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Abstract: In the formal derivation and proof of binary tree al‐
gorithms, Dijkstra 􀆳 s weakest predicate method is commonly
used. However, the method has some drawbacks, including a
time-consuming derivation process, complicated loop invariants,
and the inability to generate executable programs from the
specification. This paper proposes a unified strategy for the for‐
mal derivation and proof of binary tree non-recursive algorithms
to address these issues. First, binary tree problem solving se‐
quences are decomposed into two types of recursive relations
based on queue and stack, and two corresponding loop invariant
templates are constructed. Second, high-reliability Apla (abstract
programming language) programs are derived using recursive re‐
lations and loop invariants. Finally, Apla programs are con‐
verted automatically into C++ executable programs. Two types
of problems with binary tree queue and stack recursive relations
are used as examples, and their formal derivation and proof are
performed to validate the proposed strategy􀆳s effectiveness. This
strategy improves the efficiency and correctness of binary tree
algorithm derivation.
Key words: queue and stack recursive relations; loop invariants;
Dijkstra-Gries standard proving technique; nonlinear data structure
CLC number：TP 311

0 Introduction

The binary tree, as a classic nonlinear data struc‐
ture, provides regular data storage and supports power‐
ful search algorithms. Non-recursive algorithms are
more efficient in terms of computation time and storage
space[1,2]. As a result, it is significant to formally derive
and prove the binary tree􀆳s nonrecursive algorithm[3,4].

Loop invariants serve as the foundation for under‐
standing, deriving, and proving the loop program in for‐
mal derivation[5]. The loop invariants of the binary tree
nonrecursive algorithm, however, are difficult to de‐
scribe. In the past, Gries[6] and Dijkstra[7] constructed a
loop invariant for the nonrecursive preorder binary tree
traversal algorithm. This loop invariant has a compli‐
cated logical relationship and a laborious expression.
Xue[5] identified the limitations of the traditional stan‐
dard strategy for developing loop invariants and pro‐
posed two new strategies based on the stack 􀆳s recursive
relation.

We decompose the binary tree problems and dis‐
cover two recursive solving sequences: stack and queue.
For the recursive relation, a unified formal derivation
and proof strategy is proposed. The entire refinement
process is realized, from the abstract specification to the
executable program.

Section 1 of this paper presents and compares
related work. Sections 2 and 3 present the derivation
strategies for the binary tree queue and stack recur‐
sive relations, respectively. Section 4 validates the
strategies􀆳 effectiveness by using binary tree inorder tra‐
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versal and hierarchical traversal as examples. Conclu‐
sion is given in Section 5.

1 Related Work

Loginov et al[8] used destructive pointer manipula‐
tion to validate the Deutsch-Schorr-Waite (DSW) algo‐
rithm for traversing a binary tree, and the Test Vector
Leakage Assessment (TVLA) method to validate the
DSW algorithm 􀆳s correctness. However, the DSW algo‐
rithm verification requires an analysis of the set of speci‐
fied node relations, which is more difficult.

Qin et al[9] used the HIP/SLEEK to formally verify
a highly balanced binary tree and binary search tree, but
there are numerous constraints on the synthesis of loop
invariants. You et al[10] built loop invariants based on the
stack 􀆳s recursive relation and verified the correctness of
three types of nonrecursive algorithms for binary trees,
but they did not address the generation of executable
programs.

Based on the recursive relationship of the stack,
Xue[5] proposed two new strategies for developing loop
invariants. Based on the two new strategies for develop‐
ing loop invariants, we propose a unified strategy for the
formal derivation and proof of binary tree nonrecursive
algorithms. Our strategy simplifies program derivation,
improves formal derivation effectiveness, and ultimately
produces the correct executable program.

