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Abstract: Under the S-shaped utility of loss aversion, this paper
considers the bequest motivation of pension plan participants, ran-
dom salary income before retirement and the substitution rate be-
tween receiving pension benefits after retirement and wages be-
fore retirement, and studies the optimal investment strategy of de-
fined contribution (DC) pension. Assuming that pension funds can
invest in a financial market consisting of three assets (risk-free as-
set cash, rolling bonds and stocks), inflation is considered by dis-
count. Under the S-shaped utility, the Lagrange method is used to
find the terminal optimal surplus of pensions in retirement, so as
to find the terminal optimal wealth, and then the martingale
method is used to find the optimal wealth process and investment
strategy. Finally, a sensitivity analysis is carried out on the the in-
fluence of bequest motivation and loss aversion on the optimal in-
vestment strategy of DC pension.
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0 Introduction

Pension insurance plan is a crucial part of the cur-
rent social security system, which is related to the basic
living standard and quality of the people after retire-
ment. China is the country with the largest population in
the world, with a huge scale of pensions. As of 2020,
there are 998.65 million people participating in pension
insurance across the country, an increase of 31.11 mil-
lion people compared to 2019. In 2020, the annual in-
come of pension funds was 492 million yuan, with a cu-
mulative balance of 5.81 trillion yuan. In the face of
such a huge pension fund, how to optimize the asset allo-
cation of pension fund is particularly important for pen-
sion managers.

There are two main types of endowment insurance:
defined benefit (DB) and defined contribution (DC). DB
pension plan participants receive a fixed pension after re-
tirement, and fund managers bear investment risks. Dif-
ferent from DB pensions, DC pension participants regu-
larly deposit a certain amount by establishing personal
accounts. Fund managers accumulate benefits for pen-
sion participants by investing in the financial market,
and the risks are borne by the participants themselves.
Therefore, the asset allocation of DC pensions is particu-
larly important. In recent years, there has been extensive
research on DC pension asset allocation in the actuarial
field. Boulier ef al'V studied the DC pension asset alloca-
tion model under constant interest rate risk, and under
the constant relative risk averse (CRRA) utility function,
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the terminal wealth in the model should ensure that the
pension participants’ normal living standards after retire-
ment are met. Gao™ used the constant elasticity of vari-
ance (CEV) model to describe the stock price, applied
stochastic optimal control, power transformation and
variable replacement techniques, and deduced the ex-
plicit solutions of the CRRA utility function and the con-
stant absolute risk aversion (CARA) utility function, re-
spectively. Zhang ef al*' used an affine model to find the
equilibrium investment strategy of the DC pension plan
under the mean-variance criterion in which both interest
rates and volatility are random in the financial market.
DC pension plan generally has a long term. With
the continuous development of financial market, pension
managers have to consider the risk of inflation. In recent
years, more and more scholars have focused on inflation
risk to pension managerment. Tiro et al¥ studied the op-
timal investment strategy of DC pension by applying dy-
namic programming to Hamilton-Jacobi-Bellman (HJB)
equation under stochastic interest rate and inflation risk.
Wang et al” assumed that risky assets obeyed the O-U
process, also considered stochastic income and inflation
risks, and used the stochastic control method to derive
the HIB equation to study the optimal asset allocation of
DC pensions. Han et al' used stochastic dynamic pro-
gramming method to study the use of index bonds to
hedge inflation risk under the utility of CRRA, and ob-
tained the explicit solution of the optimal investment
strategy. Wu et al™ considered the inflation risk and
wage risk, and studied the optimal investment strategy
of the DC pension plan under the mean-variance crite-
rion, gave the HJB equation, and used the stochastic con-
trol technology to obtain the closed-form time-consistent
investment strategy and explicit solution to the equilib-
rium efficient frontier. Baltas et a/™ studied the optimal
management of defined contribution pension funds in
the allocation stage under the influence of inflation, mor-
tality and model uncertainty, and clarified the impact of
robustness and inflation on optimal investment decisions.
In addition, as the fertility rate decreases with the
aging population, Hou et a/” considered the existence
range and determinants of bequest motivation based on
the data of the China Household Finance Survey, and
studied the influence of bequest motivation on house-
hold consumption and asset allocation decisions. The re-
sults of the analysis show that more than 90% of urban
families in China have bequest motivations, and the
families with older age, higher income, more children

