
2023, Vol.28 No.5, 373-378

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Lower Bounds of Blow Up Time for 
a Class of Slow Reaction Diffusion 
Equations with Inner Absorption 
Terms

□□  XUE Yingzhen
College of Business, Xi􀆳an International University, Xi􀆳an 710077, Shaanxi, China

© Wuhan University 2023
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0　Introduction

In this paper, we consider the lower bound of blow 
up time for a class of slow reaction diffusion equations 
with nonlocal source and inner absorption terms

ut = uh1 (Dum1 + ∫
Ω
vs1dx - k1u

r1 )  (xt)ÎΩ ´(0t* ) (1)

vt = vh2 (Dvm2 + ∫
Ω
us2dx - k2v

r2 )  (xt)ÎΩ ´(0t* ) (2)

u(x0)= u0 (x)  v(x0)= v0 (x)  xÎΩ (3)

Under either homogeneous Dirichlet boundary con‐
dition

u(xt)= v(xt)= 0  (xt)Î¶Ω ´(0t* ) (4)

or nonhomogeneous Neumann boundary condition
¶um1

¶υ
= u1 - h1

¶vm2

¶υ
= v1 - h2  (xt)Î¶Ω ´(0t* ) (5)

where D is a Laplace operator, ΩÌR3 is a bounded re‐
gion with smooth boundary ¶Ω, 0 < hi < 1 mi > 1 ri si, 
hi + si > 1 hi +mi > 1i = 12 υ is the unit external normal 
vector in the external normal direction of ¶Ω.

Equations (1)-(5) can be used to describe slow dif‐
fusion phenomena in physics and chemistry, such as 
combustion of two mixtures in heat conduction process, 
reaction changes of two reactants in chemical reaction, 
and so on. uv represent temperature of two media and 
concentration of reactants respectively etc.
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There are many research achievements on the lower 
bound of blow up time of the following single reaction-

diffusion equation with absorption term,

ut =Dum + a(x)up∫
Ω
uqdx - kus (6)

When m = 1a(x)= 1p = 0 Song[1] studied the lower 

bound of blow up time for solution of equation (6) with 
homogeneous Dirichlet and homogeneous Neumann 
boundary conditions; Liu[2] studied the lower bound of 
blow up time for the solution of equation (6) with nonlin‐
ear boundary conditions; Tang et al[3] has extended the 
results in equation (6) to higher dimensional cases, see 
Refs. [4-7] for other relevant achievements.

Relatively speaking, there are few studies on the 
lower bound of blow up time for the solution of cross 
coupled reaction diffusion equations with nonlocal 
sources and absorption terms. Ouyang et al[8] studied 
global existence and blow up of solutions for the follow‐
ing generalized nonlocal porous media equations with 
time dependent coefficients and absorption terms

ut =Dua + k1 (t)h1 (uv)- f1 (u)

vt =Dvb + k2 (t)h2 (uv)- f2 (v)

Ouyang et al[9] studied the global existence of the 
solution and the lower bound of blow up time of the so‐
lution for the following equations

ut =Du + k1 (t)up∫
Ω
vqdx - uα

vt =Dv + k2 (t)vr∫
Ω
usdx - vβ

when blow up occurs. Other similar equations or equa‐
tion set are shown in Refs. [10-16].

Inspired by Refs. [8-16], this paper studies the 
lower bound of blow up time for solutions of slow 
reaction-diffusion equations (1)-(5) with different bound‐
ary conditions when m > 1n > 1, and generalizes the ex‐
isting results. The results can better describe the reaction 
diffusion problems with the cross influence of two vari‐
ables in physical, chemical and hydrodynamic problems.

1　Some Important Inequalities

This part introduces some important inequalities 
used in this paper.

Lemma 1[17] (Young inequality) Let 1 < pq <¥  
1
p
+

1
q
= 1, then ab ≤ ap

p
+

bq

q
 (ab > 0).

Lemma 2[17] (Membrane inequality)

λ ∫
Ω
w2dx ≤ ∫

Ω
|Ñ |w

2
dx

where λ is the first eigenvalue of Dw = λw = 0 w > 0 
(xÎΩ) w = 0 (xÎ¶Ω).

