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Abstract: In this paper, a class of slow reaction-diffusion equations with nonlocal source and inner absorption terms are studied. By using
the technique of improved differential inequality, the lower bounds of blow up time for the system under either homogeneous Dirichlet or
nonhomogeneous Neumann boundary conditions are obtained.
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or nonhomogeneous Neumann boundary condition
ou™ L OV
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o -4 e =Y , (n1)edQx(0,t7)  (5)

0 Introduction

In this paper, we consider the lower bound of blow

up time for a class of slow reaction diffusion equations
with nonlocal source and inner absorption terms

u=u A [ vide—ka), (e @xO.1) (1)
Q

v=vE @ [ wde- k), (e Qx0.0) ()
Q

u(x,0)=u,(x), v(x,0)=v,(x), x € Q 3)

where A is a Laplace operator, Qc R’ is a bounded re-
gion with smooth boundary 0Q, 0<h, <1, m,>1, r, s,
hi+s,>1, h+m,;>1,i=1,2, v is the unit external normal
vector in the external normal direction of 0€.

Equations (1)-(5) can be used to describe slow dif-
fusion phenomena in physics and chemistry, such as
combustion of two mixtures in heat conduction process,

Under either homogeneous Dirichlet boundary con- reaction changes of two reactants in chemical reaction,
dition and so on. u,v represent temperature of two media and

u(x, )=v(x,0)=0, (x,1)e 0Qx(0,1") “) concentration of reactants respectively etc.
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There are many research achievements on the lower
bound of blow up time of the following single reaction-
diffusion equation with absorption term,

u,=Au"+ a(x)u’ f u!dx — ku’ (6)
Q

When m=1,a(x)=1,p=0, Song" studied the lower
bound of blow up time for solution of equation (6) with
homogeneous Dirichlet and homogeneous Neumann
boundary conditions; Liu® studied the lower bound of
blow up time for the solution of equation (6) with nonlin-
ear boundary conditions; Tang et al*! has extended the
results in equation (6) to higher dimensional cases, see
Refs. [4-7] for other relevant achievements.

Relatively speaking, there are few studies on the
lower bound of blow up time for the solution of cross
coupled reaction diffusion equations with nonlocal
sources and absorption terms. Ouyang ef al™ studied
global existence and blow up of solutions for the follow-
ing generalized nonlocal porous media equations with
time dependent coefficients and absorption terms

u,=Au'+k, (Oh, (w,v)—f (v)
v, =M +k, (Oh, (w,v)—f, (V)

Ouyang et al” studied the global existence of the
solution and the lower bound of blow up time of the so-
lution for the following equations

u=~Au+k, (t)u”f vidx —u*
Q

v=Av+k, (t)v"f w'dx—V"
Q

when blow up occurs. Other similar equations or equa-
tion set are shown in Refs. [10-16].

Inspired by Refs. [8-16], this paper studies the
lower bound of blow up time for solutions of slow
reaction-diffusion equations (1)-(5) with different bound-
ary conditions when m>1,n> 1, and generalizes the ex-
isting results. The results can better describe the reaction
diffusion problems with the cross influence of two vari-
ables in physical, chemical and hydrodynamic problems.

1 Some Important Inequalities

This part introduces some important inequalities
used in this paper.

Lemma 1" (Young inequality) Let 1<p,g<oo,
1 1 a’

—+ — =1,thenab<
p q

bq
+—, (a,b>0).
7 ( )

Lemma 27 (Membrane inequality)
A wides | |[Vw[ dx
Jwraxs ] [Vl

where A is the first eigenvalue of Aw=Aw=0, w>0,
(x € Q), w=0(x € 0Q).

Lemma 3" Let Q be the bounded star region in
R", and N>2, then

f u”dsSﬁf u"dx + Ldf u"!
w0 poa poda

where p,= rralén (x.n)>0,d= max |x|.

Vu|dx

Lemma 4" (Special Young inequality) Let A be an
arbitrary constant, and 0 <x < 1, then

Yy

b 1-x

X

ll*){

@b =(ay () <ixa+( -2 ThTT, (a,b>0).

2 Lower Bound of Blow up Time
under Homogeneous Dirichlet
Boundary Conditions

The lower bound of blow up time for solutions of
equations under homogeneous Dirichlet boundary condi-
tions is discussed below.