and sons are more likely to have bequest motivations.
Choi et al' investigated the relationship between finan-
cial assets and bequest expectations. Their samples in-
cluded 10 340 middle-aged and older Americans from
the 2014 Health and Retirement Study. The results of the
ordinary least squares regression model showed that
there was a positive correlation between bequest expec-
tations and a negative correlation between depression
and bequest expectations. Shi et al'""! considered the be-
quest motivation of pension plan participants, the ran-
dom wage flow before retirement and the minimum liv-
ing guarantee after retirement under the CRRA utility
function, and used the Lagrange method to solve the op-
timal surplus at the terminal time of DC pension, and
then adopted the martingale method to get the optimal
wealth process and investment strategy.

The above literatures all consider the optimal in-
vestment strategy of DC pension under the CRRA utility
function, and believe that fund managers always have a
relatively constant attitude towards risk. However, differ-
ent fund managers are always different towards risk and
the same losses and gains. A CRRA-type preference
would result in a significant portion of wealth being in-
vested in equities, which is too risky for pension funds.
Furthermore, according to the prospect theory proposed
by Kahneman and Tversk!”, most investors are loss
averse and have two behavioral characteristics. First, the
investor does not focus on the absolute level of wealth it-
self, but on the gain and loss relative to a predetermined
reference point, which can be interpreted as the goal of
his standard of living. Second, losses generally cause
more discomfort to investors, who are more sensitive to
losses than gains. Guan and Liang!” assumed that the in-
terest rate obeyed the O-U model and considered stock
price volatility, requiring fund managers to study the op-
timal asset allocation of DC pensions under the con-
straints of loss aversion and value at risk (VaR). Chen et
al'¥ studied the optimal investment strategy of DC pen-
sions under loss aversion utility, taking into account the
inflation risk, longevity risk and random income risk
that pension participants may face. Wang ez a/'"* consid-
ered that the pension participants were loss-averse on
the basis of considering the inflation risk, and used the S-
shaped utility function and martingale method to deduce
the explicit solution of the optimal investment of the
pension participants at any time before retirement.

Through the above literature analysis, it is found
that inflation, bequest motivation and loss aversion are
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all important factors affecting the optimal asset alloca-
tion of DC pensions.

With the development of economy and the improve-
ment of living standards, in addition to the demand of
basic life safeguard, pension participants after retirement
have more requirement for the pursuit of spiritual life,
such as traveling after retiring, raising a lovely pets and
so on, which needs higher retirement welfare support.
Therefore, we take into account the replacement rate be-
tween the pension benefits that participants can receive
after retirement and their wages before retirement into
the model, which is more in line with the actual life of
current workers after retirement and also has certain
practical significance at the same time. This paper
adopts the S-shaped utility function on the basis of the
above model, considers the stochastic interest rate risk,
inflation risk, longevity risk and bequest motivation to
study the optimal investment strategy of DC pension,
and introduces the substitution rate between receiving
pension benefits after retirement and wages before retire-
ment and bequest motivation on the basis of Wang et
al™.

1 Methodology

1.1 Financial Market

The financial market studied in this paper is a con-
tinuous, frictionless and arbitrage-free complete market.
Suppose the market consists of three assets, a risk-free
asset, an index bond, and a risky asset, and the pension
plan starts at time 0, 7 indicating the time of retirement.

Define a probability space

Q, F,{F ,} ,P ), where Q is the real world, F, repre-
te[0,7]

complete

sents all the information available in the market up to
time ¢ , P is the real world probability. W (t)=
(w.(t), w,( t))’ is the standard Brownian motion of di-
mension, and {/,(¢)} and {W,(¢)} are independent of
each other.

The risk-free asset price S,(¢) at time ¢ satisfies the
following differential equation:

dS,(¢) =S,(¢)r(¢)dt,S(0) =S,>0 )

where () is a random interest rate satisfying the O-U
model:

dr(t)=a(b-r(t))dt—a,dW,(t),r(0) =r,>0 (2)
where a>0,b>0,0,>0 and are all constants.