Lemma 3[16] Let Ω be the bounded star region in 

N, and N ≥ 2 then

∫
¶Ω

un ds ≤ N
ρ0
∫
Ω
un dx +

nd
ρ0
∫
Ω
un - 1|Ñ |u dx

where ρ0 = min
¶Ω

(x.n)> 0d = max
¶Ω

|x|.

Lemma 4[17] (Special Young inequality) Let λ be an 

arbitrary constant, and 0 < x < 1 then

axby = (λa)x (
b

y
1 - x

λ
x

1 - x

)1 - x ≤ λxa + (1 - x)λ
x

x - 1 b
y

1 - x  (ab > 0).

2　Lower Bound of Blow up Time 
under Homogeneous Dirichlet 
Boundary Conditions

The lower bound of blow up time for solutions of 

equations under homogeneous Dirichlet boundary condi‐

tions is discussed below.

Theorem 1  Define an auxiliary functions

H(t)= ∫
Ω
(ul + vl )dx (7)

for l >max{1sihi +mi - 12hi + 3si - 2i = 12}. If (uv) is 

a non-negative classical solution of equations (1)-(4) and 

blow up occurs in the sense of measure H(t) at time t*, 

then the lower bound of t* is

t* ≥ ∫
H(0)

¥ dξ
J1ξ

c1 + (J2 + J3 )ξ

where H(0)= ∫
Ω
(u0

l + v0
l )dx. The normal number 

J1J2J3c1 are given in the following proof.

Proof  

H(t)= l ∫
Ω
ul - 1 utdx + l ∫

Ω
vl - 1 vtdx

= l ∫
Ω

ul + h1 - 1 Dum1dx + l ∫
Ω

ul + h1 - 1 ∫
Ω

vs1 dxdx

-lk1∫
Ω

ul + h1 + r1 - 1 dx + l ∫
Ω

vl + h2 - 1 Dvm2dx

+l ∫
Ω

vl + h2 - 1 ∫
Ω

us2 dxdx - lk2∫
Ω

vl + h2 + r2 - 1 dx

=-l ∫
Ω

ul + h1 - 1 Dum1dx + l ∫
¶Ω

ul + h1 - 1 Dum1

¶υ
ds

+l ∫
Ω

ul + h1 - 1 ∫
Ω

vs1 dxdx - lk1∫
Ω

ul + h1 + r1 - 1 dx

-l ∫
Ω

vl + h2 - 1Ñvm2dx + l ∫
¶Ω

vl + h2 - 1 Dvm2

¶υ
ds

+l ∫
Ω

vl + h2 - 1 ∫
Ω

us2 dxdx - lk2∫
Ω

vl + h2 + r2 - 1 dx
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=-m1l(l + h1 - 1) ∫
Ω

ul + h1 +m1 - 3 |Ñu|2dx + l ∫
¶Ω

ul + h1 - 1 Dum1

¶υ
ds

+l ∫
Ω

ul + h1 - 1 ∫
Ω

vs1 dxdx - lk1∫
Ω

ul + h1 + r1 - 1 dx

-m2l(l + h2 - 1) ∫
Ω

vl + h2 +m2 - 3 |Ñv|2dx + l ∫
¶Ω

vl + h2 - 1 Dvm2

¶υ
ds

+l ∫
Ω

vl + h2 - 1 ∫
Ω

us2 dxdx - lk2∫
Ω

vl + h2 + r2 - 1 dx

=-
4m1l(l + h1 - 1)

(k + h1 +m1 - 1)2

|

|
|
||
|
Ñ

|
|
||||u

l + h1 +m1 - 1
2

2

dx + l ∫
¶Ω

ul + h1 - 1 Dum1

¶υ
ds

+l ∫
Ω

ul + h1 - 1 ∫
Ω

vs1 dxdx - lk1∫
Ω

ul + h1 + r1 - 1 dx

=-
4m2l(l + h2 - 1)
(l + h2 +m2 - 1)2

|

|
|
||
|
Ñ

|
|
||||v

l + h2 +m2 - 1
2

2

dx + l ∫
¶Ω

vl + h2 - 1 Dvm2

¶υ
ds

+l ∫
Ω

vl + h2 - 1 ∫
Ω

us2 dxdx - lk2∫
Ω

vl + h2 + r2 - 1 dx (8)

When the equations (1) - (4) take homogeneous 
Dirichlet boundary conditions, equation (8) becomes

