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0 Introduction

In many statistical models, it is not reasonable to as-
sume that random variables are independent, so it is very
meaningful to extend the concept of independence to de-
pendence cases. Scholars have given many types of de-
pendent random variables, such as negatively associated
(NA) random variables, negatively orthant dependent
(NOD) random variables, and extend negatively depen-
dent (END) random variables. One important depen-
dence sequence of these dependence is widely orthant
dependent (WOD) random variables, which was intro-
duced by Wang et al'"", as follows.

Definition 1  The random variables { X,,n> 1} are
said to be widely upper orthant dependent (WUOD) ran-
dom variables, if there exists a finite sequence of real
numbers { gu(n),n= 1} such that for each n=>1,

X5 Xp, 000X, € R,

P(X,>x, X,>x,, -, X, >x,)<gu(m) [ [P(X,>x) (1)
i=1

The random variables {X,,n>1} are said to be

widely lower orthant dependent (WLOD, for short) ran-
dom variables, if there exists a finite sequence of real

numbers { g, (n),n= 1} such  that for each

XXy, X, €R,
PX <0, X <0, X, <x, )< g, () [ [ P(X <) (2)
i=1
The random variables {X,,n>1} are said to be

WOD random variables, if the random variables { X, n >

1} are both WUOD and WLOD, g(n)=max {g,(n).g, (n)}
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are called dominated coefficients.

Inspired by m-NA and WOD, the concept of m-WOD random variables was introduced by Fang et al*”, as follows:

Definition 2  For fix integer m > 1, the random variables {X,,,n> 1} is called to be m-WOD if for any n=2,
iy,i5 0, € N',such that [i,—i|>m for all 1 <k#j<n, we getthe X, , X, ,---, X, are WOD random variables.

By (1) and (2), we have g,(n)=1,g,(n)=1. If g,(n)=g,(n)=1, then WOD random variables are NOD random
variables, which were introduced by Ebrahimi and Ghosh®. When g, (n)=g, (n)=M > 1, then WOD random variables
are END random variables, which were introduced by Liu™. Liu™ pointed out that the END random variables are
more comprehensive, which imply NA and positive random variables, so m-WOD random variables includes indepen-
dent random variables, WOD, m-NA, m-NOD, m-END random variables and so on. Therefore, it is interesting to inves-
tigate the probability limit theory and its applications for m-WOD random variables.

Let {Yn, —o<n <oo} be a random variable sequence and the real number sequence {a,,, —o<n <oo} be absolute
summable, i.e. z |la|<oo. Then { X,,n> 1} is said moving average process under the sequence {Y,, —oo<n <o, if

i=—

X,=YaY,,. nzl
i=—0

After the appearance of moving average process, a lot of conclusions on convergence properties have been ob-
tained. When {Y L, —o<n< oo} is identically distributed, many results about moving average process have been
gained **\. Recently, some results have been obtained under the assumption that the sequence {Y,, —oo<n <o} is depen-
dent. For example, Li” investigated the convergence properties under p-mixing assumptions; Zhang"” and Chen et a/""
established complete convergence under p-mixing assumptions; Song and Zhu"? got the complete convergence of mov-
ing average process based on p-mixing assumptions; Tao!” discussed the complete convergence under WOD random
variables; Guan"* obtained the complete moment convergence under m-WOD random variables.

There are few results on the complete gth-moment convergence of moving average process for m-WOD random
variables. Therefore, in this paper, based on Guan’s research!*, we study the complete gth-moment convergence of
moving average processes based on m-WOD random variables, the results extend and improve the corresponding ones
under WOD, m-NA, m-NOD, m-END random variables.

Definition 3  The random variables {Yn, —o<n <oo} are called be stochastically dominated by a random vari-
able Y, if for any x> 0, P()Y,| > x)< CP(Y] > x),—o0 < n < o0, where the constant C >0, and denote {¥,, —oo<n<oo} < Y.

