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0　Introduction

Boundary value problems for (λ, k) bi-analytic functions are discussed in Refs.[1-6]. In Ref.[4], the author used 
the Cauchy-type integral of (λ, 1) bi-analytic functions to study a class of inverse Riemann problems of (λ, 1) bi-
analytic functions. In this article, we study the general case by using the theory of boundary value problems for ana‐
lytic functions.

Let Γ be a simple and closed smooth contour, oriented counter-clockwisely. D+(D-) denote respectively the interior 
(exterior) region bounded by Γ. And let O = (0 0) in D+. Our inverse boundary value problem, simply called I-BVP, is 

to find functions ω(t), ϑ(t) and constants λ+, λ-, satisfying the following boundary conditions
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¶ -
z

=
λ± - 1
4λ±

ϕ± (z)+
λ± + 1
4λ±

- -- -----
ϕ± (z)            zÎD±
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¶ -
z
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where θ(t), ϖ(t), ai (t), bi (t), βi (t), γi (t)(i = 1 2)ÎH(Γ) (Hölder continuous). ci (i = 1 2) are known constants.

1　Inverse Riemann Boundary Value Problems

In this section, we will consider a class of inverse Riemann boundary value problems, simply called I-RBVP. It is 

to find ϕ(z) and ϑ(t) meeting the following conditions
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¶ϕ+ (z)

¶ -
z

=θ(z)           zÎD+

∂ϕ- (z)

∂ -
z

=ϖ(z)           zÎD-

ϕ+ (t)=β1 (t)ϕ- (t)+ γ1 (t)ϑ(t)            tÎΓ
ϕ+ (t)=β2 (t)ϕ- (t)+ γ2 (t)ϑ(t)            tÎΓ

(2)

Suppose that γ1 ¹ γ2 and β1γ2 ¹ β2γ1, the solvable conditions and the representation of the solutions are obtained.

Assume that ΛÎHν (Γ)(0 < ν ≤ 1). Let the Cauchy integral operators

(SΓ [Λ]) (z)=
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ïïïï
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ïï
ï

1
2πi ∫Γ Λ(τ)

τ - z
 dτ  zÏΓ

1
πi ∫Γ Λ(τ)

τ - t
 dτ z = tÎΓ

(3)

and its projection operator

(S ±
Γ [Λ]) (z)=

ì

í

î

ïïïï

ï
ïï
ï

1
2πi ∫Γ Λ(τ)

τ - z
 dτ      zÎD±

1
2 [ ]( )SΓ [Λ] (t)±Λ(t)  z = tÎΓ

(4)

Let

ϕ1 (z)=
ì
í
î

ïï
ïï

ϕ(z)- -
z  θ(z)  zÎD+

ϕ(z)- -
z  ϖ(z)  zÎD-

(5)

then we have

ì
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ïï
ïï

ϕ+ (t)= ϕ+
1 (t)+ -

t θ(t) 

ϕ- (t)= ϕ-
1 (t)+ -

t ϖ(t) 
(6)

By (6) and (2), we obtain
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ïïïï

ïïïï

ϕ+
1 (t)=G(t)ϕ-

1 (t)+ -
t  (G(t)ϖ(t)- θ(t))    tÎΓ

¶ϕ1 (z)

¶ -
z

= 0            zÏΓ
(7)

and

ϑ(t)=
β2 (t)- β1 (t)
γ1 (t)- γ2 (t) (ϕ-

1 (t)+ -
t  ϖ(t)) (8)

where

G(t)=
β1 (t)γ2 (t)- β2 (t)γ1 (t)

γ2 (t)- γ1 (t)
G(t)ÎH(Γ) and G(t)¹ 0 (9)

Now we consider the Riemann boundary value problem, simply called RBVP. It is to find ϕ1 (z) meeting the condi‐

tions given in (7). Denote κ =
1

2π
[arg G(t)]

Γ
, then the index of RBVP (7) is κ. Suppose ϕ1 (¥)= 0, thus from Refs.[7, 8], 

we have the following results.

Lemma 1  If κ ≥ 0, then the solutions of RBVP (7) are

ϕ1 (z)=X (z) (SΓ

é

ë
êêêê

-
t  (Gϖ - θ)

X +

ù

û
úúúú ) (z)+Pκ - 1 (z)X (z)  zÏΓ (10)
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where

X (z)=
ì

í

î

ïïïï

ïïïï

X + (z)= exp{ }( )SΓ[ ]log((t - z0 )-κG) (z)        zÎD+   

X - (z)= (z - z0 )-κ exp{ }( )SΓ[ ]log((t - z0 )-κG) (z)   z0ÎD+ zÎD-
(11)

X (z) is the canonical, Pκ - 1 (z) is arbitrary polynomial whose degree does not exceed κ - 1.