The price B(z T) of a zero-interest bond with matu-

rity T satisfies the following differential equation at
time #:
M:V(I)dt+0,A(f,T)(l,.dl-i‘dVV,.(l))
B(1.T) 3)
B(T.T)

=1
l_e—a(T—z)

where A(,T) = , A, represents the risky mar-

ket price of W,(t), o,A(¢, T ) represents the volatility of
B(t,T). Boulier et al'! mentioned that all zero-interest
bonds cannot be found in a real market, where rolling
bonds and cash can replicate arbitrary zero-interest
bonds, so interest rate risk is hedged by a rolling bond
with a constant maturity date K.

The price B,(¢) to buy a rolling bond with a fixed
maturity constant K satisfies the following stochastic dif-
ferential equation:

dB(1) =r(t)dt+o,A(Lt+K)(A,de+dW, (1)) (4)
B(1)

Rolling bonds and cash can get a zero-interest bond

using the following relational combination:

dB(t,s) - A(t,s) | dS,(1)
B(ts) A(t1+K) | S,(t)
A(ts) dB(1) o, )

A(t,t+K) Byl(t)
The price S'(¢) of a risky asset stock at time ¢ obeys

the following stochastic differential equation:
ds(¢)
§'(z)

=r(t)dt+o,(4,dt+dW,(1)) +a,(A,dt+dW, (1))

(6)
where o,>0,0,>0 and both are constants, A, is the risk-
reward price of W ,(¢).

Since the pension plan has a longer investment pe-
riod, the impact of inflation is more significant. Consid-
ering the inflation rate, the following stochastic differen-
tial equation is satisfied:

‘if((t’)) —pdi+ 0, AW (1) + 00 dW.(1) o
P(0)=1

!

where g, is the expected inflation index; o, = (O'Pl, opz) is
inflation matrix. They are all measurable, uniformly
bounded processes on [0, 7| x Q.

To eliminate the impact of inflation, we divided the
nominal price of stocks by the inflation rate to get the
real stock price as:

S(1) = (8)
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Applying Ito’s Lemma, it is obtained that S () satis-
fies the following stochastic differential equation:
‘f((f)) (1) + (0~ )AW(0) + (03—, )dI,(1) 9)
where
u(t) =r(t) +o,A,+0,A—u,—0,0, —0,0, +0, > +0,"
Pension participants will continuously contribute a
certain amount of insurance money to their personal pen-
sion accounts, and the amount of money contributed to
the pension fund at time ¢ equals the salary multiplies a
certain contribution rate. It is assumed that the salary in-
come of pension L(¢) of participants during the pension
plan satisfies the following geometric Brownian motion:

(%((tt)) St A A g
L(0) =,

where u,,0, ,0, and [, are all constants greater than zero,

!

0,= (O'L‘,O'Lz) .
1.2 Wealth Process and Surplus Process
Assume that the initial amount of the pension ac-
count is x, and the contribution rate of the pension par-
ticipant is constant c. 7,, 7, and 1—z,—x, are the pro-
portion of investment in rolling bonds and stocks of
risky assets and cash of risk-free assets, respectively, set
(1) = (nl,nz)', then the wealth process of pension ac-
count X*(¢) satisfies:
dX (¢) =r(t)dt+X (1) (¢)o(edt+dW (1)) +cL()ds,
X(0)=x, (11)
where x, represents the initial value of wealth, and ¢ rep-
resents the salary contribution rate of pension scheme
participants.

o=

0,A(t,1+K) 0)
E_(Sl)_o_I(O',A(t,H-K)ll—r(t))
el u() =r(0)

In actual life, pension plan participants gave money

0,—0p

to pension managers for capital investment and accumu-
lation, but the risk is borne by themselves. The invest-
ment risk of failure may lead to the low level of retire-
ment pension accounts wealth, therefore pension partici-
pants are more concerned about the substitution rate be-
tween receiving pension benefits after retirement and
wages before retirement, so we consider setting up the

model for post-retirement pension benefits
a(t)=pL(1)

where p is the ratio of the level monthly payout of the
pension fund starting from retirement to the salary be-
fore retirement.