2 Derivation Strategy for the
Binary Tree Stack Recursive
Relation Problem

This paper proposes a formal derivation and proof
strategy for solving the binary tree problem, whose recur‐
sive relation sequence is the stack, based on Ref. [10]. A
stack is represented by the sequence S[0... #S-1] [11]. We
define S[#S-1] as the top of the stack and S[0] as the bot‐
tom. The following sequence of operations can then be
used to implement a stack􀆳s common operations:

A general loop invariant template for the binary
tree stack recursive relation is obtained by deriving and
proving three nonrecursive algorithms for traversing a

binary tree in preorder, inorder, and postorder as follows:
ρ: Order(T) = X↑Order(q)↑F(S)
Order(T) denotes the node stack generated by the

non-recursive algorithm for each traversal of the binary
tree T; X stores a portion of the node stack generated dur‐
ing the traversal; q stores the subtrees of T being visited;
S is a stack variable that acts on the stack as a whole; F(S)
represents the traversal result of the subtrees to be tra‐
versed:

F([q]­ S)=

ì

í

î

ïïïï

ï
ïï
ï

Order(q)­F(S) preorder

[q.d]­Order(q.r)­F(S) inorder

Order(q.r)­[q.d]­F(S) postorder

In this paper, we formally derive and prove non-
recursive algorithms for traversing a binary tree in preor‐
der, inorder, and postorder. At the same time, we devel‐
oped additional binary tree non-recursive algorithms.
These various algorithms can obtain the corresponding
loop invariant based on the loop invariant template. Fur‐
thermore, the difference between these loop invariants is
dependent on the definition of F(S).

3 Derivation Strategy for the
Binary Tree Queue Recursive
Relation Problem

We discover that the recursive relationship of the
solving sequence can also be a queue by decomposing
the binary tree problems and finding the recursive rela‐
tionship. Furthermore, we summarize six steps of nonre‐
cursive algorithm derivation of queue recursive relations
through formal derivation and proof of several examples.

3.1 Derivation Steps

Step 1 The goal of the work on the binary tree
queue 􀆳 s recursive relation problem is clarified by con‐
structing the formal specification. The program 􀆳s formal
specification consists of pre-assertion (Q) and post-
assertion (R). Q denotes the condition that a program 􀆳 s
input parameters must satisfy. R denotes the condition
that the program􀆳s final solution must satisfy[12].

Step 2 Decomposition generates the form of the al‐
gorithm or recursive relations for binary tree queue prob‐
lems[13], and different algorithms have different decompo‐
sitions . We can get ideas for the binary tree problem de‐
composition from the formal specification in Step 1. A
certain number of subtree problems can be obtained by
decomposing the binary tree problem. The subtree prob‐

Test whether stack S is empty: #S = 0

Take the top element of stack S: X: = S[#S-1]

Implement a push operation on stack S: S: = S↑[X]

Perform an output operation on the stack S: S: = S[0…#S-2]
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lem is then decomposed in the same manner until each
subtree problem has been solved.

Step 3 We can confirm recursive relationships of
solving sequences and loop invariants by analyzing the
mathematical properties of binary tree problems. Predi‐
cates can then be used to express recursive relations and
loop invariants. A queue can also be thought of as a se‐
quence q[0...#q-1]. The queue􀆳s head is q[0], and its tail
is q[#q-1]. Furthermore, the following sequence opera‐
tions can be used to implement the common operations
of a queue:

Test whether queue S is empty: #q = 0

Take the top element of queue S: X: = q[0]

Implement a push operation on queue S: q: = q↑[X]

Perform an output operation on the queue S: q: = q[1…]

The binary tree queue􀆳s recursive relation can be ex‐
pressed as a corresponding recursive relation expression.
That is, the quantifier transformation method is used to
derive the recursive relation Si = F(Sj) for the queue, and
the initial values are assigned to the functions and vari‐
ables.

Step 4 The loop invariants of the algorithm pro‐
gram are obtained using the recursive relation expres‐
sion constructed in Step 3 and the recursive definition
technique of the loop invariants. It is also worth noting
that we use the recursive definition technique to define
the contents of a queue based on the relationship be‐
tween the elements in the variables and the recursive re‐
lationship of the subtrees.

Step 5 The Apla program[14] of an algorithm is de‐
rived from the recursive relation expression in Step 3
and the loop invariant in Step 4. Then, we use the
Dijkstra-Gries standard proving technique to prove the
Apla program􀆳s correctness.

Step 6 The Apla to C++ automated generating sys‐
tem can transform the nonexecutable Apla program from
Step 5 into an executable program.