If κ < 0, then the RBVP (7) has a unique solution

ϕ1 (z)=X (z) (SΓ

é

ë
êêêê

-
t  (Gϖ - θ)

X +

ù

û
úúúú ) (z)  zÏΓ (12)

if and only if

∫
Γ

t j -t  (G(t)ϖ(t)- θ(t))
X + (t)

 dt = 0 j = 0 1   -κ - 1 (13)

Hence, we obtain

Theorem 1  Under the requirement ϕ(¥)= -¥  ϖ(¥), when κ ≥ 0, the solutions of I-RBVP (2) are

ϕ(z)=
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X (z) ( )SΓ

é

ë
êêêê

ù

û
úúúú

-
t  (Gϖ - θ)

X + (z)+Pκ - 1 (z)X (z)+ -
z  θ(z)  zÎD+

X (z) ( )SΓ

é

ë
êêêê

ù

û
úúúú

-
t  (Gϖ - θ)

X + (z)+Pκ - 1 (z)X (z)+ -
z  ϖ(z)  zÎD-

(14)

where X (z) is given in (11), Pκ - 1 (z) is arbitrary polynomial whose degree does not exceed κ - 1, and

ϑ(t)=
β2 (t)- β1 (t)
γ1 (t)- γ2 (t)

ì
í
î

ïï
ïï

X - (t) (S -
Γ

é

ë
êêêê
-
τ  (Gϖ - θ)

X +

ù

û
úúúú ) (t)+Pκ - 1 (t)X - (t)+ -

t  ϖ(t)
ü
ý
þ

ïï
ïï

(15)

When κ < 0, the solutions of I-RBVP (2) are

ϕ(z)=

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

X (z) ( )SΓ

é

ë
êêêê

ù

û
úúúú

-
t  (Gϖ - θ)

X + (z)+ -
z  θ(z)  zÎD+

X (z) ( )SΓ

é

ë
êêêê

ù

û
úúúú

-
t  (Gϖ - θ)

X + (z)+ -
z  ϖ(z)  zÎD-

(16)

if and only if

∫
Γ

t j -t  (G(t)ϖ(t)- θ(t))
X + (t)

 dt = 0 j = 0 1   -κ - 1 (17)

and

ϑ(t)=
β2 (t)- β1 (t)
γ1 (t)- γ2 (t)

ì
í
î

ïï
ïï

X - (t) (S -
Γ

é

ë
êêêê
-
τ  (Gϖ - θ)

X +

ù

û
úúúú ) (t)+ -

t  ϖ(t)
ü
ý
þ

ïï
ïï

(18)

2　Inverse Boundary Value Problems for (λ, 1) Bi-Analytic Functions

In this section, we will consider the I-BVP for (λ, 1) bi-analytic functions. It is to find ω(t) and constants λ± meet‐

ing the following conditions
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¶f (z)

¶ -
z

=
λ± - 1
4λ±

ϕ(z)+
λ± + 1
4λ±

- -----
ϕ(z)   zÎD±

f + (t)= a1 (t) f - (t)+ b1 (t)ω(t)   tÎΓ

f + (t)= a2 (t) f - (t)+ b2 (t)ω(t)   tÎΓ

f - (ti )= ci         tiÎΓ i = 1  2

(19)

where ai (t),bi (t)(i = 1 2)ÎH(Γ), constants ci(i = 1 2) are known.

In the following discussion, we assume that b1 (t)¹ b2 (t) and a1 (t)b2 (t)¹ a2 (t)b1 (t). By (5), we get
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ϕ(z)=
ì
í
î

ïï
ïï

ϕ1 (z)+ -
z  θ(z)  zÎD+

ϕ1 (z)+ -
z  ϖ(z)  zÎD-

(20)

Substituting (20) into the first equation in (19) and letting

f1 (z)=

ì

í

î

ï
ïï
ï

ï
ïï
ï

f (z)-
λ+ - 1
8λ+

(
-
z )2θ(z)-

λ+ + 1
4λ+

z 
- -------
Θ(z)  zÎD+

f (z)-
λ- - 1
8λ-

(
-
z )2ϖ(z)-

λ- + 1
4λ-

z 
- -------
Ω(z)  zÎD-

(21)

where Θ′ (z)= θ(z), Ω′ (z)=ϖ(z), we obtain
¶f1 (z)

¶ -
z

=
λ± - 1
4λ±

ϕ1 (z)+
λ± + 1
4λ±

- -- -----
ϕ1 (z)   zÎD± (22)

