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Abstract: In this paper, a class of inverse boundary value problems for (4, 1) bi-analytic functions is given. Using the method of Riemann
boundary value problem for analytic functions, the conditions of solvability and the expression of the solutions for the inverse problems are
obtained.
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0 Introduction

Boundary value problems for (4, k) bi-analytic functions are discussed in Refs.[1-6]. In Ref.[4], the author used
the Cauchy-type integral of (4, 1) bi-analytic functions to study a class of inverse Riemann problems of (4, 1) bi-
analytic functions. In this article, we study the general case by using the theory of boundary value problems for ana-
lytic functions.

Let I be a simple and closed smooth contour, oriented counter-clockwisely. D*(D") denote respectively the interior
(exterior) region bounded by I'. And let O=(0, 0) in D*. Our inverse boundary value problem, simply called I-BVP, is
to find functions w(?), 9(¢) and constants 1%, 17, satisfying the following boundary conditions

TO Aoty f S TE, ze D"
LE oz, eD-
6¢a (z) . . ()
£ O=a,Of @)+ b, () (eLi=12,
b O=F,08 ©+7,05) (eTiz12,
S (t)=c, teli=1,2,

Received date: 2022-09-28
Foundation item: Supported by the Natural Science Foundation of Fujian Province (2020J01322)
Biography: LIN Juan, female, Ph.D., Professor, research direction: singular integral equation and applications. E-mail: 1j7862124@163.com

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



186 Wuhan University Journal of Natural Sciences 2023, Vol.28 No.3

where 0(t), w(t), a,(¢), b, (), B, (), y,(®)(i=1, 2)e H(T') (Holder continuous). ¢, (i=1, 2) are known constants.

1 Inverse Riemann Boundary Value Problems

In this section, we will consider a class of inverse Riemann boundary value problems, simply called I-RBVP. It is
to find @(z) and H(¢) meeting the following conditions
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Suppose that y, #y, and Sy, # f,7,, the solvable conditions and the representation of the solutions are obtained.
Assume that 4 € H"(I')(0 <v<1). Let the Cauchy integral operators
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By (6) and (2), we obtain
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Now we consider the Riemann boundary value problem, simply called RBVP. It is to find ¢, (z) meeting the condi-

tions given in (7). Denote x = i[arg G(t)]r, then the index of RBVP (7) is k. Suppose ¢, (c0)=0, thus from Refs.[7, 8],

we have the following results.
Lemma 1 If x>0, then the solutions of RBVP (7) are

3 (z)=X<z)(Sy[;(G§f9)])(z)+Pk-l X, zeT (10)
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where
X (2)=exp](S[log((t-2,)"G)]) ()} zeD

X (9=(z-z,)"exp{(S:[log(t-2,)"®)])(@)|.  z, D" zeD

X(z) is the canonical, P, _, (z) is arbitrary polynomial whose degree does not exceed x— 1.
If k<0, then the RBVP (7) has a unique solution

$1(2)=X(2) (Sr|:

X(2)=

t (Gw—0)

b j|)(z), zegl

if and only if

J7 _
7t (GOo(t)—-0(1)) dr=0, j=0, 1, -, —x—1
r X (9
Hence, we obtain
Theorem 1  Under the requirement ¢(o0)= oo (o), when x > 0, the solutions of I-RBVP (2) are

X(z) (SF[E(G;’TG)D ()+P, ()X(@)+z0(z), zeD'
P(z)= _ )
X(z) (Sr[’(G)‘?fe) )+P, ()X + zw(z), zeD

where X (z) is given in (11), P__, (z) is arbitrary polynomial whose degree does not exceed x— 1, and
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When x <0, the solutions of I-RBVP (2) are
X(2) (S{“G;_Q)] (2)+z0(z), zeD'
#2)= }
X(2) (SF{“&;:G)}) (2)+ z @(z), zeD”
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P1GOBO-00) o o
fr Yo =0 =0 ke
and
_BO=-pO ], | 21(Go-0) p
0= 0 {X 0 H e } 0+ 7 w@;

2 Inverse Boundary Value Problems for (A, 1) Bi-Analytic Functions
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In this section, we will consider the I-BVP for (4, 1) bi-analytic functions. It is to find w(¢) and constants 1* meet-

ing the following conditions

o) -l I
0 - ar Y9+

ffO=a,@)f @O)+b, (o), tel
O=a,@)f (O)+b,()w(t), tel
f@)=cs, tel,i=1,2
where a, (t),b,(1)(i=1, 2)e H(I'), constants c¢(i=1, 2) are known.
In the following discussion, we assume that b, (¥)# b, (¢) and a, ()b, (t)# a, ()b, (¢). By (5), we get

1@, zeD"

(19)



188 Wuhan University Journal of Natural Sciences 2023, Vol.28 No.3

¢, (2)+ z 0(z), zeD"
#()= - !
@, (2)+ z @(z2), zeD

Substituting (20) into the first equation in (19) and letting
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where O'(z)=0(z), Q'(z)=w(z), we obtain
LE 1ol @+ 5@, e

(20)
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(22) and the second equation in (7) imply f; (z) is a (4, 1) bi-analytic function with associate function ¢, (z). By

(22), we obtain
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where @ (z)=¢,(z). Letz—> ¢ from the inner domain D* and the outer domain D, respectively, one get
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respectively.