3.2 General Loop Invariant Template for the
Binary Tree Queue Recursive Relation Problem

In this section, we first define and develop the
loop invariant of the binary tree queue recursion rela‐
tion using the recursive definition technique.

Definitions of loop invariant are as follows:
Definition 1 Given a loop do and its set A of all

loop variables. An assertion is said to be a loop invariant
of the loop do if it reflects the variation law of each ele‐
ment in A and is consistently true before and after each

iteration.
Definitions of loop variables are as follows:
Definition 2 The loop variable is the value of a

variable that changes with the loop body. Set A contains
these loop variables. The three most common loop vari‐
ables are X, S, and q. The queue variable X is used to
store the sequence of node flags that have been visited in
the binary tree queue recursive relation problems. S is a
queue that contains nodes that have yet to be visited. q is
used to keep track of which nodes are being visited.

The following strategies for developing loop invari‐
ants are based on the recursive relationship of the solving
sequence being the queue:

Strategy 1: Based on the loop program correctness
verification conditions, we investigate the pre-assertion
(Q) of the loop and post-assertion (R) on termination,
analyze background knowledge, mathematical properties
of the problem to be solved by the program, and pro‐
gram properties, and describe the variation laws of all
loop variables using induction reasoning. These laws are
the loop invariants that we require.

Strategy 2: The general strategy and all required
loop variables for the binary tree queue recursive rela‐
tion problem are generated using a reliable algorithm de‐
sign method. To begin, we describe the variation laws of
each variable, as well as the laws required to make the
loop invariant. In addition, if the number of the subsolu‐
tions in the recursive relation is greater than 1, one se‐
quence variable that will be used as a queue or a set vari‐
able must be added, and the sequence 􀆳 s content is de‐
fined recursively[15].

We obtain the general loop invariant template by
deriving and proving binary tree non-recursive algo‐
rithms, such as hierarchical binary tree traversal, binary
tree depth calculation, and perfect binary tree judgement:

ρ: Inv∧Cons
where

Inv ≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])
Cons denotes the assertion that the conditions are satis‐
fied by conjunction based on the characteristics and re‐
quirements of various problems. The variable X stores
the sequence of node flags visited during the traversal, q
stores the subtrees of T that are being visited, and S is a
queue stores the nodes that have not yet been visited.
The traversal result of the subtree to be traversed is rep‐
resented by F(S). It should be noted, however, that Inv is
the loop invariant representing the binary tree 􀆳 s hierar‐
chical traversal algorithm. To summarize the loop invari‐
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ant template, we use the hierarchical traversal algorithm
as the parent algorithm. The loop invariants for hierar‐
chical binary tree traversal (ρ1), calculating the depth of
a binary tree (ρ2), and judging the perfect binary tree (ρ3)
are as follows:

ρ1: Inv
ρ2: Inv∧h = [(N num: 0 ≤ num: num = #(S))-1]
ρ3: Inv∧flag = "(a: aÎX: ((a. l ≠ %)∧(a. r ≠ %))∨

((a. l = %)∧(a. r = %)))
We have developed other binary tree non-recursive

algorithms in addition to the hierarchical traversal of a
binary tree, calculating the depth of a binary tree, and
judging the perfect binary tree. According to our deriva‐
tion experiments, these problems can be derived using
the above loop invariant template.

4 Case Studies

By decomposing the binary tree problems, we dis‐
cover that there are two recursive solving sequences for
the binary tree: stack and queue. We will use the inorder
traversal of a binary tree and the hierarchical traversal of
a binary tree as examples in this section. Inorder binary
tree traversal uses the stack recursive relation problem
strategy, while hierarchical binary tree traversal uses the
queue recursive relation problem strategy.

4.1 Inorder Traversal of a Binary Tree

● Derivation

The stack structure is used to simulate recursion
during the binary tree 􀆳s inorder traversal. Naturally, the
preorder and postorder traversals are analogous to the in‐
order traversal. The Apla algorithm program is derived
from the formal derivation of a nonrecursive inorder tra‐
versal algorithm. It is useful for program development
and can be easily converted into a variety of executable
programs. The derivation process consists of the five
steps listed below[16]:

Step 1 Constructing the algorithm program 􀆳 s for‐
mal specification.

