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Abstract: Let .4 be a unital *-algebra with the unit 7/ and a nontrivial projection P € .4. Suppose that .4 satisfies X AP =0 implies X=0 and
XA(I-P)=0 implies X=0. In this paper, we prove that ¢ is a nonlinear 4"B+B" 4 type derivation on .4 if and only if ¢ is an additive
*-derivation. This is then applied to prime *-algebra, von Neumann algebras with no central summands of type /,, factor von Neumann al-
gebras and standard operator algebras.
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0 Introduction

Let 4 be a *-algebra over the complex field C. For 4,B € A, we write [4,B],=A4"B—B"A,AeB=AB+ BA"and
AoB=A"B+B"A for the bi-skew Lie product, *-Jordan product and A" B+ B" A4 product, respectively. These products
have recently attracted the attention of many authors (see Refs. [1-14]).

Recall that a map ¢:. A — A is said to be an additive derivation if ¢(4 + B)=¢(A)+ #(B) and ¢(AB)=@(A)B+ A¢(B)
for 4, B € A. Furthermore, ¢ is an additive *-derivation if it is an additive derivation and ¢(4" )= ¢(A)" for 4 € A. A map
¢: A — A(without the linearity assumption) is called a nonlinear A" B+ B" 4 derivation if ¢(A4 o B)=¢(A)o B+ A o ¢(B) for
A,Be A, where AcB=A"B+B"A. Darvish et al proved that every nonlinear A"B+ B" A triple derivation on prime
*-algebras is an additive *-derivation. A map ¢:. A — A (without the linearity assumption) is called a nonlinear *-Jordan
derivation if ¢g(AeB)=¢(A)eB + Aed(B) for A,B € A. The authors of Ref. [2] introduced the concept of *-Jordan-type
derivation. Suppose that n>2 is a fixed positive integer. Accordingly, a nonlinear *-Jordan-type derivation is a map ¢:

A — A satisfying the condition ¢(A4,e4,e---04,)= EAIO-.-OAA,,IO(;S(AA,)OA,MO--‘OAA for all 4,,4,,---,4,€ A, where
k=1

A,04,0---04,=(--((4,04, )04 )0---04,),A,04,=A4,4,+A,A4;, i,j € N. Under some mild condition on a *-algebra .4, they

showed that ¢ is a nonlinear *-Jordan-type derivation on .4 if and only if ¢ is an additive *-derivation.
Motivated by the above results, we introduce the 4" B+ B" 4 type derivations. Suppose that n>2 is a fixed positive
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integer. A nonlinear A'B+B'A type derivation is a map ¢ A—>A satisfying the condition
¢(A10A20“'0An):21410"'oAlc—lo¢(Ak)oAk+]o“'OAn for all A,,4,,-.4,€ A where A,0d,0-04,=
k=1

(+((A,04,)0A4;)0---0A4,),A,0A,=A;A,+A; A,, i,j € N. In this paper, under some mild condition on a *-algebra .4, we

prove that ¢ is a nonlinear 4° B+ B" A type derivation on .4 if and only if ¢ is an additive *-derivation.

1 The Main Result and Its Proof

Theorem 1 Let .4 be a unital *-algebra with the unit / and a nontrivial projection P € .4. Suppose that .4 satisfies
(a) XAP=0 implies X=0 and (b) XA —P)=0 implies X=0.

If a map ¢: A — A satisfies ¢(4,04,0 ---oAn):zAlo w04, od(A,)oA,,0--0A, for all 4,,4,e A and A,=
k=1
1 . .. ..
Ay=-=4,= 5 then ¢ is an additive *-derivation.
2 2
Let P,=P and P,=1-P,. Let A,=P AP, i,j=1,2; then 4= 2“4@/- We can write every 4 € 4 as A= EAU.,

ij=1 =1
where A4, denotes an arbitrary element of A, Let M= {4eAA = A}, M ,={P MP,+P,MP:Mec M}, M,=
P, MP,i=1,2. Then forall M e M,M=M, +M,+M,,, where M,, € M,,, M, e M,,i=1,2.
Proof The proof is completed by the following several claims.
Claim 1 ¢$(0)=0.

§0)=9(0202 2 oo 2] =0
Claim 2 ¢(§):07¢(;,):0’¢(_;1):0'

olo oi we obtain
5 0

which implies ¢(£) =¢(é , and then (n — 1)¢(§) =0. Since n>2, we obtain
1
o(3]=0 1)

From (1), we obtain

1 i i 1 1 i i 1 1 1
043 )=o(5 1o g 1o g oo g )=y 1) gt g e g ageglya) e g oeg

o))
ie.,
i f2
Using (1) and (2), we have . . '
0:¢(;10 % oo é) :¢(;1) o é oo % :¢<;1)

In the same manner, we obtain ¢( - %I )