(22) and the second equation in (7) imply f1 (z) is a (λ 1) bi-analytic function with associate function ϕ1 (z). By 

(22), we obtain

f1 (z)=
λ± - 1
4λ±

ϕ1 (z)
-
z +

λ± + 1
4λ±

- -- ----- --
Φ1 (z) +ψ(z)     zÎD± (23)

where Φ′1 (z)= ϕ1 (z). Let z® t from the inner domain D+ and the outer domain D-, respectively, one get

f +
1 (t)= f + (t)-

λ+ - 1
8λ+

(
-
t)2θ(t)-

λ+ + 1
4λ+

t 
- -----
Θ(t) =

λ+ - 1
4λ+

ϕ+
1 (t)

-
t +

λ+ + 1
4λ+

- -- -----
Φ+

1 (t) +ψ+ (t)  tÎΓ (24)

and

f -
1 (t)= f - (t)-

λ- - 1
8λ-

(
-
t)2ϖ(t)-

λ- + 1
4λ-

t 
- -------
Ω(t) =

λ- - 1
4λ-

ϕ-
1 (t)

-
t +

λ- + 1
4λ-

- -- -----
Φ-

1 (t) +ψ- (t)  tÎΓ (25)

respectively.

By the second equation and the third equation in (19), we get
|

|

|
||
||

|

|
||
| 1 b1 (t)

1 b2 (t)
f + (t)=

|

|

|
||
||

|

|
||
| a1 (t) b1 (t)

a2 (t) b2 (t)
f - (t) tÎΓ (26)

and

ω(t)=
a2 (t)- a1 (t)
b1 (t)- b2 (t)

f - (t) (27)

Submitting f + (t) in (24) and f - (t) in (25) into (26), we obtain

ψ+ (t)=

|

|

|
||
||

|

|
||
| a1 (t) b1 (t)

a2 (t) b2 (t)
|

|

|
||
||

|

|
||
| 1 b1 (t)

1 b2 (t)

ψ- (t)+Ξ(t) tÎΓ (28)

where

Ξ(t)=

|

|

|
||
||

|

|
||
| a1 (t) b1 (t)

a2 (t) b2 (t)
|

|

|
||
||

|

|
||
| 1 b1 (t)

1 b2 (t)

{ }λ- - 1
4λ-

é
ë
êêêê ù

û
úúúúϕ-

1 (t)
-
t +

1
2

(
-
t)2ϖ(t) +

λ- + 1
4λ-

[ ]- -- -----
Φ-

1 (t) + t
- -------
Ω(t)

-{ }λ+ - 1
4λ+

é
ë
êêêê ù

û
úúúúϕ+

1 (t)
-
t +

1
2

(
-
t)2θ(t) +

λ+ + 1
4λ+

[ ]- -- -----
Φ+

1 (t) + t
- -----
Θ(t) (29)

From (23) and (22), obviously,
¶ψ(z)
¶  z̄

= 0 zÏΓ (30)

Now we consider the following RBVP. It is to find ψ(z) meeting the conditions (28) and (30), namely,

ì
í
î

ïï

ïïïï

ψ+ (t)=G* (t)ψ- (t)+Ξ(t) tÎΓ

¶ψ(z)
¶  z̄ 

= 0       zÏΓ
(31)
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where

G* (t)=
a1 (t)b2 (t)- a2 (t)b1 (t)

b2 (t)- b1 (t)
(32)

G* (t)ÎH(Γ) and G* (t)¹ 0. κ* =
1

2π
[arg G* (t)]

Γ
 is the index of RBVP (31). If ψ(¥) is to be finite, then we have the fol‐

lowing results from Refs.[7, 8].
Lemma 2  1) If κ* + 1 ≥ 0, then the solutions of RBVP (31) are

ψ(z)=X* (z) (SΓ

é

ë
êêêê
Ξ
X +

*

ù

û
úúúú ) (z)+Pκ*

(z)X* (z)  zÏΓ (33)

where Pκ*
(z) is arbitrary polynomial whose degree does not exceed κ*,

X* (z)=
ì

í

î

ïïïï

ïïïï

X +
* (z)= exp{ }( )SΓ[ ]log((t - z* )-κ*G* ) (z)        zÎD+   

X -
* (z)= (z - z* )-κ* exp{ }( )SΓ[ ]log((t - z* )-κ*G* ) (z)   z* ÎD+ zÎD-

(34)

2) If κ* + 1 < 0, then the RBVP (31) has a unique solution (33) (Pκ*
º 0) if and only if

∫
Γ

t jΞ(t)
X +

* (t)
 dt = 0 j = 0 1   -κ* - 2 (35)

