wds= [ 0= £ ), w (s))ds)‘

R
< xes =7,

()

Thus,
| Tu(t,) - Tu@e,) | >0 fort, > 1, ue Q.

By means of the Arzela-Ascoli theorem, we claim that 7 is completely continuous. Finally, we see that

min |70 = min [ G )/, u(s). w()ds > 7, ] GO/, uts). w(s)ds > omax (Tu) )

o<icy o<icy
Considering the definition of the operator T together with Lemma 6, one can find that
max | Tu(t)| < (1 +y) max | Tu'(2).
Thus, we conclude that 7: K — K is a completely continuous operator.
Let the nonnegative continuous concave functional ¢, the nonnegative continuous convex functionals y, 8 and the
nonnegative continuous functional y be defined on the cone by
()= max u' (0. 0= ()= max|u(. )= min u(r).

By Lemmas 5 and 6, the functionals defined above satisfy that
700) < p)<Ow)=ww), | ull <1 +y)yw), uek.
Therefore condition of Lemma 3 is satisfied.

. . b
Assume that there exist constants 0 <a, b,d witha<b<d,c= — and

n a(l—p+pe)
7o =B+ ar =P +afll+7)E")

such that

(A) ftu,v)< md7 @, u, v)€[0, 1]x[0, (1 +y)d]x[-d, d];

A-ple+1) :
(Ay) ftu,v)> s (=t ol — oy +afl +y)§"’1)b7 (, u, v)€[0, n]x[b, bly,x[—d, d];

d=pr(a+1)
— —a, (t, u, v)€[0, 1]x[0, a]x[~d, d].
L=B+ayl =P +opl+y)¢"!
Theorem 1  Under assumptions (A, )-(A,), problem (1-2) has at least three positive solutions u,, u,, u; satisfying
max lu/@)<d, i=1,2,3;b< (I)nin lu, (B);a< max |u, (7)), gnin |u, (2)| < b, max |us (f) < a.
<t< <t<p <t< <<y <t<

(As) f(tu,v)<

Proof Problem (1-2) has a solution u=u(¢) if and only if u solves the operator equation
1
u(0)= | Gt 9/ (s, u(s), w(s)ds =Ty
For u € K(y,d), we have p(u)= max |u'(H) <d. Then

feuaoys D
Thus
it max |~ [ S 6 ) s~ B [ (€9 6 . o)

s( 1 pe! ) =Pl ,_,
r@ " Ta-p ) 1-prpe

Hence, T: K(y.d) = K(y,d).

The fact that the constant function u(f)=>b/y, € K(y, 0, ¢, b, c,d) and ¢(b/y,)>b 1implies that

{ue K@, 0, ¢, b, c, ddu)y>b)y=J. For ue Ky, 0, ¢, b, ¢, d), we have b <u(t)< yﬁ,|u'(t)| <d for0<t<y. From
0
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assumption (A, ), we see
1=pl(a+1)
yo(l=B+ay( ="+ of(L+)C* 1)

f(tu@)u'@)) >
Thus

0<t<p

:y( 1 . L BN ) (1-A(a+1) L,
\T(a+1) F(a) L)1 -p) vo (L= B+ ap(l = By~ + a1 +7)E 1)

which means ¢(Tu)>b, Yu € K(y, 0, ¢, b, yﬁ d). These ensure that condition (S,) of Lemma 3 is satisfied. Secondly,

0

#(Tu)= min j Gt 9)/(s, u(s), w'($)ds >, | G0, $)f(s. u(s), u'(s)ds

for all, u € K(y, ¢, b, d),0(Tu)>c,
b
¢(Tu)> VOQ(TM)>VOC=V07 =b

0

Thus, condition (S,) of Lemma 3 holds. Finally we show that (S;) also holds. We see that w(0)=0<a and
0€ R(y, w,a,d). Suppose that x € R(y, v, a, d), w(x)=a. Then by assumption (A;)

| Gl )1 (s, u(s), u(s)ds | = | GO, 5)f(s. uls). u')ds

N G (R%) S ) ) (1-A(a+1)
Ma+1)  T(@)  Na)l-p) L=B+ayl =P " +ap+y)¢"!
Thus, all conditions of Lemma 3 are satisfied. Hence problem (1-2) has at least three positive solutions u;, u,,
satisfying

w(Tu)= max
0<t<py

glg;cnﬂu O<d i=1,23;b< m1n|u ®);a< max\u @), mm\u ) <b, max\u ® <a.

3 Example

Here we present an example to illustrate the main theorem. Consider the boundary value problem
Dslu()+/(t, w(®), u'(6)=0, £ €[0, 1] Q)

u'(O)—0.6u'(i) =0, u(1)+u'(;) =0 (6)

where a=1.7, f=0.6,{= ,77 2,;} 1 and

ie’+L u+l 3+lsm( ) O0<u<l12
200 ¢ 100 {1000/ "7~
Stu,v)=
Le’+ 15625 + ! ( ) >12
20 g 100° "\ 1000)"
By a straightforward calculation, we see that
Lon By ey
) oa=l 18 =" <
¥o=min l 7 ,1- =5 +(a- D _5)“72,1 ~0.720 2.
+ ﬂ(lw)é“ Ty i
We choose positive constants a=1, b=5, d=1 000 and check that the nonlinear term f{¢, u,v) satisfies
1) £ uv)< 1(1 ﬁﬁ);é‘f)l d~579.3, (t, u, v)e[0, 1]x[0, 2 000]x[=1 000, 1 000];
2) f(t,u,v)> (=pa+ 1) b=~2.6951, (¢, u, v)€[0, 0.5]x[5, 6.942 5]x[—1 000, 1 0007];

yo(L=p+ay(l =P +afl+y)< ")
(I=PI'(e+1)
L=B+oy(L =Py +apl+p)&

3) f(t.u,v)< a~0.3882, (. u, v)e[0, 1]x[0, 1]x[~1 000, 1 000].
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Then all assumptions of Theorem 1 are satisfied. Thus problem (5-6) has at least three positive solutions
u, (f), u, (t),u, (¢) satisfying
max lu, (1) <1000, i=1, 2, 3;5< orflinl lu, (F); 1< max |u, (@), ominl |u, (2)| <5, max lus () < 1.
<<t <<t
Remark We see that the first order derivative of function u(#) is involved in the nonlinear term of the problem
(5-6) explicitly. The early results for positive solutions to this kind of fractional differential equations are not applicable
to this problem.
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