Il
e
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Claim 3 Forevery 4 € A, we have ¢(id) =ig(A4).
.. I I I i 1 I . .
Forall4 € A, usmgle5050---0E—AO—Eloz0---o§andClalm2,we0btaln
1, .. . . . I 1 1 . I 1 1 i 1 1
5(¢(1A) +¢(1A))_¢(1A)ozo§o...05_¢ 1A0202o...oz)_¢(Ao—21020...02
i 1 I i .
=¢(4) emyle g ee 5—5(¢(A)—¢(A) )
1e.,
$(i4) +(i4) =ig (4) ~ig (4) (3)
.. i I 1 I 1 1 .
USlnglAOEOEO“'OE_ o5050---o§andCla1m2,wehave
i LN . T 1 . 1 1 I 1 1
5(¢(1A) —¢(1A))—¢(1A)°§°5° °§—¢ ide oo 02)—¢(A°2°2° ° 5
I 1 I 1 N
=p(4) 0 0 5 00 5 = 5 HA+HA)
ie.,
~4(i4) +4(i4) =ig (4) +ig(4) “)

From (3) and (4), we obtain ¢ (id) =ig¢(A4).
Claim 4 For every 4 € M, we have ¢(4) =¢(A4).
For all 4 € M, we have

I 1
¢(A4)=¢ Ao 5o oo

which indicates ¢ (4) =¢(4).

N |~

=p(4)e 2o dono Lo L (i)

Claim 5 For every M,, e M,,,M,, € M ,,M,, € M,,, we have (i) ¢(M11+M12) =¢(M“) +¢(M12) ; (11) ¢(M12+

My)=¢(M,) +¢(M,,).

Setting T=¢(M”+M12) —¢(M“) —¢(M12), let us prove that 7=0. Based on Claim 4, we obtain 7" =7. Since

P,oM, o é 0---0 é =0, it follows from Claim 1 and Claim 2 that
¢(P,) o(M,, +My)o é 0.e0 é +P,0¢p(M, +M,y)o é 0.0 é =¢(P,o(M,,+M,,)o é 0.0 é)

=¢(P,o M, o é 0.ev0 §)+¢(P20M220 é 0.0 é)

=¢(P,) o(M, +M,)o é 0.0 é +P,o(¢(M,, )+ ¢(M,,))o é 0..0 é
ie, P,oTo é 0...0 é =0. This together with T =T shows that P,TP,=P,TP,=P,TP,=0. Using (P,—P,)oM,,° é
0-:r0 é =0, Claim 1 and Claim 2, we obtain

¢(pl_p2) oM, +M,,)o é 0-e0 é + (pl_pz) oM, +M,)o é 0.0 é
=¢((P,—P,) o(M,,+M,,)eo é 0.0 %)

1 1 I I
=¢((P1_P2) OM“O E 0 .:t0 E)+¢((P1—P2) OMIZO E 0...0 E)
=¢(P,—P,) o(M,, +M,,)e é 6.0 é + (P, =P,) o(¢(M,) )+ $(M,, ))o é 0.0

ie.,(P,—P,)oTo é 0...0 é =0. This together with 7" =T shows that P, TP,=0. And then 7=0.

In the second case, we can similarly prove that the conclusion is valid.

£
2

Claim 6 Forevery M, e M, ,M,, e M,,,M,, € M,,, we have ¢( M, +M,+M,,) =¢M, Y+¢(M,,) +¢(M,,).
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. . 1 1 . .
Setting T=¢(M“+M12+M22) —¢(M“) —¢(M12) —¢(M22), since P,oM,,o Foe S =0, applying Claim 1,

Claim 2 and Claim 5(i), we obtain

1 1 I I
¢(P,) o(M,, +M,,+M,)o S oro g AP ogM + Myt M) S one

2
! I
=P(Pr oM+ M+ Myy)o o 00 5)
1 1 I 7
=¢(P10(M11+M12)0 5 0...0 E)+¢(PIOM220 5 0.::0 5)

:¢(P1) oM, +M,,+M,,)e é 0«er0 é + P o(¢(M,))+ (M) +d(M,,))e é 0.ero é

. I 1 . . .
ie., P,oTo Feey =0. This together with 7" =T shows that P,7P,=P,TP,= P,TP,=0. In the same manner,

by applying the above proof for P, instead of P, and Claim 5(ii) instead of Claim 5(i), we have P,TP,=0.

Claim 7 Forevery M,,,B,, € M ,, we have ¢(M,+B,,) =¢(M,,)+(B,).

Let M,,,B,e M,,, we obtain M,=U,+U,,B,=V,+V,,,where U,,V,,e M,,. Since M,B,,+B,M,,=
UViuo+ VLU + ULV ,+ VLU, weset UV L+ V,UL=M,e M), U;VIZJIr ViU, =Mye M, then

. o
P+ Ui+ Up)o(PytVip+ Viy)o oo

:(U12 + U]*2 )+(V12+ VI*Z )+(U12V1*2+ V12U]*2 + UI*ZVI2 + Vl*2U12)
:M12+312+M123T2+Ble1*2:M12+Blz+M11+M22
Using U, + U5, V,,+ V€ M,, and Claim 6, we obtain
¢(M12+BIZ)+¢(M11)+¢(M22):¢(M12+Bl2+MIZBT2+Bl2Ml*2)

“ « 1 1 . . 1 1
=¢(P,+Up+ U)o (P+V,+ V5 )o 5 Ore-0 E):(¢(P1)+¢(U12+U12))°(P2+V12+V12)° E O:-0 5