3) ω(t) is written as following

ω(t)=
a2 (t)- a1 (t)
b1 (t)- b2 (t) {λ

- - 1
4λ-

é
ë
êêêêϕ-

1 (t)
-
t +

1
2

(
-
t)2ϖ(t)ù

û
úúúú +

λ- + 1
4λ-

[ - -- -----
Φ-

1 (t) + t 
- -------
Ω(t) ] +ψ- (t)} tÎΓ (36)

(26) can be changed to

f - (t)=
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t)
f + (t) (37)

Submitting f + (t) in (24) into (37), one get

f - (t)=
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t) {λ
+ - 1
4λ+

é
ë
êêêêϕ+

1 (t)
-
t +

1
2

(
-
t)2θ(t)ù

û
úúúú +

λ+ + 1
4λ+

[ - -- -----
Φ+

1 (t) + t 
- -----
Θ(t) ] +ψ+ (t)} (38)

where ψ+ (t) is from ψ(z) (let z® t from the inner domain D+) given in Lemma 2, namely,

ψ+ (t)=X +
* (t) (S +

Γ

é

ë
êêêê
Ξ
X +

*

ù

û
úúúú ) (t)+ ℏ ×Pκ*

(t)X +
* (t) (39)

so, we get

A(t)
1
λ+

+B(t)
1
λ-

=C(t) (40)

where

A(t)=
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t) {ϕ+
1 (t)

-
t +

1
2

(
-
t)2θ(t)-

- -- -----
Φ+

1 (t) - t 
- -----
Θ(t)}

    +
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t)
X +

* (t)

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
S +
Γ

é

ë

ê

ê
êêê
ê

ê

ê-ϕ+
1 τ̄ -

1
2

(
-
τ)2θ +

------
Φ+

1 + τ 
-
Θ

X +
*

ù

û

ú

ú
úúú
ú

ú

úö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
(t) (41)

B(t)=X +
* (t)

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
S +
Γ

é

ë

ê

ê
êêê
ê

ê

êϕ-
1

-
τ +

1
2

(
-
τ)2ϖ -

------
Φ-

1 - τ 
-
Ω

X +
*

ù

û

ú

ú
úúú
ú

ú

úö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
(t) (42)

C(t)=
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t) { }ϕ+
1 (t)

-
t +

1
2

(
-
t)2θ(t)+

- -- -----
Φ+

1 (t) + t 
- -----
Θ(t) + ℏ × 4Pκ*

(t)X +
* (t)

    +
b2 (t)- b1 (t)

a1 (t)b2 (t)- a2 (t)b1 (t)
X +

* (t)

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
S +
Γ

é

ë

ê

ê
êêê
ê

ê

ê ù

û

ú

ú
úúú
ú

ú

ú-ϕ+
1 τ̄ -

1
2

(
-
τ)2θ -

------
Φ+

1 - τ 
-
Θ

X +
*

(t)
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 +X +
* (t)

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
S +
Γ

é

ë

ê

ê
êêê
ê

ê

ê ù

û

ú

ú
úúú
ú

ú

úϕ-
1 τ̄ +

1
2

(
-
τ)2ϖ +

------
Φ-

1 + τ 
-
Ω

X +
*

(t)- 4f - (t) (43)

By the fourth equations in (19), we have the following system of equations

ì

í

î

ïïïï

ï
ïï
ï

A(t1 )
1
λ+

+B(t1 )
1
λ-

=C(t1 )

A(t2 )
1
λ+

+B(t2 )
1
λ-

=C(t2 )
(44)

Furthermore, we obtain

ì

í

î

ï
ïï
ï

ï
ïï
ï

λ+ (t)=
A(t1 )B(t2 )-B(t1 )A(t2 )
C(t1 )B(t2 )-B(t1 )C(t2 )

λ- (t)=
A(t1 )B(t2 )-B(t1 )A(t2 )
A(t1 )C(t2 )-C(t1 )A(t2 )

  (45)

Remark 1  Take ℏ = 1 while κ* + 1 ≥ 0. Take ℏ = 0 while κ* + 1 < 0.
Summarizing the above discussion, we have the following result.
Theorem 2  For the I-BVP of (λ, 1) bi-analytic functions, the solutions are given in Theorem 1, (36) and (45), 

namely

ϑ(t)=
β2 (t)- β1 (t)
γ1 (t)- γ2 (t)

ì
í
î

X + (t) (S +
Γ
é
ë
êêêê τ̄  (Gϖ - θ)

X +
ù
û
úúúú ) (t)+ ℏ ×Pκ - 1 (t)X + (t)+ t̄  ϖ(t)

ü
ý
þ
  tÎΓ

(ℏ = 1 while κ ≥ 0, ℏ = 0 while κ < 0.)

