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Abstract: Noether theorems for two fractional singular systems are discussed. One system involves mixed integer and Caputo fractional
derivatives, and the other involves only Caputo fractional derivatives. Firstly, the fractional primary constraints and the fractional con-
strained Hamilton equations are given. Then, the fractional Noether theorems of the two fractional singular systems are established, includ-
ing the fractional Noether identities, the fractional Noether quasi-identities and the fractional conserved quantities. Finally, the results ob-
tained are illustrated by two examples.
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0 Introduction

Given a LagrangianL:L(t’ q’q)ﬁ q= (%"Izs ) qn)v q: (('}1’('}2’ ) q.n)a we define
0L

' 04,04,

where the matrix [H [j] is called a Hessian matrix. If det[H :;/] #0, then the Lagrangian is called regular. If det[H [,.] =0,

’iajzlaza”'an (1)

then the Lagrangian is called singular. For example, the Parra’s Lagrangian'"

L=Em(Q?"‘qg"'lzqg"'zkll%Cosqs"'ZI%%Sm‘h)+V(‘]1e‘]2a‘]3) ()
the Deriglazov’s Lagrangian®
LZ‘I%‘K""I%Q‘%*'quLh‘LC}z*'V(‘Ilan)(V:‘ﬁ"'qg) 3)
the Cawley’s Lagrangian®
.. 1
LZ‘]IC]2+V(Q1aQ2=Q3)(V:2Q2qg) “)

and the Mittelstaedt’s Lagrangian™

Received date: 2022-06-11

Foundation item: Supported by the National Natural Science Foundation of China (12172241, 12002228, 12272248, 11972241) and Qing Lan Project of Colleges
and Universities in Jiangsu Province

Biography: SONG Chuanjing, female, Ph. D., Associate professor, research direction: mathematical methods of classical mechanics. E-mail: songchuanjingsun@126.
com

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



208 Wuhan University Journal of Natural Sciences 2023, Vol.28 No.3

I 1.
L=ﬁ(q1+q2)2+ﬂq%f/(ql,qz,qs) )

where /, m and u are constants and V represents potential energy, they are all singular. In fact, singular systems have a
close relationship with the condensed matter theories, the gauge field theories, the quantum field theories of anyons,
the particle physics and so forth®”. Regarding the singular systems, Dirac™ was the first one to study their canonical
equation. Then, singular systems were also investigated in several classical mechanics textbooks™”, including both the
canonical equation and the Noether theorem.

The Noether theorem was introduced by the German female mathematician Noether®™. The Noether symmetry
method is one of the methods used to solve the differential equations of motion. There are many results on the Noether
theorem """, Fractional calculus has been popular recently. The fractional derivatives that are used most often are the
Riemann-Liouville, Caputo and Riesz fractional derivatives. In 2007, Frederico and Torres™ initiated the study of the
fractional Noether theorem. Based on a bilinear operator D (D (1) =0), they defined the fractional conserved quantity.
Using this definition, fractional Noether theorems and their applications were discussed for several mechanics systems,
such as the Lagrangian system!*'”, the Birkhoffian system*', the Hamiltonian system ™, and the multidimensional
Lagrangian system ', Two years later, with the idea of the definition of the classical conserved quantity, Atanackovi¢
et al™ introduced another definition of the fractional conserved quantity (dZ/d¢=0). They held the point that this defini-

tion is more reasonable than the former definition. Then, fractional Noether theorems of the different mechanics sys-

2325 26,27 28,29]

tems, such as the Birkhoffian system ™), the Hamiltonian system ™" and the nonconservative system ! were ob-
tained.

At present, two fractional singular systems, one concerning the mixed integer and Caputo fractional derivatives
and the other concerning the Caputo fractional derivatives, have been established, including the fractional primary con-
straints and the fractional constrained Hamilton equations®”. The next task is to find the solutions to them. Therefore,

in this paper, we intend to make use of the Noether symmetry method to complete this study.