Theorem 1  Define an auxiliary functions

H= [ v s )

for I>max {l,s,,h;+m,—1,2h,+3s,—2,i=1,2}. If (u,v) is
a non-negative classical solution of equations (1)-(4) and
blow up occurs in the sense of measure H(f) at time ¢,
then the lower bound of ¢” is

£ f‘” d¢
n0 J, O+ (S, +J5)E

where H(O):f (uy'+v,")dx. The normal number
Q

Ji,J,,J5, ¢, are given in the following proof.
Proof

H(z):lfguf-lu,dx+zfnvf-l v dx
= wrtaurdent [ ut| vndds
_lklf e dx+lf YR Ay d
Q Q

st vt [ et v

m,
L+h -1 Au

Oov
4] fﬂunh,fl fﬂvs, dxdx—lkljiﬂuhh'”“l dx

=—lf u”""lAu’"‘dx+lf u
Q oQ

—lf v”h?"Vv’”de+lf prot AV 4
Q o0 o

st vt [ et v
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Au™ W+h,-1) W=D
=—mll(1+h1 _ l)f u/+h,+m,—3|vu‘2dx+lf u1+h,—1 7(1.8‘ j u I-s, dx — j u'u I=s, dx
Q 0 ov Q Q
3
[ [ v dedeth, [ o de VMo g\
o o o 4 I=s, L
o < (j u“"dx) [ u ; | 2
a4y 1) [ v Pl [ vt B g . "
Q oQ ov
n P From the second term on the right side of inequality sign
[ v [ e dede—t, [ v dr e e on e
Q Q Q of (12) and Holder’s inequality, we can get
2 3
—_ 4mll(l+hl — 1) vuhhﬁ;mil ‘ dx-i-lj ul+hl—l Aunn dS 2[%—(”}1&”1‘—1)] 4
(k+h,+m,— 1) 0 v f " ; dx
Q
+lf ul+h,—1f vs, dxdx_lklf u1+hl+r,—ldx
I9) Q Q l+2(/1,+.¢,—])7h,+m,—l
5 -5, Ji %7 2(/1,]+s,—]) . /1,+r7,—l
I+hy+m,—1 ny 2 —5
_Amall k=D g g [ e A g <([ wal L ()
(+hy,+m,—1) o0 ov Q
P - From the first term on the right side of inequality sign of
a [ vt dede ik, [ veRe de ®) e on e
o o o (12) and Holder’s inequality, we know

When the equations (1) - (4) take homogeneous
Dirichlet boundary conditions, equation (8) becomes

I‘[l'(l‘):alfQ Vul 2dx+lf£2u/+h\—ldxfgv.sldx
_lklf u1+hl+rl—1dx (9)
Q
Hz’(t):ﬁlfg va|2dx+lfgvl+hz—lde‘quzdx

_lsz vl+h2+r2—1dx (10)
Q
here
4m l(l+h,—1) 4m,l(I+h,—1)
alz_—zvﬂlz_—27
(I+h,+m -1 (+h,+m,—1)
A+ +m =1 I+ hy+my—1
a= > ,b= > .

First, Holder’s inequality is used to estimate the sec-

ond term of H/(¢) in equation (9), and we obtain
Ly,

J ul+h,—1 dXS(J (ul+h,—1 )l—s, dx)i
Q Q

sis
rQ,

I-s,
s

[ vaes(] @yaniial

ju”h"ldxf vidx

Q Q
I=s, 51
1

< ( [ @ )l‘l“'*dx) ( [ o )“'l'dx)1|Q|.

According to Lemma 1 and equation aboves, we get
I(l+h,~1)

fﬂuuh,fldxfgvsldxs |Q|(IZ_SI)JQM I—s, dx

1Qls, i
H B fgvdx (11)

Second, Holder’s inequality is used to estimate the
first term on the right side of inequality (11), and it is ob-
tained that

1 1
2 2
4a — a,,3a < 2a a\6 14
fﬂu dx fﬂuu dx (fnu dx) (fﬂ(u)dx) (14)
Using the following Sobolev inequality™”

) el ore

1 1 2
where y,=6,7,=2,C=433 27 3, and the second term of

inequality (14) can be simplified to
! :
(j (u")"’dx) <c3(f |Vu"\2dx) (15)
Q Q
By synthesizing inequalities (14) and (15), we have

(L”Md’c)isci(fguz”dx)é(fglw”zdx)g (16)

Based on lemma 2, inequality (16) becomes

(jgu““dx (17)

Combining inequalities (13) and (17), inequality
(12) becomes

1
I(+h,-1) > d,

fQu = dxsaz(fQWu”Fdx)zUQu’dx)l (18)

% 3 1 1
<C ¥ (|VuPdx)?

where
301 Ll 2nts=D) hemel
a=CRQp 2 e T
—i l_z(hl'*'sl_l)_hl-l-ml—]
dl_2[2 l_Sl l ]

Secondly, for #,+y,>1, the order-preserving prop-
erty of integrals is quoted in the third term of H/(¢) in
equation (9), we have

Ik, | L des i, | de (19)

By synthesizing inequalities (11), (18), (19) with an
undetermined positive weight factor ¢,, H/(¢) of inequal-
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ity (9) becomes
HI()<aq, f VP d

NORZERY

el Vv~ Ik, | wdx (20)

rai0li=s)) o1 [vutas

where ¢, is given in the later proof, according to the
arithmetic geometric mean inequality
a'b’ <qga+pb(a,b,p,q=0,p+q=1).
Inequality (20) becomes