H '1 (t)= α1∫
Ω

|
|
||||Ñ |ua 2

dx + l ∫
Ω

ul + h1 - 1 dx ∫
Ω
vs1 dx

-lk1∫
Ω

ul + h1 + r1 - 1 dx (9)

H '2 (t)= β1∫
Ω

|
|
||||Ñ |vb 2

dx + l ∫
Ω

vl + h2 - 1 dx ∫
Ω
us2 dx

-lk2∫
Ω

vl + h2 + r2 - 1 dx (10)

here

α1 =-
4m1l(l + h1 - 1)
(l + h1 +m1 - 1)2

β1 =-
4m2l(l + h2 - 1)
(l + h2 +m2 - 1)2



a =
l + h1 +m1 - 1

2
b =

l + h2 +m2 - 1
2

.

First, Hölder􀆳s inequality is used to estimate the sec‐
ond term of H '1 (t) in equation (9), and we obtain

∫
Ω
ul + h1 - 1 dx ≤(∫

Ω
(ul + h1 - 1 )

l
l - s1 dx)

l - s1

l |Ω|
s1

l 

∫
Ω
vs1 dx ≤(∫

Ω
(vs1 )

l
s1 dx)

s1

l |Ω|
l - s1

l 

∫
Ω
ul + h1 - 1dx ∫

Ω
vs1dx

≤ (∫Ω(ul + h1 - 1 )
l

l - s1 dx)
l - s1

l (∫Ω(vs1 )
l
s1 dx)

s1

l

|Ω|.

According to Lemma 1 and equation aboves, we get

∫
Ω
ul + h1 - 1dx ∫

Ω
vs1dx ≤ |Ω|(l - s1 )

l ∫
Ω
u

l(l + h1 - 1)
l - s1 dx

+
|Ω|s1

k ∫Ωvldx (11)

Second, Hölder 􀆳s inequality is used to estimate the 
first term on the right side of inequality (11), and it is ob‐
tained that

∫
Ω

u
l(l + h1 - 1)

l - s1 dx = ∫
Ω

uau
l(l + h1 - 1)

l - s1

- a

dx

≤ ( )∫
Ω

u4adx

1
4 ( )∫

Ω
u

2[
2l(l + h1 - 1)

l - s1

- (l + h1 +m1 - 1)]

3 dx

3
4

(12)

From the second term on the right side of inequality sign 
of (12) and Hölder􀆳s inequality, we can get

ì
í
î

ïï

ïïïï
∫
Ω
u

2[
2l(l + h1 - 1)

l - s1

- (l + h1 +m1 - 1)]

3 dx
ü
ý
þ

ïïïï

ïïïï

3
4

≤ ( )∫
Ω

ul dx

1 +
2(h1 + s1 - 1)

l - s1

-
h1 +m1 - 1

l
2

|Ω|

1
2
-

2(h1 + s1 - 1)
l - s1

+
h1 +m1 - 1

l
2 (13)

From the first term on the right side of inequality sign of 
(12) and Hölder􀆳s inequality, we know

∫
Ω
u4adx = ∫

Ω
uau3adx ≤ ( )∫

Ω
u2adx

1
2 ( )∫

Ω
(ua )6dx

1
2

(14)

Using the following Sobolev inequality[17]

( )∫
Ω

|ϕ |γ1dx

1
γ1 ≤C ( )∫

Ω
|Ñϕ |γ

2

dx

1
γ2

where γ1 = 6γ2 = 2C = 4
1
3 3

-
1
2π

-
2
3  and the second term of 

inequality (14) can be simplified to

( )∫
Ω
(ua )6dx

1
2 ≤C 3( )∫

Ω
|Ñua |2dx

3
2

(15)

By synthesizing inequalities (14) and (15), we have

( )∫
Ω

u4a dx

1
4 ≤C

3
4 ( )∫

Ω
u2adx

1
8 ( )∫

Ω
|Ñua |2dx

3
8

(16)

Based on lemma 2, inequality (16) becomes

(∫Ωu4adx)
1
4 ≤C

3
4 λ

-
1
8 (|Ñua|2dx)

1
2 (17)

Combining inequalities (13) and (17), inequality 
(12) becomes

∫
Ω
u

l(l + h1 - 1)
l - s1 dx ≤ α2( )∫

Ω
|Ñua|2dx

1
2 ( )∫

Ω
uldx

d1

(18)

where

α2 =C
3
4 λ

-
1
8 |Ω|

1
2

[
1
2
-

2(h1 + s1 - 1)
l - s1

+
h1 +m1 - 1

l
]



d1 =
1
2

[
1
2
-

2(h1 + s1 - 1)
l - s1

-
h1 +m1 - 1

l
].