The discounted value of the accumulated future
contributions received by the pension account at time ¢ is

B ’ H(s)
Q(t)—cE,DtL(s)H(t)ds} (12)

After calculation,
o(t) = %(e’”’”— l)cL(t)

where f=p,—r(t) —0,6,—0,¢,.

The cumulative discounted value of pension ben-
efits after retirement that the pension fund manager
needs to provide to the participants at time ¢ is:

Y(t):E,D:a(s)Z((j))ds] (13)

After calculation,

Y (1) = %[e/’(r"”—eﬁ”")]pL(t)

where 7" is the assuming time of death, 7 is the time of
retirement, and H (¢) is the pricing kernel of the com-
plete market, namely the random discount factor, which
satisfies the following differential equation:

dH (¢)
—— 2 =—p(t)dt—A.dW (¢
H(t) ]/'( ) r )( )
el ke ML Nl ST
0,7~ 0p,
(14)

Defining the process of pension account surplus at
the time,
Z(t) =X (1) +Q(1) - Y (1) (15)
When t=T,Z(T)=X(T)-Y(T)
Property 1 The earning process has the following
properties:

1) Process {Z (1)} is self-financing and satis-

fies v
dz(¢)=r(t)Z(t)dt+ (X (1)n's+Q(t)6]
~Y(¢)6;)dw (¢); (16)
2) H(#)Z(?) is a martingale.

2 Optimal Investment Strategy
under Loss Aversion

Kahneman and Tversk!? put forward the prospect
theory showing that people always make decisions rela-
tive to some reference level and losses cause more dis-



XUE Juan et al: Optimal Investment Strategy of Defined Contribution Pension --- 325

comfort than gains, in another words, negative feelings
associated with losses are generally greater than happi-
ness associated with equal gains. Therefore, they pro-
posed the following utility function:

—A(6- . <

U(z(1)) = A0 Z(T))% Z(T) <6 a7

B(Z(T)-0)",Z(T) >0
where A > B and both are normal numbers, y, represents
the degree of loss aversion, y, represents the degree of
risk aversion, 0 <y, <1 and 0<y,<1 represent a convex
and concave shape respectively, which is contrasted with
the concave shape of the standard utility function. 6 is
the reference point. A portfolio with a pre-selected refer-
ence point @ and loss-averse members is sensitive to the
choice of reference points. In a DC pension plan, the ref-
erence point § is greater than 0 and determined by the
contribution rate of the pension account and the starting
wealth.

Solving the optimal strategy satisfies the condition
of maximization of terminal expected value of S-shaped
utility function, namely:

max E[U(Z(T))]

st. Z(T)=0, (18)
where constant 6, represents the bequest level of partici-
pants in pension plan (which can be understood as that
6, is the discounted value of participants’ bequest moti-
vation at 7), and the corresponding constraint is called
bequest motivation constraint.

Due to the completeness of the market, problem
(19) can be transformed into the following static equiva-
lence problem:

max E(U(Z(T)))

Z(T)
st. E(H(T)Z(T)) <z, Z(T)=>0, (19)
where z,=x,+Q0,—Y, represents the surplus at zero
point, namely the initial surplus, Q, represents the value
discounted to zero point of cumulative contribution of
the future pension fund account, known as the initial
contribution value, Y, represents the value discounted to
zero point of cumulative minimum living standard of the
participants after retirement, known as the initial mini-
mum living guarantee.
Proposition 1  The optimal terminal surplus un-

der loss aversion utility is
1

m(’fg’y(z”)“”, H(T)<T

0.H(T)>H

z(T) = (20)

The corresponding optimal terminal wealth is:

n H(T) e _
X(T) = 9+(By2) +Y(T),H(T)<H(21)
91+Y(T)7H(T)>ﬁ
where A satisfies f ( H }=0.