1 Preliminaries

We give the definitions of the Riemann-Liouville and the Caputo fractional derivatives as follows. Given a func-
tion f (¢) and two constants a and S that satisfy n—1<a, f<n, where n is an integer, the Riemann-Liouville fractional

derivative and the Caputo fractional derivative have the forms ™"

O P NI GL: ©
FDLF (1) - r(nl_ﬁ)( I KGRI ™
O e PG ®
DLf (1) = F(;_ﬁ)ff(cf—r)”‘( - (ir)nf(é)dé‘ ©)

here, a and S represent the orders of the fractional derivatives. When a, f — 1, the fractional derivative operators reduce
to the classical integer derivative operators, namely,

i RL
dt) t

D =cpi=—Y (10)

/D)= Dl= <

Throughout this paper, we assume that 0 <a, f < 1.
For the Lagrangian L, =LM(¢» QsG> t,CD?qM )a where ¢q,= (QMl s G )a qu= (q.Ml G G )a t?quM=
(,ICqu s DiGuns -+ EDE G, ), q,; are the generalized coordinates, ¢,,= dg,,/dt are the generalized velocities, , D{q,,

are the Caputo derivatives of g,,, ¢,,(-) € (Cz([tl,tz] ;R),j: L2, n Ly, -, )€ Cz([tl,tz] XR”XR”XR”;R),
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and 0 <a < 1, we define the corresponding generalized momenta and the Hamiltonian as

L9 D) LG G D)
B 04 v P= 0 t‘CD?QMi ’

Mi

Hy=pyigui+Pin- I,CD?qﬂ/Ii _LM(t? 9or- 9o t,CDtaqM)a i=1,2,--n (11)
Specifically, we assume that “D;g,, can always be described by a function that depends on the elements of ¢, g,
q.Mj andpf:/lj’ namely: xFD?QMi = hMi(l? quv q'MjapX/[j)a ivj: 17 27 s, 1
In this case, we define the elements of the Hessian matrix as
Lt G- DEG)

.= — j=1,2,, 12
Mij 6in aqu > l ] n ( )
if rank [H Mij] =R, 0<R <n, then the fractional primary constraints with the mixed derivatives have the forms™”
¢Ma(t’ qM/"pM/’pK{/) =0 (13)

where a=1,2,--,n—R, 0<R<n, j=1,2,---,n. The fractional constrained Hamilton equations with the mixed deriva-

tives have the forms P”

. oH, 0 - 0H,, ¢ oH ¢
= +A xa’ - A +rRLD;1 aA_l Mzz,ICD;z = M +)~ . Ma
QMI apM[ Ma apMi er aqM[ 2pMz Ma aqM[ | qM 6pff4, M apl,(l1

where HM:H’VI(t’ quvap;J)a qu= (QMUQMZv "’qun)a Pu= (le’psz "'aPMn)a 12 (Pimpfm "’717:4")» /lMa(t) are the La-
grange multipliers, a=1,2,---,n—R,0<R<n,and i=1,2,---,n.

(14)

However, when the Lagrange multipliers cannot be solved, Eq. (14) is invalid, and the fractional constrained Ham-
ilton equations with the mixed derivatives have another forms, which have been investigated in Ref. [30]. In this paper,
we discuss only the case in which the Lagrange multipliers can be solved.

For the Lagrangian Le=Lc(t.qc. SDiqc), where qe=(geqenqa ) CDiqe=(Diqer. CDiq e+ D, ). 4
are the generalized coordinates, “D{q,, are the Caputo derivatives of ¢, q( - ) € (CZ([tl,tz} ;R), j=1,2,-n,
L+, )€ C2([tl, ] xR"xR"; R), and 0 <a< 1, we define the corresponding generalized momenta and the Hamil-
tonian as
OL(t.9c.Diqc

9, Diqq

Pa= )aHC:pc:" ,]CD;‘qC,.—LC(t,qc,tchqu),i:l,Z,---,n (15)

We assume that the Lagrangian LC(I, qc,,foqc) is singular, i.e., only R elements of Djq, i=1,2,---,n, can be
solved, where 0<R<n.
In this case, the fractional primary constraints with the Caputo fractional derivatives have the forms ™"
belt.gpe) =0,a=1,2,-,n—R,0<R<n,j=12,n (16)

The fractional constrained Hamilton equations with the Caputo fractional derivatives have the forms ™"
,c 1qe= OH +Ac 6¢Ca: rRLD? = OH +he 6¢Ca (17)
' P Pe ’ 09 09
where HC:HC(tv qCvpC)’ qc= (qcn dcas Y cn ), DPc= (pmapcz’ s Pen )5 Ac, are the Lagrange multipliers, a=1,2, ---,n—R,
O0<R<m,andi=1,2,---, n.