Hll(t)s (Ofr" aZ‘QKl_Sl)(ﬂl )f |vua|2dx
2 Q

a2|Q|(l_S1)¢14 ! Zd' ! !
4 R0 fﬂudx +s1|Q|vadx—lk1JQudx

(21)
The same derivation method is used to estimate the
H/(¢) term in inequality (10),
Q-+
H/O< | B+ BlUI=5,)p 5 )0 )fQVvl’Izdx

_ -1 2d,
2 S Gy ( | v’dx) 45,0 [ etk | vidx
Q Q Q

2
(22)
where
3 1 1.1 20hy+s,=1)  hy+m,—1
ﬂ Cci) 8|Q|2[2 I-s, 1 ]’
_ L 2(hy+s,—1) 3 h,+m,—1
= 2 [ l-5, [ }

@, is given in the later proof, in order to deal with
the gradient terms in (21) and (22), set
_ 2a, _ 25,
DT =) T R8s
Finally, by synthesizing inequalities (21) and (22),
we can compute

H'(H<- W(Jgu/dx)zdl

B0 =s,)F (jgvldx)2d2+|Q|(SJQvldx +s2fﬂu’dx)

4B,
—1( fudx +kf ’dx) 23)
take

Ji= [a,]Q s ) [ =s,)P

4a, 45, ’
J,=1Q|s,+s,),J5==I(k,+k,),c,=max {2d,,2d, }> 1,
inequality (23) becomes
H'O<J H @)+ (J,+J,)H(¢) (24)
Integrating (24) from 0 to ¢°, we obtain

(7 4
L= J'11<0>J150'+(J2+J3)5 2

This completes the proof of the theorem.

3 Lower Bound of Blow up Time
under Nonhomogeneous Neumann
Boundary Conditions

Theorem 2  Define the same measure as (7) and
the same condition as /. If (i, v) is a nonnegative classical
solution to the equations (1)-(3) and (5), then the lower
bound of " is
t'> f ’ , - de
o J,E+ I E+ (L, + 5+ J,)E

where H(0)= fﬂ(ufﬁvg )dx, the normal number J,,J,,

J;,J4,J5, ¢y, C, are given in the following proof.
Proof Lemma 3 is used to estimate two boundary
terms in inequality (8), then

fmu”h“l%ds= jmulds
< ij w'dx + Ldfﬂu”‘|Vu|dx (26)

where p,= mln (x-n)>0,d= max |x|.

From the second term on the right side of inequality
(26) and Holder’s inequality and Lemma 4, we can know

1 1
2 2
J ul—l|vu|dx< (f ul+h,+ml—3lvu|2dx) (J u/—hl—m,ﬂdx)
Q Q Q

ﬁ k+p,+m,~3 2 ) L k=p,=m+1
< z(fgu Vufds|+ 5] u dx
3 2/1 Ithi+m -1 )
- mf o
- I=h—m+1
Tl T 27)

where 4, is an arbitrary constant.
The Holder’s inequality is used to estimate the
second term on the right side of inequality (27), and we

have
I=(h+m ~1)
1

hy+m -1
| u”(h‘*”“")de( | ufdx) o 1 (@8)
Q Q

Substituting (27) and (28) into inequality (26), we

get
Lﬂu””' 166 dS<—f ’dx+af Vue |2dx+a4(fgu’dx)d3

(29)

where
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P 24,1d
o po+h +m + 17
B ld h|+r;‘71
%= 22, p, 1 |
d3= l_h]_lm]+1 ‘

Similarly, another boundary term in inequality (8)
is estimated as follows

aunlz
f u1+h171 dS
oQ oo

3 :
< —| vidx Vv P dx b( ’dx) 30
| vacep ] jvvracen [ vas| o)

Bo=— 24,1d
Y poUHhy+my+ 1)
ld hy+my—1
= Q ! R
B 2/12p0| |
I—h,—m,+1
d4: 2[ 2 )

A, 1s an arbitrary constant.
Substituting (21), (22), (29) and (30) into inequality
(8), we compute

a,|Qll =5, )p; ) ap
e | VP

B—Bi+ ﬁz|Q|(12_ $3)04 )fn|Vvﬂ|2dx

+a4(fnukdx)d}+ﬂ4(fnvkdx)d4

3 +|Q|s2—lk1)J u’dx+(3 +|Q|s1—lk2)J Vdx 31)
Q Po Q

0

H'(H)< (al—oc3+

+

+

Let
__ Awta) o AP +Ps)
Pl =s) " IO =s,)
_ [wlQ=s)F _ [BIQ-5,)F
! 4a, 4ﬁ1 ’

3
J,=1Ql(s, +5,),Js ==k, +k,),Js=0,+f,.J,= ;v

0
c,=max {2d,,2d,}> 1,¢,=max{d;,d,} >0,
inequality (31) becomes
H'O<J H )+ H> () +(,+J5;+J,)H(E)  (32)
Integrating (32) from O to ¢°, we obtain

= fw de
10 J,E+ I E (L, + T+ J)E
where H(0)= | (u+v{)dx.
Q

This completes the proof of the theorem.
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