P
1=y,
f(X)zB(l—yz)—(Bf)Z A0 O

nx

n">0 is the corresponding Lagrange multiplier,
which satisfies
E[H(T)Z"(T)] =x,+Q,- Y,
Proof First, we use Lagrangian duality theory to

solve the optimal terminal solution of loss-averse utility
without bequest motivation constraint:

max E(U(z(T)))
st. E(H(T)Z(T))<z, (22)
We solve the above problem in the Lagrangian dual-
ity theory, first defining the Lagrange multiplier of the
upper equation problem:
L(z(1).n) =E[U(Z(T)) =n(H (T)Z(T) ~z,) ] 23)
Here 7 is the corresponding Lagrange multiplier, ig-
noring the irrelevant parts to Z (7' ), and the correspond-
ing Lagrange optimal problem of the upper formula is
L(Z(1).n) =E[U(Z(T)) -n(H (T)Z(T))] 24)
Let
U(Z)=-4(0-2)",U,(Z)=B(Z-0)",
if Z<0, then U,(Z) is a convex optimization problem,
according to Weierstrass’s theorem, its solution is Z, =
Oor®; if Z>0, U,(Z) is a concave optimization prob-

lem, the solution is
L
g [MH(T) |
Z,=0+ ( By, (25)

We compare the local optimum Z; and Z, to deter-
mine the global optimum, let
F(H(T))=U(22) =nH(T) 23~ [U(Z]) =qH(T) Z; ]
(26)
When Z; =0,

be)

ByZ 17}’2>O
nH (T)

always holds. That means Z; =60 cannot be the optimal

f(H(T)) =B(1—,12)(

solution.
When Z,=0,
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By,
nH(T)

S(H(T)) =B(1—Az)( )W+A6”'—neH(T)

Obviously, when H(T)<%«9”",f(H(T))>0
Also, H(lTi)m f(H(T))=-w, f(H(T)) <0, therefore,

we can derive equations f ( H (7)) =0 with unique solu-

tions in the interval (j@”‘l, +oo|. Because f (H (7)) is

a strict delivery, when H(T) =>H, f(H(T)) >0. Thus

the optimal solution is
1

0+ (’ﬂ;ﬁ”)yl H(T)<H

0. H(T)> H

Z(T) = 27)

The aim of this paper is to solve the optimal wealth
under bequest motivation constraints:

r%cE(U(Z(T)))

st. E(H(T)Z(T)) <z, Z(T) =6, (28)
Considering that the solution without static con-
straints is Z'(7T'), and the feasible region of the optimal
solution is (#,, +), the optimal solution can be either
Z(T)or#,.

This paper mainly compares E [U (z'(r ))] -
nE[H(T)Z(T)] with E[U(0,)]-#E[H(T)6,] to
find the optimal solution under static constraints.

Let

g(H(T))=E[U(2/(T))]-nE[H(T)Z'(T)]
~E[U(0,)]-#E[H(T)0,]

(
1) When 0,>0, U(6,)=B(6,-6)",

+nH (T)(6,-60) —B(6,-60)">0
So when 6, > 6, the optimal solution is Z*(T).
We can easily know when Z*(T) =0, g(H (T)) <0
the optimal solution is 9,.
2) When9,<0,U(0,)=-4(6-0,)",

g(H(T)) :B(l—yz)(iﬂég))w

_WH(T)(Q_Ql) +A(9_91)y‘

We can easily know when

H(T)(0-6,)<4(0-6,)",g(H(T))>0.
Therefore, we can summarize the solution of the
problem (28) as follows:

z(T) = (’7 II;IV(ZT))
0. H(T)>

Since H(t)Z(t) is martingale,

(29)

Proposition 2

Z7(t) = Hl(t)E,[H(T)Z””(T)] can be obtained by us-

ing Ito’s Lemma.
1) When H(T) <H, the surplus at time ¢ (0,7 ]

under the loss aversion utility is

Z7(t) =0exp(E{Nt} + ;Vﬁf{Nx}dj(dl(ﬁ)))
5k

+y2y_zlE{N,}q5(d2(ﬁ))) (30)

2
P ~Var{N,}
Z(Vz_ 1)

2) When H(T)>H, the surplus at time te (0,7 ]

under the loss aversion utility is

Z7(t) =6, exp(E{N,} + ;Var{N,})

(Va - Vano(a(f))) 31)

where @ () represents the cumulative distribution func-
tion of the standard normally distributed variable, and

2

2 + 2 _

N,= f ds——/lz(T t)—( Or,* Op, ﬂn)

0,~0p,

Var{N,} =

o} [( T—1) 26Xp(

az

—a(T-1)) - exp(-a 3
a a 2a

o +op—1 ’
H| 24 (A T
0,—0p,

25,4 (6(T—1) —0,4(1.T))