Similarly, when the Lagrange multipliers cannot be solved, Eq. (17) is invalid, and the fractional constrained Ham-

ilton equations with the Caputo fractional derivatives have another forms, which have been investigated in Ref. [30]. In
this paper, we discuss only the case in which the Lagrange multipliers can be solved.

2 Fractional Noether Theorem with Mixed Derivatives

Noether symmetry with the mixed derivatives is determined by the Noether symmetric transformations, under
which the fractional Hamilton action with the mixed derivatives
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I,= f:ZLM(ta 9o G > i,CD;ZqM) dr= Jtz(pMi(’}Mi +Pi t‘CD;lin_HM( L quPmPZd))dt (18)
remains invariant. Therefore, if we want to study the Noether theorem, we first need to give the infinitesimal transfor-
mations with the mixed derivatives. Then, we discuss the change of the fractional Hamilton action (Eq. (18)) under the
given infinitesimal transformations. Finally, the condition which is called the fractional Noether identity with the
mixed derivatives is obtained.

Here, the infinitesimal transformations have the forms
t=t+At, qu(?) :in(t) +Ain’ﬁMi(?) :pMi(t) +ApMi’ﬁX/li(?) :p(f/ﬁ(t) +Apiy (19)
whose expansions are

(=140, G0 6@ Pas ) +0(0ur), Gual?) = @ua(8) + 00 Ci(1: Qoo Pars D) +0(6),

13/\41(?) ZPM,(I‘) + eM”Mi(t’ qM’pM’pg'l) + O(QM)v 13{174:(?) =PK4,-(t) + 91\4’7;@107 quvapgd) +o (QM) (20)
where &, i 1, and 75, are called the infinitesimal generators with the mixed derivatives, 6,, is a small parameter,
andi=1,2,---, n.

We denote the change of the fractional Hamilton action as Al,, namely, Al,,=1,,—1,. If we consider only the lin-
ear part of 4,,, then we have

Al = j;(ﬁMiqLMiJ’_ﬁK/ﬁ?,CD?in_HM(tﬂ quﬁMvﬁﬁl))d?_f2(pMiq.Mi"'pi}mch?QMi_Hw(tv quvap;l))dt

f
jtz
t

1

. . d 1 -
|:(pMi+ApMi)(in+Ain) + (P?m‘FAPuMi) : (thD;IQMiJ'_ t,CD?é‘QMi‘*'AtEfD?in_m((t_tl) in(t])Atl))

d f .
_HM(Z+AI’ QM_/"'AqlvaM/"‘Apmst{/"'Ang)} (1 + aAt)dt_ J’t (pM[in+pj{/[[tch7qM[_HM(tv qM’pM’p;l))dt

f . . . . d . a,- —a .
= j, |:pMiQMi+PM1AQMi+ApMiin+paMiz,CD7QMi+p?xm,ch5q,wi+pK4iAt(hz,cD;lin"'ApaMn,CD?in_ ﬁ(t_tl) in(tl)Atl
OH oH OH OH . d
~H,(t,quProPly) — =LA — —LAG i — =L AD i — —L AP+ PriGon+ P ED Gy — H o )~ At |dt
M( qMPMPM) ot O M Do Mi apt. \D i (pMQM Puir, Vi qu M) dt :|
_J/L(pMiin—’—paMiz,CDjlqM[_HM(t’ quPM’Pﬁl))dt
- : . L 4o, OoH Obvia o
:ertl'ipMifMi +p?VI[t,CDf(§M[_qM[éMO) + (prdtz,CDz qui— atM)fMo"'j«Ma aﬁ;i M i
“ . . . . OH 0P vy
_ﬁ(t_tl) (’IMi(tl)é:MO(tl) + (pMitchthi_HM)é{MO_ 5(1].: St A aﬁj‘; 7’/Mi:|dt (21)
where
_ d 1 —a.
??D?in= t,CDtainJ’- t?D?6QMi+Atat(‘:D?QMi_ m(t_tl) in(tl)Atla

QrMo(tl ) :EM()(tH qM(tl )aPM(tl )apﬁq(ﬁ ) )a Aq.Mi: 01M<é.:1l/li_q.MiéM0)’