Step 2 Decomposing the original problem and ob‐
taining In(T) = In(T. l)↑[T. d]↑In(T. r).

Step 3 Identifying recursive relations and creating
an overall strategy for solving the inorder traversal of a
binary tree using non-recursive algorithms.

a) Set three variables: X, S, and q.
b) The stack variable X stores the sequence of vis‐

ited node flags. After completing the T traversal, X =
Lay(T).

c) The root of each subtree and its right subtree of a
finite binary tree T are stored in S.

d) The subtrees of T that are traversed are stored
in q.

Step 4 For binary tree stack recursive relation
problems, we employ loop invariant development strate‐
gies. To form the required loop invariant, X, S, and q sat‐
isfy the following equation:

ρ: In(T) = X↑In(q)↑F(S)
Step 5 The Apla algorithm program is derived

from the recursive relation and loop invariant of a binary
tree􀆳s inorder traversal:

● Formal proof

Since the Apla program may contain errors, we use
the Dijkstra-Gries standard proving technique to prove
its correctness.

1) Before executing the loop, prove that ρ is true.
The Q in the assertion is the Q of the entire pro‐

gram, not the Q of the do statement. To confirm that ρ is
true before executing the do statement, i.e. QÞwp(S0, ρ),
we should verify the following assertion:

Proof: QÞwp(S0, ρ)
Statement S0: X, S, q: = [ ], [ ], T
≡ In(T)Þ(X↑In(q)↑F(S))[X, S, q \ [ ], [ ], T]
≡ In(T)Þ[ ]↑In(T)↑F([ ])
≡ In(T)ÞIn(T)
≡ true
By assigning the three variables in S0 to ρ, we can

prove QÞwp(S0, ρ). Obviously, the preceding assertion

Apla Algorithm Program: Binary Tree􀆳s Inorder Traversal

1

2

3

4

5

6

7

8

9

10

11

12

13

procedure hierarchical (T: btree(char, 40); var X: list(char,

40));

PQ: given a finite binary tree T;

PR: X = In(T);

var S: list(char, 40); var q: btree(char, 40);

begin

X, S, q: = [], [], T;

ρ: In(T) = X↑In(q)↑F(S);

do (q≠%)→
q, S: = q. l, [q]↑S;

[] (S≠ [])→
q, S, X: = S[h]. r, S[h+1..t], X↑[S[h]. d];

od;

end

418



ZUO Zhengkang et al: A Unified Strategy for Formal Derivation and Proof …

is true.
2) Prove that ρ is the loop invariant.
In the loop body, for the first conditional clause:
┐(q = %)→q, S: = q. l, [q]↑S
We need to verify that the following assertion is

true:
ρ∧┐(q = %)Þwp(q, S: = q. l, [q]↑S, X↑In(q)↑

F(S))
The following assertion must be guaranteed:
Proof: ρ∧C1Þwp(S1, ρ)
Statement S1: q, S : = q. l, [q]↑S
Condition C1: q ≠ %
≡ In(T) = X↑In(q)↑F(S)∧q ≠ %Þ(X↑In(q)↑F

(S))[q, S \ q. l, [q]↑S]
≡ In(T) = X↑In(q)↑F(S)∧q ≠ %ÞX↑In(q. l)↑F

([q]↑S)
≡ In(T) = X↑In(q)↑F(S)∧q ≠ %ÞX↑In(q. l)↑[q.

d]↑In(q. r)↑F(S)
≡ In(T) = X↑In(q)↑F(S)∧q ≠ %ÞX↑In(q)↑F(S)
≡ true
By assigning two variables in S1 to ρ, we can prove

ρ∧C1Þwp(S1, ρ). The first conditional clause obviously
holds.