'(T—l) _
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1n(H]L(It)) —E{N,} —-Var{N,}

1n( 1 )—E{N,}—y_zVar{N,}
’ dz(H)= H(t) 7.—1

d(H)=
Var{N,} Var{N,}

Proposition 3 1) When H (T) <H, the optimal proportion of wealth invested in stocks and bonds at time
t € (0, T Junder the loss aversion utility is

v [_0 06 (1r(0)-H(D) |, 0G(r()-HO) oy ooy _m(al_%)}

or(t) ! OH (1)
1
X7 ()0, A(1,1+K)
7= H“ ”ifz‘f;‘i“" 6G‘(‘gly();)” D16y -a,00) +ayzY(t)}
SEN S )
X”(t)(az—apz)
where
aGl(t,gizi,)H(t)) =—9A(t,T)exp[;Var{N,} +E{N,}}¢>(dl(1-_1))
+Wexp[;Var{Nt} +E{N,}}D(d1(ﬁ))
Var{N,}
pAT) (1 H (1) |7 . z .
- (ﬂByz ) eXp(z(;;_l)zvar{N’}+;1:)—1E{N’} @(dz(H))
A(LT) (n'H(2) & N on Vs =
+\/W( By, ) ep(z(yz_lear{Nt}+ 2_1E{N,} ®(d,(H))
0G,(t.r(1).H(1)) 0 1 -
0 T r{N}eXp[Z Var{N,} +E{N,}}q§(dl(H))
1 n'H(t) |\ o 7 _
+(Vz—1)H(t)( By, ) eXp(z(yz—l)zvar{N’“yz—lE{N'} @(())
_ 1 n H(t) = . oN . B -
H(t)Var{N,}( By, ) ) p(2(yz—l)zva W+ ST B ?((A))

2) When H (T) > H, the optimal proportion of wealth invested in stocks and bonds at time ¢ € (0, 7 | under the
loss aversion utility is:
oG, (t,r(t),H (¢ oG, (t,r(t),H (¢
o] Ly 9GLr (). H(©) 26 (er(0).H (1)
or(t) OH (1)
. 1 .
X (t)o,A(t,t+K)’

2 2
N Op +0p —
T, = |:— (lx'f' i i He

2
0,—0p

H (1) _O-LlQ(t) +0y,Y(t) _7[2(0'1_0'13)‘|

0G,(t,r(t),H(t))
OH (1)

B S
X”'(t)(az—JPz)

(33)

H(t) -0,0(1) +ayzY(t)}

where
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0G,(t,r(t),H(t))
or(t)

=-0,A(t, T)exp[

- \/%791140’ 7) ex
Var {N,}

]

_ Vome,
~ H(t)Var{N,

3 Numerical Analysis

This section conducts numerical analysis on the ex-
plicit solution of optimal investment strategy and studies
the influence of bequest motivation and loss aversion on
the investment ratio. Ref. [15] is used for parameter set-
ting. The specific parameter values are as follows:

a=0.2;b=0.02;¢=0.08;0,=0.02;r,=0.04;
A=225;B=1;K=20;T=40;T'=60;
4,=0.15;4,=0.2;0,=0.2;0,=04;
4.=0.02; X,=1;
1,=0.06;0,=0.2;0,=0.2.

Figure 1 gives the optimal investment ratio under
the same economic environment with different loss aver-
sion parameters.

When 6=100 (Fig. 1(a)), fund managers invest
more money in risky assets in order to obtain the wealth
value of 100 at the beginning, since the wealth value of
100 is not a difficult target to reach, fund managers have

%Var

(N} +E{Nt}}b(dl(f1))

p[éVar{N,}+E{Nt} o(d,(H))

1 Var

5 Var{N,} +E{N,}}<D(dl(ﬁ)

)

a relatively moderate aversion to risk at this time. Dur-
ing the wealth accumulation period of 30 years, fund
managers do not plan to make significant adjustments to
the allocation of funds. With the accumulation of wealth
funds in accounts to a certain amount, fund managers
will reduce investment in risky assets to avoid losses.
Cash short positions gradually decreased from 2.5 to 0.3,
and the proportion of risky assets held also decreased
correspondingly.