In this paper, /(A4) denotes the indicator function of an event 4, the symbol C represents a positive constant, which

can take different values in different places, even in the same formula. logn=Inmax{x, e}, X =XI(X>0),g(n)=

max { g, (1), g, (7).

1 Some Lemmas and Main Results

Lemma 1% The sequence {¥,, —oo<n <o} are m-WOD random variables, if the function sequences { f,, —co<n<
oo} are non-decreasing(non-increasing), then random variables { f,(¥,), —o<n< oo} are also m-WOD random variables

with same dominating coefficients.
Lemma 2% p>2, the sequence {¥,, —o0o<n <o} are m-WOD random variables with dominating coefficients g(n).

For every j> 1, the £Y,=0 and E|Y ' <oo.
Then, there exist positive constants C, =C, (p,m), C,=C, (p, m), depending only on p and m, such that

B(YX)<C(pm) DB P +Ca g DY)

Lemma 3" Let {Y,, ~oo<n<o} <¥,a>0,b>0 are constant, then there exists positive constant C,, C, such that
following inequalities are established:
E\Y,['I(Y,|< D)< CIEYVI(Y|<b)+b"I(Y]> b)),
E\Y,['I(Y,|>b)< CE[Y'I([Y|> b)
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Lemma 4 ™ Letr>1,1<p<2,{X,,n>1}be a moving average process under the sequence {¥,, —c0<n <o} of m-

WOD random variables with dominating coefficients g(n), {Yn, —o<n< oo} <Y and £Y,=0 for every j, the real number

sequence {a”, —oo<n< oo} is absolute summable. If E|Y|? <0, g(n)=0(n’),d =0, then

S P(> X, |z en') <00, Ve>0.
j=1

n=1 Jj=
Proof If r>1,1<p<2,obviously r=rp(l/p), and 1/p>1/2,rp>1,s0 Lemma 4 satisfies the conditions of the
Theorem 3.1 in Ref. [14].

If =1, we have the following results:

n’

Lemma 5 " Let 1<p<2,{X,,n>1} be a moving average process under the sequence {Y,, —o<n<ow| of m-

WOD random variables with dominating coefficients g(n), {Yn, —oo<n<oo} <Y and EY;=0 for every j. Suppose

Z|a,.|”<oo, where 0 (0, 1) if p=1, and O=1if 1 <p<2. If E|Y}""*? <0, g(n)=0(n’),0 < <(2 - p)/p, then

in“ P(
n=1

Now, we present the main results, the proofs for them will be postponed in next section.

X |zen'" )<, Ve>0.
=1

J

Theorem 1 Let ¢>0,r>1,1<p<2, { X,,n>1} be a moving average process under the sequence
{Y,, —o<n<ow} of m-WOD random variables with dominating coefficients g(n),{Y,, —oo<n<w} <Y and EY,=0 for

every j, the real number sequence {a,,, —o<n< oo} is absolute summable. Let g(n)=o0(n’),5 =0, if

E|Y” < o0, if g<rp,
BV log(+[Y), i g=mp,
E|Y]' < o0, if g>rp,
then
znrfzfq/pEﬂ E‘Xj|_€nUP <o, Ve>0 @)
=1

n=1 Jj=
If =1, we have the following result:

Theorem 2 Let 0<g<2,1<p< 2,{X nz 1} be a moving average process under the sequence {Y

n? no

—0<n<of

of m-WOD random variables with dominating coefficients g(n), {Y,,, —o<n <oo} <Y and EY,=0 for every j. Suppose

>laf <o, where 6 €(0,1)if p=1,and 6=1if 1 <p<2. Let g(n)=o(n’).0<5<min {2/p— 1, 2—q)/p}, if

i=—00

E|YP') < oo, if g<p,
E[YP " log(1+]Y),  if g=p,
E|Y[" 9 < o0, if g>p,

then

St
n=1

Remark 1 Theorems 1 and 2 obtain the complete gth-moment convergence of moving average processes

X |—en'"}1<o0,Ve>0 (@)
i=1

J

{X,,, nz= 1} under m-WOD random variables. We get the results without slowly varying function, so our results in the pa-
per extend and improve the results in Ref.[14].