By the second equation and the third equation in (19), we get
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and
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Submitting f* (¢) in (24) and /™ (¢) in (25) into (26), we obtain
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From (23) and (22), obviously,
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Now we consider the following RBVP. It is to find w(z) meeting the conditions (28) and (30), namely,
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where

_ a4 (Db, (t)—a, ()b, (1)
G O= =, 0-b,0)

(32)

G.@t)e HT) and G, (t)#0. x,= i[arg G, (t)]r is the index of RBVP (31). If w(x) is to be finite, then we have the fol-

2n
lowing results from Refs.[7, §].
Lemma?2 1) Ifk,+ 120, then the solutions of RBVP (31) are

W(D)=X.(2) (S{ )f }

(2)+P, (2)X.(2), zel

where P, (z) is arbitrary polynomial whose degree does not exceed «.,
X (@)=exp|(5;[log((t—2.)"G)]) (2)}. zeD
X @=(-z)" exp{(Slog(t-2.)"G)])@)|.  z.eD.zeD

2) If k,+1<0, then the RBVP (31) has a unique solution (33) (P, =0) if and only if
¥ E(1)
r X, (¢)

X.(2)=

dr=0, j=0,1, -, -k, -2

3) w(t) is written as following

o= 00O 04 L Do)+ £ [070 + B0 ] v 0. rer
(26) can be changed to
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Submitting /™ (¢) in (24) into (37), one get
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where v (¢) is from w(z) (let z— ¢ from the inner domain D) given in Lemma 2, namely,
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b7+ %(E)2w+ D +1 0

+X (0| 8¢ X O-4© (43)
By the fourth equations in (19), we have the following system of equations
1 1
Az, ); +B(t, ); =C(t,)
) ) (44)
Aty) ; +B(1,) f =C(t,)
Furthermore, we obtain
yh (t)z A(tl )B(tz )_B(tl )A(tz )
C(tl)B(tZ)_B(tl )C(lz) (45)

A (t) — A(tl )B(tz )_B(Zl )A(tz )
A(tl )C(tz )_ C(tl )A(tz )
Remark 1 Take A=1 while x,+1>0. Take A =0 while x, + 1 <O0.
Summarizing the above discussion, we have the following result.
Theorem 2  For the [-BVP of (4, 1) bi-analytic functions, the solutions are given in Theorem 1, (36) and (45),

namely
_BO-5@) . | 7(Gw-0) , (LT
=200 {X (t)(Sr[ e } O+h-P,_ ()X (z)+tw(z)}, tel,
(=1 while x>0, h =0 while x<0.)
Ca,O—a, @A =1 -1 Flp—on 7
o(t)= bl(t)_bz(t){ e [¢1(t)t+ 5 (@ w(t)]+ e [07() +1 Q0) | +w (z)}, teT,

A(ll )B(tz )_ B(tl )A(tz )
C(t,)B(t,)—B(,)C(t,)
A(t,)B(t,) = B(t, )A(t,)
A(tl )C(tz )_ C(tl )A(tz )’
where A(f), B(f), C(f) are given in (41), (42), (43), respectively. ¢; (¢) is from ¢, (z) given in Lemma 1. y~ (¢) is from y(z)
given in Lemma 2. For ¢, (z) and y(z), there exist four cases.

1) Whenx=0and x,+1 =0, ¢, (z) and w(z) are given in (10) and (33), respectively.

2) When k>0 and x.+1<0, ¢,(z) is given in (10) and w(z) is given in (33)(P, =0) if and only if the condition
(35) is satisfied.

3) When k<0 and x,+ 120, ¢,(2) is given in (12) if and only if the condition (13) is satisfied and w(z) is given
in (33).

4) When k<0 and «, + 1 <0, ¢, (z) and y(z) are given in (12) and (33)(P, =0) if and only if the conditions (13) and
(35) are satisfied, respectively.

I (6)=

()=

Remark 2 The upper conclusions may be applied to interface problems of the elastic system in plane, for in-
stance, the welding problems and the quasi-static system of thermoelasticity, etc.Refs.[9-14].
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