That fractional Hamilton action remains invariant implies A/,,= 0, therefore, from Eq. (21), we have

: . . d . OH OoH O¢
) ) a.(Da _ ) « = CDa _ M _ M ] Ma a
P + P, f(étM, thfMO) + (th dz " 1 mi ot )fMo O Svit A ap’. Mi
+2Maa¢Ma M= pZﬂ (t_tl)iaq.Mi(tl)é:MO(tl) + (px/litCD?QMi_Hw)éM(]:()ai=1925"'9n (22)
P i I'il-a) : ‘ :

Equation (22) is called the fractional Noether identity with the mixed derivatives for the fractional constrained
Hamiltonian system (Eq. (14)). The infinitesimal transformations in this case are called the Noether symmetric transfor-
mations, which determine the Noether symmetry.

In this paper, we adopt Atanackovic¢’s definition of the fractional conserved quantity. We review it first.

Definition 1 A quantity C is called a fractional conserved quantity if and only if dC/dz =0 holds.

Theorem 1 If the infinitesimal generators &,,, &,y 77, and 7§, satisfy the fractional Noether identity (Eq. (22)),
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then a fractional conserved quantity with the mixed derivatives exists for the fractional constrained Hamiltonian system
(Eq. (14)), as follows:

Cy= (pr CDaQMi_HM>fM0+ fi I:p?\‘lit,CD?(éMi_C}MiéMO) - (fM{ QszMo) DapM,]d

Do — J'zll"(ll)iﬁfoc)(r_ t)) "qult,) &l ) dz=const (23)
Proof It is obtained from Egs. (14), (23) that
d . d .. oH oH,, OH,, . oH,, Y Cra :
dl (ertCD GuitPyi; dr " LD cqmi— atM Do Dui— aq}Z Mi o, D | S+ (pMit,CDr in_HM)éMO

+pwuLD (éMl MifMO) - (fM[_q'M[érMO)IRLDZPX/I[-FPM[&M[_ %(l‘_tl)iaq‘Mi(l‘l)fMo(tl) +pMiéMi

rl-a)
aH OH OH OH
it zé i .aizCD;l Mi L p i g i - 7:)6
6q Puiuit | Ph G u Do P 3G 9 u o, P i |Smo

. a a a a a
_(fMi_iné(MO)RLDa i — A Pu Ny — A Pu

Ma Ma 77’\41
a (XM, a Mz

. OH 0P 1. . 0 OB 1y .
=\ Put aq: - /RLDZpaMi—i_iMa aﬁi‘; )(éMi_qM[é:MO) — v aﬁé‘; M= Prta aqqs:; (é:M[_CIMifMO)

. 0H, 0H, o¢ .« [oH of
e . Iy Ma M Ma
PM, Diq,,—pi ﬁpﬂ, apM pM,)§M0 Ma apMi ’7Mi+pMié:MO( apMi +Asa apMi )

_ a¢Ma [ 6¢le - a a¢Ma _ 6¢Mzz . . 6¢Mu
=—wa s, M= P Do N+ PG A s, vt 0G. (fwz iné:MO) +DuiCro A Do
0 ) 0 .
:_lMa aigj (”(;li_leéMO) Ma a¢: (77M, leiMo) Ma a¢}:: (gMi_inéMo) =
where
. 0P 0P OPra s o
66 1( 8. 01g-P-Piy) = aqz,- O+ api,- Purt ap?’; %ia

8 : o : o ;
= aﬁ:: (AqM[_inAt) + a?;j: (ApMi _prAt) + aﬁg: (ApaMf_paM[At)

0 . 0
|:a¢;Ma (fMl inéMO) + aﬁt: (77Mz pM:éMO) aﬁgj

(77:/1:' _paMffMO)i' =

The proof is completed.
Furthermore, if the fractional Hamilton action (Eq. (18)) does not remain invariant under the infinitesimal transfor-

_ 2 d
mations with the mixed derivatives, for instance, if Al,,=1,,—1,,=— f E(
t

GM(t, q > pf@,»pM,) is called a gauge function with the mixed derivatives, then from Eq. (21), we obtain

AGM)dt, where AG,=6,G,, and G,,=

1

: . : o d e oH O o
pMiQZMi+pf\l4n,('D?(€rMi_‘IMi€zMo) + pMiat,th 9ui— 6zM )fMO oq Hy Chit A 6¢IZ M i
Mi Mi

0P Pl

i OPui fhaa r(1-

Equation (24) is called the fractional Noether-quasi identity with the mixed derivatives for the fractional con-

strained Hamiltonian system (Eq. (14)). The infinitesimal transformations in this case are called the Noether-quasi sym-

metric transformations with the mixed derivatives, which determine the Noether-quasi symmetry with the mixed de-
rivatives. Then, a fractional conserved quantity can also be obtained from the Noether-quasi symmetry.