Secondly, for h1 + γ1 > 1 the order-preserving prop‐

erty of integrals is quoted in the third term of H '1 (t) in 

equation (9), we have

-lk1∫
Ω
ul + h1 + r1 - 1 dx ≤-lk1∫

Ω
ul dx (19)

By synthesizing inequalities (11), (18), (19) with an 
undetermined positive weight factor φ1 H '1 (t) of inequal‐
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ity (9) becomes

H '1 (t)≤ α1∫
Ω
|Ñua|2 dx

+α2|Ω|(l - s1 ) (φ1 [∫
Ω
|Ñua|2dx]

1
2 φ1

-1 [(∫
Ω
uldx)2d1 ]

1
2 )

+s1|Ω|∫
Ω

vldx - lk1∫
Ω

uldx (20)

where φ1 is given in the later proof, according to the 

arithmetic geometric mean inequality
aqbp < qa + pb (abpq ≥ 0p + q = 1).

Inequality (20) becomes

H '1 (t)≤ (α1 +
α2|Ω|(l - s1 )φ1

2 ) ∫Ω|Ñua|2dx

+
α2|Ω|(l - s1 )φ1

-1

2 (∫Ωuldx) 2d1

+ s1|Ω|∫
Ω
vldx - lk1∫

Ω
uldx

(21)

The same derivation method is used to estimate the 

H '2 (t) term in inequality (10),

H '2 (t)≤ ( β1 +
β2|Ω|(l - s2 )φ2

2 ) ∫Ω|Ñvb|2dx

+
β2|Ω|(l - s2 )φ2

-1

2 (∫Ωvldx) 2d2

+ s2|Ω|∫
Ω
uldx - lk2∫

Ω
vldx

(22)

where

β2 =C
3
4 λ

-
1
8 |Ω|

1
2

[
1
2
-

2(h2 + s2 - 1)
l - s2

+
h2 +m2 - 1

l
]



d2 =
1
2

[
2(h2 + s2 - 1)

l - s2

-
h2 +m2 - 1

l
].

φ2 is given in the later proof, in order to deal with 

the gradient terms in (21) and (22), set

φ1 =-
2α1

α2|Ω|(l - s1 )
φ2 =-

2β1

β2|Ω|(l - s2 )
.

Finally, by synthesizing inequalities (21) and (22), 

we can compute

H ′(t)≤- [α2|Ω|(l - s1 )]2

4a1 (∫Ωuldx) 2d1

-
[β2|Ω|(l - s2 )]2

4β1 (∫Ωvldx) 2d2

+ |Ω|( )s1∫
Ω

vldx + s2∫
Ω

uldx

-l ( )k1∫
Ω

uldx + k2∫
Ω

vldx (23)

take

J1 =-
[α2|Ω|(l - s1 )]2

4α1

-
[β2|Ω|(l - s2 )]2

4β1



J2 = |Ω|(s1 + s1 )J3 =-l(k1 + k2 )c1 =max{2d12d2 }> 1

inequality (23) becomes

H ′(t)≤ J1 H c1 (t)+ (J2 + J3 )H(t) (24)

Integrating (24) from 0 to t*, we obtain

t* ≥ ∫
H(0)

¥ dξ
J1ξ

c1 + (J2 + J3 )ξ
(25)

This completes the proof of the theorem.

3　Lower Bound of Blow up Time 
under Nonhomogeneous Neumann 
Boundary Conditions

Theorem 2  Define the same measure as (7) and 

the same condition as l. If (uv) is a nonnegative classical 

solution to the equations (1)-(3) and (5), then the lower 

bound of t* is

t* ≥ ∫
H(0)

¥ dξ
J1ξ

c1 + J5ξ
c2 + (J2 + J3 + J4 )ξ

where H(0)= ∫
Ω
(ul

0 + vl
0 )dx the normal number J1J2 

J3J4J5c1c2 are given in the following proof.