In Fig. 1(b), the loss aversion parameter §=1 000,
in fact, the wealth value of 1 000 is extremely difficult
for fund management to obtain, and fund managers are
risk averse at the beginning. In order to pursue more
wealth accumulation, fund managers invest more money
in risky assets when the wealth value accumulation is
small at the beginning. As the accumulation of medium-
term account funds meets the need for minimum living
guarantee, fund managers will reduce risks and the pro-
portion of risky assets invested becomes smaller. Com-
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Fig. 1 Investment strategies under different loss aversion parameters
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pared with the risk asset investment ratio of 1.6 at the be-
ginning of the period, the risk asset investment ratio is
only about 0.4 at the end of the period, and the holding
of cash assets accounts for 0.6.

In Fig. 1(c), when the loss aversion parameter is
10 000, fund managers are completely risk averse, and it
is almost impossible for fund managers to achieve a
wealth value of 10 000. In the early days of the pension
fund, managers invest a lot of wealth in risk assets and
choose to hold a certain amount of cash bears. As the
wealth has accumulated, stock holdings gradually de-
creased from 1.8 to 0.2, and the proportion of bonds in-
vested also fell to 0. Compared with the significant re-
duction in risky assets, risk-free assets are on the rise, in-
creasing from —2 at the beginning to around 0.75 at the
end of the period.

In Fig. 1(d), We assume that the replacement rate of
pension benefits that pension participants expect to re-
ceive after retirement and pre-retirement wages is 0.4,
then the investment strategy of fund managers has
changed a lot. We can see that, with the accumulation of
wealth in pension fund accounts over time, the propor-
tion of fund managers’ investment in risky assets is not
less before pension participants retire, instead of show-

ing a slow growth trend.

Figure 2 describes the impact of different levels of
bequest motivation on investment strategies under the
same economic environment. When the bequest motiva-
tion level is 100 and the initial wealth accumulation is
small (Fig. 2(a)), fund managers are willing to hold roll-
ing bonds of 1, while short-selling cash assets of 0.3
choose to hold stocks of 0.3. As wealth is accumulated
enough to satisfy the bequest motivation, fund managers
will sold a lot of rolling bonds and opted to hold cash as-
sets, reducing risk. As we can see, at the end of the pe-
riod, the fund manager held only 0.1 risky assets and 1.9
cash.

In Fig. 2(b), the bequest level 8, =1 000 is easier to
reach than 100. When the bequest level is high, fund
managers need more funds to invest in risky assets to ob-
tain a higher level of wealth. So at the start of the ses-
sion, the manager shorted nearly 0.6 of the position and
held 1.6 of the risky assets, accumulating as much
wealth as possible. However, because a higher level of
bequest motivation is basically difficult to obtain in prac-
tice, after meeting the minimum living guarantee of par-
ticipants, fund managers will gradually reduce risks, sell
rolling bonds and stocks, and choose to hold cash.
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Fig. 2 Investment strategies under different bequest motivation

4 Conclusion

In this paper, under the S-shaped utility function of
loss aversion, the introduction of bequest motivations
and the substitution rate between receiving pension ben-
efits after retirement and wages before retirement, we set
stochastic inflation then use Legendre transformation
and martingale method to solve the optimal terminal pen-
sion surplus and the optimal investment strategy. Finally,
the numerical simulation is used to analyze the impact of

different loss aversion parameters and bequest motiva-
tions on DC pension investment strategies. Through nu-
merical analysis, it can be concluded that loss-averse in-
vestors will invest more in stocks and bonds than in
cash, and even hold a certain proportion of cash short in
some cases in order to obtain more investment returns in
order to obtain more wealth. Constrained by the bequest
motivation, fund managers are more willing to increase
the proportion of cash assets.

At the same time, after adding the replacement rate
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between pension benefits and wages, we can see that in

order to achieve a certain degree of replacement rate, the
investment strategy of pension funds has changed to a
certain extent. In the future, we can do some in-depth re-

search under the framework of this article, such as add-

ing random payment rates, introducing random lifespan

risks, replacing utility functions and so on. These are

also our future research directions.
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