ω(t)=
a2 (t)- a1 (t)
b1 (t)- b2 (t) {λ

- - 1
4λ-

é
ë
êêêêϕ-

1 (t)
-
t +

1
2

(
-
t)2ϖ(t)ù

û
úúúú +

λ- + 1
4λ-

[ - -- -----
Φ-

1 (t) + t 
- -------
Ω(t) ] +ψ- (t)} tÎΓ

λ+ (t)=
A(t1 )B(t2 )-B(t1 )A(t2 )
C(t1 )B(t2 )-B(t1 )C(t2 )

,

λ- (t)=
A(t1 )B(t2 )-B(t1 )A(t2 )
A(t1 )C(t2 )-C(t1 )A(t2 )

,

where A(t), B(t), C(t) are given in (41), (42), (43), respectively. ϕ±
1 (t) is from ϕ1 (z) given in Lemma 1. ψ- (t) is from ψ(z) 

given in Lemma 2. For ϕ1 (z) and ψ(z), there exist four cases.

1) When κ ≥ 0 and κ* + 1 ≥ 0, ϕ1 (z) and ψ(z) are given in (10) and (33), respectively.

2) When κ ≥ 0 and κ* + 1 < 0, ϕ1 (z) is given in (10) and ψ(z) is given in (33)(Pκ*
º 0) if and only if the condition 

(35) is satisfied.
3) When κ < 0 and κ* + 1 ≥ 0, ϕ1 (z) is given in (12) if and only if the condition (13) is satisfied and ψ(z) is given 

in (33).
4) When κ < 0 and κ* + 1 < 0, ϕ1 (z) and ψ(z) are given in (12) and (33)(Pκ*

º 0) if and only if the conditions (13) and 

(35) are satisfied, respectively.
Remark 2  The upper conclusions may be applied to interface problems of the elastic system in plane, for in‐

stance, the welding problems and the quasi-static system of thermoelasticity, etc.Refs.[9-14].

References

[1] Gibert R P, Lin W. Function theoretic solution to problem of orthotropic elasticity[J]. J Elasticity, 1985, 15:143-154.

[2] Hua L G, Lin W, Wu Z Q. Second-Order Systems of Partial Differential Equations in the Plane[M]. Boston: Pitman Advanced Pub‐

lishing Program, 1985.

[3] Xu Y Z. Generalized (λ, k) bi-analytic functions and Riemann - Hilbert problem for a class of nonlinear second order elliptic systems

[J]. Complex Variables, Theory Appl, 1987, 8: 103 - 121.

[4] Xu Y Z . Riemann problem and inverse Riemann problem of (λ, 1) bi-analytic functions[J]. Complex Variables and Elliptic Equa‐

190



LIN Juan: A Class of Inverse Boundary Value Problems for (λ, 1) Bi-Analytic Functions

tions, 2007, 52: 853-864.

[5] Lin J, Xu Y Z, Li H. Decoupling of the quasi-static system of thermoelasticity with Riemann problems on the bounded simply-

connected domain[J]. Mathematical Methods in the Applied Sciences, 2018, 41(4): 1377-1387.

[6] Lin J, Xu Y Z. Riemann problem of (λ, k) bi-analytic functions[J]. Applicable Analysis, 2022, 101(11): 3804-3815.

[7] Lu J K. Boundary Value Problems for Analytic Functions[M]. Singapore: World Scientific, 1993.

[8] Muskhelishvili N I.  Singular Integral Equations[M]. 2nd Ed. Groningen: Noordhoff, 1968.

[9] Muskhelishvili N I. Some Basic Problems of Mathmetical Theory of Elasticity[M]. Groningen : Noordhoff,  1963.

[10] Lu J K. Complex Variable Methods in Plane Elasticity[M]. Singapore: World Scientific,  1995.

[11] Xu Y Z. Dirichlet problem for a class of second order nonlinear elliptic system[J]. Complex Variables, Theory and Appl , 1990, 15: 

241-258.

[12] Lin J, Dang P, Du J Y. Stability of welding problem perturbations[J]. Applicable Analysis, 2017, 96(7): 1188-1206.

[13] Lin J, Du J Y. Stability of displacement to the second fundamental problem in plane elasticity[J]. Acta Mathematica Scientia, 2014, 

34B(1): 125-140.

[14] Lin W, Zhao Y Q.  Bi-analytic functions and their applications in elasticity[J]. Partial Differential and Integral Equations, 1999, 2: 

233-247.

□

191