In the loop body, for the second conditional clause:
q = %∧S ≠ [ ]→q, S, X: = S[h]. r, S[h+1..t], X↑[S

[h]. d]
We need to verify that the following assertion is

true:
ρ∧q = %∧S ≠ [ ]Þwp(q, S, X: = S[h]. r, S[h+1..t], X

↑[S[h]. d], X↑[q. d]↑F[S↑[q. l]↑[q. r]])
Then the following assertion must be guaranteed:
Proof: ρ∧C2Þwp(S2, ρ)
Statement S2: if conditional statement
Condition C2: q = %∧S ≠ [ ]
≡ In(T) = X↑In(q)↑F(S)∧q = %∧S ≠ [ ]Þ(X↑In

(q)↑F(S))[q, S, X \ S[h]. r, S[h+1..t], X↑[S[h]. d]]
≡ In(T) = X↑In(q)↑F(S)∧q = %∧S ≠ [ ]ÞX↑[S

[h]. d]↑In(S[h]. r)↑F(S[h+1..t])
≡ In(T) = X↑F(S)∧S ≠ [ ]ÞX↑F(S)
≡ true
By assigning two variables in S2 to ρ, we can prove

ρ ∧C2Þwp(S2, ρ). The second conditional clause obvi‐
ously holds.

3) Prove that at the end of the loop, the post-
assertion R must be true.

The following assertion must be guaranteed to en‐
sure that R is true and ρ∧┐(C1∨C2)ÞR:

Proof: ρ∧┐(C1∨C2)ÞR

≡ In(T) = X↑ In(q)↑ F(S) ∧q = % ∧S = [ ]ÞIn
(T) = X

≡ In(T) = X↑ In(% )↑F([ ])∧q = %∧S = [ ]ÞIn
(T) =X

≡ In(T) = X∧q = %∧S = [ ]ÞIn(T) = X
≡ true
4) The termination of the loop clearly holds.
In summary, the preceding steps prove the Apla pro‐

gram􀆳s correctness for binary tree inorder traversal.
● C++ generation system

The Apla program can be converted automatically
into C++ executable programs using the Apla to C++
program automatic generation system developed by our
team[11]. As shown in Fig. 1, the Apla program for the
nonrecursive algorithm for inorder traversal of the bi‐
nary tree is on the left, and the converted C++ program
is on the right. We put the C++ program to the test by
feeding it a 10-node binary tree (Fig. 2). As shown in
Fig. 3, the result satisfies the output of the inorder tra‐
versal binary tree from small to large and left to right.

As a result of testing, the generated C++ program is
correct. Furthermore, when we compare the Apla pro‐
gram on the left with the C++ program on the right
(Fig. 1), we can clearly see that the Apla program is
much simpler. There are only four key lines of code,
which greatly improves the efficiency of the algorithm
and the program development.

4.2 Hierarchical Traversal of a Binary Tree

● Derivation

Step 1 Specification of the algorithm program.
We assume T is a finite binary tree and Lay(T) is

the sequence of nodes obtained by traversal T hierarchi‐
cally. When the sequence of visited node flags is stored
in the sequence variable X, the algorithm specification
for this problem is as follows:

| [ X: list(char, 40); T: btree(char, 40)] |
{AQ: given a finite binary tree T}
{AR: X = Lay(T)}
Step 2 Identifying recursive relations.
Recursive relations make it easier to write recursive

algorithmic programs. We use the following derivation
to get a nonrecursive algorithm program:

Lay(T) = [T. d]↑[T. l. d]↑[T. r. d]↑[T. l. l. d]↑[T.
l. r. d]↑[T. r. l. d]↑[T. r. r. d]↑…

As a result, we can obtain the overall strategy for
solving the nonrecursive binary tree hierarchical tra‐
versal algorithm:

a) Set three variables: X, S, and q.

419



Wuhan University Journal of Natural Sciences 2022, Vol.27 No.5

b) The quence variable X stores the sequence of vis‐

ited node flags. After completing the T traversal, X =

Lay(T).

c) S is a queue used to store the nodes to be visited.

d) q is used to store the nodes being visited.

The node to be visited is the first element in the

queue variable S. After it has been visited, its neighbors

who have not yet been traversed will be added to the

queue of nodes to be visited. As a result, the function F

defines the contents of S as follows:

F([ ]) = [ ] (I)

F(S) = [S. h]↑F(S[h+1..t]↑[S[h]. l]↑[S[h]. r]) (Ⅱ)

When q is not visited:

F([q↑S]) = [q. d]↑F[S↑[q. l]↑[q. r]] (Ⅲ)

When q has been visited:

F([q↑S]) = F[S] (Ⅳ)

Step 3 Constructing the loop invariant.