Remark 2 Noting, m-WOD random variables include WOD, m-NA, m-NOD, m-END random variables and so
on, so our results also hold for WOD, m-NA, m-NOD, m-END random variables, therefore our Theorems 1 and 2 im-
prove the known results.

Remark 3  We know that the condition {Yn, —o<n< oo} <Y is weaker than the condition of identical distribu-

tion for {Y L, —<n< oo}. Thus, our results still hold for identically distributed random variables.
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2 Proof of Theorems

Proof of Theorem 1 By E|Y|<x z la,| <o, we get

i=

X,| < 2E|a, Y, |<SCEY Y |af<w,  Vnz1,

Therefore X, exists. Let x> n?”, write
Y/'=—x"1(Y,<—x"")+ Y, I(Y,|<x")+x"I(Y,>x"),
Yj": Yj_ Yj/:(Yj_xl/q )I(Yj>x1/q )+(Yj+x1/q )1(Y,-<—X]/q )

Note that

i+n

ZX Syar.=Ya Sy,

j=li= i=—0  j=i+l

Forr>1,rp> 1,z|a,.\ <o, EY,=0, |Y,"|<|Y|[(Y,|>x""), by Lemma 3, we have

g S a S
i=—0  j=i+l
_)C_l/q‘E 2 z Yu|
i=—0  j=i+l
<x Z|a \ z E|Y|I(Y|>x"")< Cnx " E[Y)[(Y] >x")

i=—0 J=i+l
< Cnx ™" E|Y] 7 1(¥] > x" )
<Cn'E|YIPI(Y]>x"")—0,as n—> o

So, we have

i+n

xE Z > Y<1/4 Q)

—o0  j=i+l
For
00

D E Y X e
j=1

]

Zn’ 2”””[ P(|Z)Q|>en””+x”")dx
o V2

)
s}

< St f 1”P(|2X|>gn“v)dx+ znf 2-gp f PO X |> ' )dx
SE

1

3

= Z - 2P(|2X|>gn”")+ znr o [T IS > e
nt? =1

=1
=:,+1,
by Lemma 4, we obtain

L= > P> X[>en' )<
n=1 j=1

To prove (3) of Theorem 1, we only need to prove

L= anfszi/pj’ MP(|ZXJ.|>X”‘I)dx<oo.
n= n j=

By (5), we get
12<cin"*2*wf P(|2 Sy |>x”q/2)dx+cznf2fﬂv j (S, S @ - EY )z d
n=1 n’ i=—0  j=i+l i=—0  j=i+l
=1, +1,.

For 7,,, by Markov inequality and Lemma 3, we get
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itn

IZISCin”Z"’/”f g S a, Sy, |dx<Czn’ | oS a) S By |dr

[ i=—o0 j=i+1 i=—0 j=i+1

<Cznr2q/pJ' —l/qz‘a|
nile

i=—0 j=i+l

i+n

zEIYII(\Y|>x”")dx<Czn' . "/”f xMEMI(Y)>x")dx

i

(m+ 1)

—Czn’ - "/‘”2 | e Emin > x i

<Oy EYIY > ')

=C zmq/pfl/p71E|)/|I(|)/| > ml/p) znrflfq/p
m=1 n=1

CYm BV > m'), ifg<rp
m=1

N

C Yo log(m+ DEVI(Y|>m™),  ifg=
m=1
czmq/p-l/P-lEufu(m >m'"), ifg>rmp

CEm’ U= ZE|Y|I(k””<m<(k+ D'y, if g<rp

k=m

= CZ v ‘10g(m+1)2E|Yl1(k””<|Y|<(k+1)”") if =
m=1

> mer-r 2E|ﬂ](k‘/”<|)’|<(k+l)””) if g>1p

m=1

Czk””PE|Y|I(k”P< Y <(k+1)"), if g<mp
k=1

N

Czk,»l/p log(k+ 1)E|Y|I(k””< Y| <(k+ 1)1/[7)’ if g=rp
k=1

C Yk EVIGK <[V <(k+ )7, if g>rp
k=1

CE|Y]? < oo, if g<rp
CE|Y” log(Y|+ 1)<, if g=rp (6)
CE|Y) < o, if g>rp

N

For I,,, by Lemmas 1-3, Markov and Holder inequalities, we have that for any v =2,