Theorem 2  If the infinitesimal generators &, &ui 7 45 @nd a gauge function G, satisfy the fractional

Noether-quasi identity (Eq. (24)), then a fractional conserved quantity with the mixed derivatives exists for the frac-

tional constrained Hamiltonian system (Eq. (14))

a)(t—tl)"‘qm(zl)fm(rl) + (Pl DI qu—Hy ) o+ Gy =0 (24)
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Cou= (puMithD?in_HM)fM()Jr f[ I:paMit‘CD?(éMi_q.MigM()) - (ézMi_q.MifM())fRLszuMi]dT

t

+pMiéMi_ fﬁl_,(lfilﬁa)(f_ t )ﬂq.Mi(tl )é:M()(tl )d7+ G,,=const (25)

Proof The intended result can be obtained from Eqgs. (14), (24) and (25).

Remark 1  The Noether-quasi symmetry with the mixed derivatives is more general than the Noether symmetry
with the mixed derivatives. In fact, by setting G,,=0, Theorem 2 reduces to Theorem 1.

An example is presented to illustrate the results and methods above.

Example 1 For the Lagrangian

. . 1 . 2 . 2
L=~ 9w+ Gon+qon+t 5|:(:,CD;X‘IM1) + (:foqlwz) i| (26)

find its conserved quantity.

For this Lagrangian L, there exist two fractional primary constraints

=P =40=0,0,,=P1o+q1n =0 (27)

In addition, all the Lagrange multipliers can be obtained ™"

1 1
/IM] =4 5 IRLDZPK/IZ’ /1M2 =4 + E /RLDZPX’“ (28)

The fractional constrained Hamilton equations can also be established P

1 . 1 . 1
A ="9w— ErRLDZpX/m 9w=49wm+ EzRLDipaMhle =qut ErRLDZpUMu

. 1
Pm=q,t B3 tRLDZme t,CD?qu =DP> tch?qMZ =P (29)
The fractional Noether-quasi identity (Eq. (24)) gives

Evo+antan + At

. . d d
Pinlan +Pin z(,jD;z(ng _qiwé:Mo) + (p?/“dtf i +pﬂzafl)?q‘m

+2qM1§Ml +2qu€ZMz_ %(t_tl )_aq.Ml(t] )QZM()(II ) +PM2£M2_ pim(t_tl )_aq.Mz(tl )éM(J(tl)
r(l-a) rl-a)
+pX/I2t‘CD;l(§M2_q.M25MO)+(pf\{/llt‘cD;lqu +pf:42t?D?QMZ_HM)é}MO+GM:0 (30)
Through computation, we can verify that
Sw="1,¢un=%n=0,1=1,=0,7n5,=n3,=0,G,=0 (31)

is a solution to Eq. (30). Finally, Theorem 2 gives the fractional conserved quantity

! d d b a a h a a 1 a 2 1 a 2
Con= f[ (p;\l/llal,CD(:qu +p;|1/lza :lCD(:qu —qm TRLszle _qMZzRLthpMZ)dT_ |:2(le) + E(I)MZ) +q?m +Q§/12:' =const (32)

3 Fractional Noether Theorem with only Caputo Fractional Derivatives

Noether symmetry with the Caputo fractional derivative is determined by the Noether symmetric transformations
under which the fractional Hamilton action with the Caputo fractional derivatives
Ic.= J;Lc(ta qCat,CD;qu)dt: f[r(po" t,CD;qui_HC(tv qC’pC))dt (33)
remains invariant. Similarly, if we want to study the Noether theorem, we first need to give the infinitesimal transfor-
mations with the Caputo fractional derivative; then, we discuss the change of the fractional Hamilton action (Eq. (33))
under the given infinitesimal transformations. Finally, the condition called the fractional Noether identity with the Ca-
puto fractional derivatives is obtained.
Here, the infinitesimal transformations have the forms
t=t+At, qcl(?) =q(t) +Aqe, pa(;) =pa(t) +Apg, (34)