Proof  Lemma 3 is used to estimate two boundary 

terms in inequality (8), then

∫
¶Ω

ul + h1 - 1 ¶um1

¶υ
ds = ∫

¶Ω
ulds

≤ 3
ρ0
∫
Ω
uldx +

ld
ρ0
∫
Ω
ul - 1|Ñu|dx (26)

where ρ0 = min
¶Ω

(x × n)> 0d = max
¶Ω

|x|.

From the second term on the right side of inequality 
(26) and Hölder􀆳s inequality and Lemma 4, we can know

∫
Ω
ul - 1|Ñu|dx ≤ (∫Ωul + h1 +m1 - 3|Ñu|2dx)

1
2 (∫Ωul - h1 -m1 + 1dx)

1
2

≤ λ1

2 (∫Ωuk + p1 +m1 - 3|Ñu|2dx) + 1
2λ1
∫
Ω
uk - p1 -m1 + 1dx

=-
2λ1

(l + h1 +m1 - 3)2 ∫
Ω

|Ñu
l + h1 +m1 - 1

2 |2dx

   +
1

2λ1
∫
Ω

ul - h1 -m1 + 1dx (27)

where λ1 is an arbitrary constant.
The Hölder 􀆳 s inequality is used to estimate the 

second term on the right side of inequality (27), and we 
have

∫
Ω
ul - (h1 +m1 - 1)dx ≤ (∫Ωuldx)

l - (h1 +m1 - 1)
l

|Ω|
h1 +m1 - 1

l (28)

Substituting (27) and (28) into inequality (26), we 
get

∫
¶Ω

ul + h1 - 1 ¶um

¶υ
ds ≤ 3

ρ0
∫
Ω
uldx + α3∫

Ω
|Ñua|2dx+α4(∫Ωuldx) d3

(29)

where
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α3 =-
2λ1ld

ρ0 (l + h1 +m1 + 1)2


α4 =
ld

2λ1 ρ0

|Ω|
h1 +m1 - 1

k 

d3 =
l - h1 -m1 + 1

l
.

Similarly, another boundary term in inequality (8) 
is estimated as follows

∫
¶Ω

ul + h2 - 1 ¶um2

¶υ
ds

≤ 3
ρ0
∫
Ω
vldx + β3∫

Ω
|Ñvb|2dx + b4( )∫

Ω
vldx

d4

(30)

β3 =-
2λ2ld

ρ0 (l + h2 +m2 + 1)2
 

β4 =
ld

2λ2 ρ0

|Ω|
h2 +m2 - 1

l 

d4 =
l - h2 -m2 + 1

l
 

λ2 is an arbitrary constant.
Substituting (21), (22), (29) and (30) into inequality 

(8), we compute

H ′(t)≤ (α1 - α3 +
α2|Ω|(l - s1 )φ3

2 ) ∫Ω|Ñua|2dx

    + ( β1 - β3 +
β2|Ω|(l - s2 )φ4

2 ) ∫Ω|Ñvβ|2dx

-
[α2|Ω|(l - s1 )]2

4a1 (∫Ωuldx) 2d1

-
[β2|Ω|(k - s2 )]2

4β1 (∫Ωvkdx) 2d2

+α4(∫Ωukdx) d3

+ β4(∫Ωvkdx) d4

+ ( 3
ρ0

+ |Ω|s2 - lk1 ) ∫Ωul dx+ ( 3
ρ0

+ |Ω|s1 - lk2 ) ∫Ωvl dx (31)

Let

φ3 =-
2(α1 + α3 )
α2|Ω|(l - s1 )

φ4 =-
2(β1 + β3 )
β2|Ω|(l - s2 )



J1 =-
[α2|Ω|(l - s1 )]2

4α1

-
[β2|Ω|(l - s2 )]2

4β1



J2 = |Ω|(s1 + s2 )J3 =-l(k1 + k2 )J5 = α4 + β4J4 =
3
ρ0



c1 =max{2d12d2 }> 1c2 =max{d3d4} > 0

inequality (31) becomes
H ′(t)≤ J1 H c1 (t)+ J5 H c2 (t)+ (J2 + J3 + J4 )H(t) (32)

Integrating (32) from 0 to t*, we obtain

t* ≥ ∫
H(0)

¥ dξ
J1ξ

c1 + J5ξ
c2 + (J2 + J3 + J4 )ξ



where H(0)= ∫
Ω
(uL

0 + vL
0 )dx.

This completes the proof of the theorem.
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