Zz\czn”fﬂf’f ‘V/‘IE{|E S - EY)|}

i

=0 j=i+l
o] v/qE{zmu”Z"(Y' EY)i}
i j=i+1
- wf E{ > laf " a" S -y, )D} d
J=i+l
o S a ‘{Zla 5 S - EY)|)}
J=i+1

|y 2 |a,|% Z E[YT +g(nX Z EIYT)” }dx

i j=i+l1 J=itl

H
8

r 2-qlp

)
r

i=—o0

X4 z |a, | { z [E|Y[I(Y|<x"")+x""P(Y,|>x" )]}dx

Jj=i+l
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0 © © i+n vz
+C D g2 f Xy |a,.|< DUEYRIY]<x')+x¥P(Y|>x")]; dx
n=1 n? i=—c0 j=i+1
<O [ (B 10V <) 40 P(Y > x)de
n=1 n'?
+C znr72fq/p+v/2+(5J’ va/q [E| )]IZ[(|)/| sxl/q )+x2/qP(|)/| >xl/q )]V/de
n=1 nt”
=y + 1y,
For I,,, , taking v>max{2, q, rp}, we have
o ) (m+1)""
Ly=C > [ e EYPIQY <x'0)+ P(Y]> ' )dx
n=1 m=n" m"”
<SC O [m B I(Y <(m+ D))+ m ! P(Y]>m")]
n=1 m=n
< C z[mq/p—v/p—lE|)/|v1(|I}| <(m + 1)]/]))+mq/p—]P(|)/| >m1/q )] an—]—q/p
m=1 n=1
C > [m =" E[Y I(Y|<(m+ )" )+m'" P(Y]|>m")), if g<rp
m=1
<qC z[m”"/"’lE|Y|"I(|Y| <(m+D")+m ' P(Y]|>m")]log(m+1), if g=rp
m=1
C > [m = E[YI(Y| <(m+ 1) )+ m?~' P(Y]>m'"")], if g>rp
m=1
Czk’"’/”Emvl(k””< |Y|<(k+1)'")+ CE|Y]?, if g<rp
k=1
< Czk’"’/" log(k+ DE|Y I(k'"" <|Y|<(k+ 1))+ CE|Y|” log(Y]+ 1), if g=rp
k=1
Cqu/p‘V/qE|Y|"l(k”p <|Y|<(k+1)'")+ CE|Y, if g>rp
=1
CEY]? < o, if g<rp
< <CEY]? log(Y]+ D<o, if g=rp 7
CE|Y) <, if g>rp
For /,,,, taking v>max {2, 2q/p}, we obtain
Izzz <C znr72fq/p+v/2+§f XV {[E|Y|2](|Y| <yl )]v/z +xa p? (|Y| >yl )} dx
n=1 nt”
w w me
=C znr—l—q/p+v/2+r5 2 {x—v/q [E| YIZI(|Y| <xV )]v/z + P2 (|YI > x Ve )}dx
n=1 m=n" m"
< C N nr—Z—q/p+v/2+(5 i[mq/p—v/p—l (E|H2[(|)}I g(m + l)l/p \f/2+mq/p—va/2 (lm > ml/p )]
n=1 m=n
< C i[mq/p —vip—-1 (E| )}IZ[(')}I g(m 4 1)1/p )V/Z + mq/p—l PV/Z (|)]| > ml/p )] inr—z—q/p-#v&-#&
m=1 n=1
< C Z[mr—Z—v/p+v/2+§ (E‘ Y“Zl(lY“ S(m + 1)1/p )V/2 4 mr—2+v/2+(5Pv/2 (|)]| > ml/p )]
m=1
If rp < 2, taking v>max {2¢/p,2 +25/ (r—1)},50 r=2+v/2 = rv/2+ 3 <—1, then
1222 < C zmr—z +V/2—r2+6 [(E| erp1(|Y| s(m + 1)1/p )v/2 +(E| erp (|Y| > ml/p ))v/Z]
m=1
< C zmr—Z +v/2—rv/2+(3(E| )}Irp )v/2 <o (8)