whose expansions are



SONG Chuanjing et al: Noether Theorem for Fractional Singular --- 213

t=t+ chco(lv qopc) +o (ec)a QCI(;) = qg(t) + 9050(@ qCvpC) + 0(66')5 ﬁu(?) =pCi(t) + ecﬂa‘(tv qCvpC) + 0(06') (35)
where &, &, and 7, are called the infinitesimal generators with the Caputo fractional derivatives, 6. is a small param-
eter,and i=1,2, ---,n.

We denote the change of the fractional Hamilton action (Eq. (33)) as Al,; namely, Al.=1.—I.. If we consider only
the linear part of 8., then we have

Alc.= J:(ﬁC[??D?in_HC(t’ ‘?Caﬁc))d;_ sz(pa ) t,CD:lqg' _Hc(t’ qC’PC))dt

(t_tl)aC}Ci(tl)All)

/1 d
= AAPG) | EDiga+ DiOG e+ At~ CDiqo— —
Jl][(p(: pr) (zl th1 t t qu dttl thl F(l—a)

1+ dAf)dt— f:z(pc,-' fD:’in—HC(t,qC,pC))df

—HC(HALch+chnpo+Apcj)}' dr

b y y d i —-a .
= f{ l:pCiz,cD;l‘Ja+pCiz,CD75(IC1+paAtdtz,CD;ZQCi"'ApcnchfQCf_Hc(taqCaPC) - ﬁ(l‘_tl) qC[(tl)Atl

OH OH e d OH 2 .
- atc At— ach, ApC[+ (pCiz,chqC[_Hc)aAt_ aq: Ain:|dt— Jll(pc[- t,CthCi_HC(tanapc))dt
- . d OH, OH
:aCfrl[pCit?D?(é:Ci_iné:CO) + (pcicittch?in_ atM)gco_ 87:,-60
" -a . . 3 a "
- F(llyia) (1=1) "galt,)Salt)) + (pCu,CD?‘Ia_Hc)fco"'/ICa (;DS(; 770:'dt (36)

where

_ . d .
?ICD?in: z‘CD?qg"’ t?D?5q0i+At7 CD?in_ (t_tl) in(tl)Atl’ fco(tl) :fco(tlvqc(tl)vpc(tl))-

dr" I(l-a)

That fractional Hamilton action (Eq. (33)) remains invariant implies A/ .= 0; therefore, from Eq. (36), we have

. d OH OH . od..
pCirFD?(QYCi_infCO) + (pCidtt,CD:zqt‘,i_ al‘c )fco_ aq:[ Catie aﬁz Nei
_ﬂ(t_tl )_aq.o'(tl )@tco(tl) + (pszlCD?Q(:i_Hc)éco:Oa i=12,-n (37)

r(l-a)

Equation (37) is called the fractional Noether identity with the Caputo fractional derivatives for the fractional con-
strained Hamiltonian system (Eq. (17)). The infinitesimal transformations in this case are called the Noether symmetric
transformations with the Caputo fractional derivatives, which determine the Noether symmetry.

Theorem 3  If the infinitesimal generators &, &p, 7 and 7¢, satisfy the fractional Noether identity (Eq. (37)),
then a fractional conserved quantity with the Caputo fractional derivatives exists for the fractional constrained Hamilto-

nian system (Eq. (17)) as follows:

Ce= (pCit',:D;qui_HC)fCO-i_ fj [pCit?D?(é:Ci_q'Cié:CO) - (é:Ci_C}Cifco)rRLszCi}dT

_I;r(fia)(T—h)_aq'c,-(t])fm(t])dtzconst (38)

Proof It is obtained from Egs. (17), (37) and (38) that
OH. OH, OH,

_ L C - .
t aqa qu apa pr

d . d .
ECC: (pCit?D;tQCi+pCi(1tt$quCi_ P

Caot (pcn,CDraQCi_Hc)éco

+pcn,CD;l(éta_ C}Cifco) - (éto'_ C}Cifco)zRLszo_ L(t_ tl )_ani(tl )é:CO(tl)

r(l-a)
oH. . oH, . ode,

a : a a
e G 04 qa‘)fco_ (éCi_inéCO)IRLthpC[_A’Ca Mo Nei

H., L.
= aqcci Cot (pC[z,CD;ICIa_
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G~ rp e B (i) 20 B n =2 B i B i T
S N Dot S o B (Eo aba A S (o Pada) ~ha b (Eamdata) =0,
where
5¢Cu(t q(j,pcj) azi”éqcl gﬁ&@?c, gf]:j(AQCi_%AI)JFZﬁZ(APcFPGAZ)
Bﬁf“(so dafa) + af;j(na pc,fco)} :

The proof is completed.