It is hard to develop the loop invariant of binary

tree queue recursive relation problems by the traditional

methods[6,7], and the expression of the resulting loop in‐

variant is complicated. As a result, formal derivation and

proof of the algorithm program will be difficult.

In this section, we use the loop invariant develop‐

ment strategy for binary tree queue recursive relation

problems, specifically the recursive definition technique

in Strategy 2. Finally, we will obtain a simple expression

Fig.1 Apla to C++ program generation system generates the C++ program for inorder traversal

Fig.2 Inorder traversal binary tree algorithm example

Fig.3 Test result of C++ program for binary tree inorder

traversal
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for the loop invariant:
ρ: Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r]) (Ⅴ)
The recursive relation (II) and the loop invariant

(V) can be used to derive the Apla program:

The Apla program was derived from the resulting
algorithm and the loop invariant. It perfectly reflects
Apla􀆳s functional abstraction, data abstraction, and other
modern programming concepts. In general, the Apla pro‐
gram for nonrecursive binary tree hierarchical traversal
algorithm is simple and practical, and it can be easily
converted into a variety of executable programs.
● Formal proof

We use the Dijkstra-Gries standard proof technique
to prove the correctness of the Apla algorithm given
above, as we did in Section 4.1.

1) Before executing the loop, prove that ρ is true.
To confirm that ρ is true before executing the do

statement, i.e. QÞwp(S0, ρ), we should verify the follow‐
ing assertion:

Proof: QÞwp(S0, ρ)
Statement S0 : X, S, q: = [ ], [ ], T
≡ Lay(T)Þ(X↑[q. d]↑F(S↑[q. l]↑[q. r]))[X, S, q

\ [ ], [ ], T]
≡ Lay(T)Þ[ ]↑[T. d]↑F([T. l]↑[T. r])
≡ Lay(T)ÞLay(T)
{Use: recursive relation (IV)}
≡ true
By assigning the three variables in S0 to ρ, we can

prove QÞwp(S0, ρ). Obviously, the preceding assertion

is true.
2) Prove that ρ is the loop invariant.
In the loop body, for the first conditional clause:
┐ (q = % )→S, X, q: = S↑ [q. l]↑ [q. r], X↑ [q.

d], %;
We need to verify that the following assertion is

true:
ρ∧┐(q = %)Þwp(S, X, q:=S↑[q. l]↑[q. r], X↑[q.

d], %, X↑[q. d]↑F(S↑[q. l]↑[q. r]));
Then the following assertion must be guaranteed:
Proof: ρ∧C1Þwp(S1, ρ)
Statement S1: S, X, q: =S↑ [q. l]↑ [q. r], X↑ [q.

d], %
Condition C1: q ≠ %
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧q ≠ %
Þ(X↑[q]↑F(S↑[q. l]↑[q. r]))[S, X, q \ S↑[q. l]

↑[q. r], X↑[q. d], %]
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧q ≠ %
ÞX↑[%]↑[%]↑F(S↑[%]↑[%]↑[%]↑[%])
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧q ≠ %
ÞX↑F[S])
{Use: recursive relation (Ⅴ) }
≡ true
By assigning two variables in S1 to ρ, we can prove

ρ∧C1Þwp(S1, ρ). The first conditional clause obviously
holds.

In the loop body, for the second conditional clause:
q = %∧S ≠ [ ]→q, S: = S[h], S[h+1..t];
We need to verify that the following assertion is

true:
ρ∧q = %∧S ≠ [ ]Þwp(q, S: = S[h], S[h+1..t], X↑[q.

d]↑F[S↑[q. l]↑[q. r]])
Then the following assertion must be guaranteed:
Proof: ρ∧C2Þwp(S2, ρ)
Statement S2: q, S: = S[h], S[h+1..t]
Condition C2: q = %∧S ≠ [ ]
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧S ≠ [ ]

Þ(X↑[q. d]↑F(S↑[q. l]↑[q. r]))[q, S \ S[h], S[h+1..t]]
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧S ≠ [ ]

Þ X↑[S[h]. d]↑F(S(h+1..t)↑[S[h]. l]↑[S[h]. r])
{Use: Recursive relation (IV) and recursive rela‐

tion (Ⅴ)}
≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧S ≠ [ ]

ÞX↑F(S)
≡ true
By assigning two variables in S2 to ρ, we can prove

ρ ∧C2Þwp(S2, ρ). The second conditional clause obvi‐
ously holds.