m=1

If rp =2, we get E|Y’ < oo, taking v>max{2,2q/p,(r— 1 +5)2p/(2—p)}, then r—2+v/2—v/p+d<-1, and
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zzz\CZ[m' 2 v/p+v/2+o[(E|lel(|Y| <(m+ )l/p )‘/2+(E|Y|2(|Y|>m””))‘/2]

<C zmr—Z—v/p+v/2+(5 (E| le )v/2 <o
m=1

By (5)-(9), the proof of Theorem 1 is completed.
Next, we prove Theorem 2.
Proof of Theorem 2  From the proof of Theorem 1, we get

DB Y X e

n=1 Jj=1

< D' P> X |>en' )+ zn-‘-wf P X,[>x")dx
n=1 j=1 n=1 > j=1

=:J,+J,.
By Lemma 5, we get

Ji= D P X |>en' ) <o,
n=1 Jj=1
In order to prove (4), we need to prove

J= S [ PO x> dr <o,
n=1 nt? j=1

Similar to (5), we have

i+n

x|E 2 > Y| <Cnx M EIYI(Y]>x")

=—0  j=i+l

< Cnx ™09 B YP9 [(Y] > x " )< Cn ? E|YPO 1Y) > X )—> 0, as n—> o0

Therefore
“WZ §Y<M
i=—0  j=i+l]
We have
J2<Cin""’/”f P(Sa, Sy |>x”"/2)dx+C2n" q’ﬁf S, S EY Y52 ) d
n=1 i=—0  j=i+] i=—0  j=i+l

=:J,+Jy.
For J,,, from Lemma 3, Markov and C, -inequalities, similar to the proof of 7,,, we have

i+n

Ja<CSwtor [ g Ya, Sy Tar
n=1

n'? i=—0 =i+l
N —qlp ” —0lq 4 /g
<Cyn | Ey >y

(m+1)*"

- CEn w3 I > 2 e

b
m=n_ M

<SS BP0V > m')
n=1 m=n

— N mq/p—ﬁ/p— 1 E| YI91(|YI > ml/q ) in*q/ﬂ
m= n=1

©

c 2 P BV 1Y) > m'), if g<p
m=1

8

N

Cz 2 log(m+ DE|Y1(Y]|>m"), if g=p
m=1

8

C > m B I(Y > m'), if g>p

m=1

€
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CO K" EY I, <[V <(k+ 1)), if g<p
k=1
<1k log(k+ DEY Ik <|Y|<(k+ 1)), if g=p
k=1
CY K EY I(k" <|Y|<(k+1)""). if g>p
k=1
CE|YF < o0, if g<p
< | CE|Y} log(Y]+ 1)< <o, if g=p (10)
CE|Y|! < o0, if g>p

For J,, from Lemma 1, Lemma 3, Markov and Holder inequalities, taking v=2, since 0<J<

min{2/p—1,(2-¢)/p}, then

zz\czn* Wf, Z/qE{@ S EY)P}

° i=—0  j=i+l

<Cin717q/pjw 2/qE{ Z ‘a |1/z(|a |1/2| z (Y’ EY )D}

scyw | xS |>{2a B0 (-7 }
<cynt e[ xSl S 0 gmEr P
<czn-1 W*f’f x 2|a |{ z [E|Y|21(|Y|<x”‘1)+x2"1P(|Y|>x”‘1)]}

<€y [ xR I <2y 20 PO > 2Ol

(m+ 17"

—C S ST A I <2 PO xR

m=n" m'"