Let Alczl_c—lcz—f:%(AGc)dt, where AG.=0.G. and Gchc(t,qC,,pc,) is a gauge function with the Caputo
fractional derivatives; then, from Eq. (37), we obtain
. d 0d¢,
pC‘ir?D?(QZC'i_ingCO) + (pCit,CD:qui )(fco it P Nei
dt e
_L([_tl)iaq'a([l)gm(tl) + (pCir?D?qc'i_HC)Ec'0+ GCZO, i= 17 27 Y (39)

rl-a)

Equation (39) is called the fractional Noether-quasi identity with the Caputo fractional derivatives for the frac-
tional constrained Hamiltonian system (Eq. (17)). The infinitesimal transformations in this case are called Noether-
quasi symmetric transformations, which determine the Noether-quasi symmetry. Then, a fractional conserved quantity
with the Caputo fractional derivatives can be obtained.

Theorem 4 If the infinitesimal generators &, &q, 7, and a gauge function G, satisfy the fractional Noether-
quasi identity (Eq. (39)), then a fractional conserved quantity with the Caputo fractional derivatives exists for the frac-
tional constrained Hamiltonian system (Eq. (17))

Coc= (pcn,CD?in_Hc)érco"' J‘t[pcn,CD{:(éra_q.afco)_ (on Qthco) Dy po]d

_flﬁ(f—tl)ﬂq‘a(zl)éco(tl)dt+ G.=const. (40)

Proof The intended result can be obtained from Eqgs. (17), (39) and (40).

Remark 2 Based on the Caputo fractional derivatives, the Noether-quasi symmetry is more general than the No-
ether symmetry. In fact, by setting G.=0, Theorem 4 reduces to Theorem 3.

Remark 3 Based on the Caputo fractional derivatives, if let o — 1, then the fractional primary constraint (Eq.
(16)), the fractional constrained Hamilton equation (Eq. (17)) and the Noether theorem (Theorem 3) reduce to the cor-
responding classical integer-order cases, which are consistent with the results in Ref. [6].

An example is presented to illustrate the results and methods above.

Example 2 For the Lagrangian

Le=qc- t(,:D;IQCI —qca- t?D?QCz+ (qu )2+ (qcz)2 (41)
find its conserved quantity.

For this Lagrangian L, there exist two fractional primary constraints °*:

$e=Pc—902=0,00=putqa=0. (42)
The fractional constrained Hamilton equations can also be established P
RLD”PCI ==2¢q+ Da‘]cp RLDapcz ==2¢c— !?D!an] (43)

The fractional Noether-quasi identity (Eq. (39)) gives

pcu,CD:l(fa _C}afco) +pczz,CD7(fcz_ ‘?czfco) +2qcat2qu8a+Aanatialat

d d
Pca—, dr llD CIC1+p(2dt ‘D Q(z)fco

_ﬁ(l—ll)*a(}m(h)fco( )_ fc_z )(l—ll)*‘lqcz(tl)é‘co(tl) (pClt.D qu+pC2thC2 C)é:co"'Gc:O (44)
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Through computation, we can verify that

Co="1,¢c=¢0=0,76=1=0,G.=0 (45)
is a solution to Eq. (44). Finally, Theorem 4 gives the fractional conserved quantity
! d d
Coe= jt (pCl dr t?quCl +pc2$ t‘CD?qCZ ) dr— [pc‘l t,CD;qul +th?D?qL2 + q?)l + qzcz] (46)

4 Conclusion
Noether theorems for the singular systems with the mixed derivatives and with only Caputo fractional derivatives

are studied for the first time. Theorems 1-4 are all new work. Besides, the constrained Hamiltonian system on time
scales is another topic deserved to be done.
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