Apla Program: Binary Tree Hierarchical Traversal

1

2

3

4

5

6

7

8

9

10

11

12

13

procedure hierarchical (T: btree(char, 40); var X: list(char,

40));

PQ: given a finite binary tree T;

PR: X = Lay(T);

var S: list (char, 40); var q: btree (char, 40);

begin

X, S, q: = [], [], T;

ρ: Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r]);

do (q ≠ %)→
S, X, q: = S↑[q. l]↑[q. r], X↑[q. d], %;

[] (S ≠ [])→
q, S: = S[h], S[h+1..t];

od;

end
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3) Prove that the post-assertion R must be true at
the end of the loop.

The following assertion must be guaranteed to en‐

sure that R is true and ρ∧┐(C1∨C2)ÞR:

Proof: ρ∧┐(C1∨C2)ÞR

≡ Lay(T) = X↑[q. d]↑F(S↑[q. l]↑[q. r])∧q = %∧
S = [ ] ÞLay(T) = X

≡ Lay(T) = X↑ [ ]↑F([ ])∧q = %∧S = [ ]ÞLay

(T) = X

≡ Lay(T) = X∧q = %∧S = [ ]ÞLay(T) = X

{Use: recursive relation (Ⅴ)}

≡ true

4) The termination of the loop clearly holds.

In summary, the preceding steps prove the Apla pro‐
gram􀆳s correctness for binary tree hierarchical traversal.
● C++ generation system

As shown in Fig.4, the Apla program for the non-

recursive algorithm for hierarchical traversal of the bi‐

nary tree is on the left, and the converted C++ program

is on the right. The generated C++ program was tested

with a binary tree input of 10 nodes (as shown in Fig. 2),

and the test results are shown in Fig. 5. As a result, the

test result indicates that the C++ program is correct, and

we have achieved a complete refinement of the process

from abstract specification to the concrete executable

program.

5 Conclusion

We decompose the binary tree problem to find re‐

cursive relations and present a unified formal derivation

and proof strategy. We investigate the similarities and

differences between the two types of loop invariants and
construct general loop invariant templates for the binary

tree 􀆳 s queue and stack recursive relations. The non-

recursive Apla algorithm is then derived from the prob‐

lem specification by deriving the recursive relation ex‐

pression and loop invariant, and the correctness of the

Apla program is proven using the Dijkstra-Gries stan‐

dard proving technique. Finally, the tool is used to con‐

vert the Apla abstract program into a C++ executable

program. This paper has the following advantages:

1) From the recursive relationship between queues

and stacks, this paper creates two general loop invariant

templates. The same binary tree solving sequence rela‐

tion has a common feature in the derivation process: a

general loop invariant template can be constructed. Our

templates eliminate the time-consuming derivation pro‐

cess and complexity of traditional loop invariants for bi‐

Fig.4 Apla to C++ program generation system generates C++ program for hierarchical traversal

Fig.5 Test result of C++ program for binary tree

hierarchical traversal
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nary tree problems while also improving the efficiency
of algorithmic derivation for binary tree problems, as
demonstrated by the above examples.

2) Using the C++ generation system, we can auto‐
matically generate C++ executable programs from Apla
programs to improve the completeness of the formal
derivation of the algorithm program. As a result, we
have completed the refinement process from the abstract
specification to the executable program.

The proposed strategy improves the efficiency and
completeness of deriving algorithm programs with com‐
monality, suggests exploring the loop invariants of the
non-recursive algorithm for recursive problems, and pro‐
vides guidance for the formal derivation and proof of al‐
gorithm programs in the nonlinear data structure.
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