M T

<SS [ Y IQY <+ 1))+ mt? T P(Y]>x0)]

m=n

n

<C S EYRIQY <(n+ 1))+ mo P(Y] > x1)] in’q/””
& z
<C i[m""’ VB YPI(Y) <(m+ DY)+ me ! P(Y] > x" )] m® zn"’/"
C Sl EYEIQY| <0n+ )7 )+ m? P(Y) > m')], if g<p
&
< 1O S I EYEIQY <on+ )7+ m? P(Y] > m" )log(m + 1), if g=p
=
C S 200 E[YEIQY <+ 1) )+ mt? 5 POV > mi ], if g>7p
C Sk BRI < Y] <(k+ 1))+ CE|YP, if g<p
&
< {C Sk log(k+ DEIYEIGK™ <Y <(k+ 1))+ CE[YP log(¥]+ 1), if g=p
C S k2 EYEIR™ <Y <(k + 1)1 )+ CE|Y 2, if g>p
&
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CE|Y"" <, if g<p
< {CEIYT" " log (Y] + 1)< o0, ifg=p (11)
CE|Y|"" < oo, if g>p

By (10) and (11), the proof of Theorem 2 is completed.

References

[1] Wang K'Y, Wang Y B, Gao Q W. Uniform asymptotic for the finite-time probability of a new dependent risk model with a constant in-
terest rate[J]. Methodology and Computing in Applied Probability, 2013, 15: 109-124.

[2] Fang HY, Ding S S, Li X Q, ef al. Asymptotic approximations of ratio moments based on dependent sequences[J]. Mathematics,
2020, 8(3): 361. DOT: https://doi.org/10.3390/math8030361.

[3] Ebrahimi N, Ghosh M. Multivariate negative dependence[J]. Communications in Statistics A, 1981, 10(4): 307-337.

[4] Liu L. Precise large deviations for dependent random variables with heavy tails[J]. Statistics and Probability Letters, 2009, 79(9):
1290-1298.

[5] Ibragimov I A. Some limit theorem for stationary processes[J]. Theory of Probability and Its Applications, 1962, 7: 349-382.

[6] Burton R M, Dehling H. Large deviations for some weakly dependent random process[J]. Statistics and Probability Letters, 1990, 9:
397-401.

[71 Li DL, Rao M B, Wang X C. Complete convergence of moving average process[J]. Statistics and Probability Letters,1992, 14:
111-114.

[8] Chen PY, Wang D C. Convergence rates for probabilities of moderate deviations for moving average process[J]. Acta Math Sin (Eng
Ser), 2008, 24(4): 611-622.

[9] LiY X, Li J G. Weak convergence for partial sums of moving-average processes generated by stochastic process[J]. Acta Math-
ematica Sinica, 2004, 47(5): 873-884.

[10] Zhang L. Complete convergence of moving average processes under dependence assumptions[J]. Statistics and Probability Letters,
1996, 30: 165-170.

[11] Chen PY, Hu T C, Volodin A. Limiting behaviour of moving average processes under ¢ -mixing assumption[J]. Statistics and Prob-
ability Letters, 2009, 75: 105-111.

[12] Song M Z, Zhu Q X. Convergence properties of the maximum partial sums for moving average process under p-mixing assumption
[J]. Journal of Inequalities and Applications, 2019: 90, https://doi.org/10.1186/s13660-019-2038-2.

[13] Tao X R, Wu 'Y, Xia H, et al. Complete convergence of moving average process based on widely orthant dependent random variables
[J]. Revista de la Real Academia de Ciencias Exactas Fisicas Naturales, Serie A, Matematicas, 2017, 111(3): 809-821.

[14] Guan L H, Xiao Y S, Zhao Y A. Complete moment convergence of moving average processes for m-WOD sequence[J]. Journal of In-
equalities and Applications, 2021, 2021: 16. DOI: https://doi.org/10.1186/s13660-021-02546-6.

[15] WU QY. Probability Limit Theory for Mixing Sequences|M]. Beijing: Science Press of China, 2006(Ch).