« . 1 1 . . 1 1
HP +Up+Up)e(@(P,)+¢(V ,+V5))e 5 oro A AP +UL+UL)(Py+ TV +V,)o 5 ° °¢(E)

2
! ! 1 I
=¢(PIOP2° E 0...0 E)-|-¢(Plo(V12+ Vlz)o E 0...0 5)
. ! ! . 1 I
+d(U,+ U)o Pyo See 5)+¢((U12+ U)oV, +V5)e S 5)

=¢(M ;) +¢(B )+ § (M, B+ B, M5y )=¢(M,,)+¢(B )+ (M, )+ d(M,, )
ie., ¢(M12+BIZ)=¢(M12)+¢(BIZ)'
Claim 8 For each C,,D,e M,,i=1,2, we have (i) ¢(C,,+D,)=¢(C,)+¢(D,); (i) ¢(Cp+Dy)=
¢(C22)+¢(D22)'
Setting T=¢(C,,+D,,) —¢(C,,) —¢(D,,), we obtain

1 1 I I
¢(P,) o(Cy,+D,,)o S oo 5 +Ped(C 4Dy )e oo o
:¢(P20(C11+D11)0 E 0..00 5):¢(P20 Cllo 5 0...0 §)+¢(P2°D“O 5 6...0 5)
1 1 I Ji
=¢(P,) o(C,,+D,,)e ey +P,o(¢(C,) )+ d(D,,))e ey

. 1 I . . .
ie., P,oTo F°oey =0. This together with the fact 7" =T shows that P,TP,=P,TP,=P,TP,=0. Forall 4, € A,,,

take M=A,,+A,. Then Mo C,, o é S eM,,MoD,o Lo é e M,,. We get from Claim 7 that

2 2
1 1 1 1
¢(M)o(Cy,+Dy)o 2 o0 2 +Mog(C, +D,)e 2 oo D)
1 1 1 1 1 1
=¢(M(C,,+D,,)e° 7o 5)=¢(M°Cn° F°oe 5)+¢(M°Dn° 770 5)

=¢(M) o(C,,+D,,)e é 0..-0 é +Mo(d(C,)+d(D,,))o é 0.:-0 é
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ie, MoTo é 0.:0 é =0. Then P,TA,,+A,,TP,=0 for all 4,, € A,,. Hence P, TP, AP,=0 for all 4 € A. From (b), we
obtain P,TP,=0 and then 7=0.

In the second case, we can similarly prove that the conclusion is valid.

Claim 9 ¢ is additive on M.

By Claims 6-8, ¢ is additive on M.

Claim 10 ¢ is additive on A and ¢(4" )=¢(A) for all 4 € A.

For all H, K € M, from Claim 2 we obtain

HH)=§(H +iK)o 5 o0 )= §(H+iK)o 5 o0+ = 2 (H(H+iK)+ §(H+iK)) 5)
On the other hand, from Claim 2, we have
HKY=(H+iK)o 3 To 5 00 D)= §(H+iK)e 3 1o 3 ovevo 5 == 3 (H+IK)~ §(H+iK))
ie.,
()= 3 (G(H+iK)—g(H+ iKY ) ©)
By adding (5) and (6), from Claim 3, we obtain
HH+K) = §(H) +i(K) ™

Forall 4 € A, we have A=A4,+14, with 4,,4, € M. From (7), Claim 4 and Claim 9, we obtain
A =¢(A, +14,) =(§(4, ) +i¢(4,)) = ¢(4,)—ih(4, )= ¢(4, ) +i(-A,)= (4, —id,)=§(4")
For all 4,B € A, we have A=A, +i4,,B=B,+1B, with 4,,4,,B,, B, € M. From (7) and Claim 9, we obtain
NA+B)=¢((4,+B,)+(4,+B,))=¢(4,+ B, ) +i¢(4,+ B, )
=(A,)+P(B,)+i(H(A,)+P(B,))=(H(A, ) +i¢(4, ) +(H(B, ) +ih(B, )= §(A)+ ¢(B)
Claim 11 ¢ is an additive *-derivation on 4.

For all H, K € M, from Claim 2 and Claim 4, we have

S(HK + KH)= §(H oK o é ooy

[\

=§(H)o Ko 2 overo 3 4 Ho§(K)o 5 o0 o = §(H)K+ K§(H)+ HYK)+ JK)H

On the other hand, from (7), Claim 2 and Claim 4, we obtain

ig(HK — KH)= §(i(HK — KH))= §(H » iK o é oo é)

. 1 1 . 1
_¢(H)01Ko 5 0...0 5+Ho¢(1K)oE 0...0

So we have ¢(HK)=¢(H)K + HH(K).
Forall 4,B e A, we have A=A,+i4,,B=B,+iB,, where A,,4,,B,,B, € M. From Claim 10 and (7), we obtain
¢(AB)=¢(A]B] +iAle+iAzBl _Asz ):¢(A1B| )+¢(iAle )+¢(iAZBI )_¢(Asz)
=¢(A1)BJ+A1¢(Bl)+i¢(A1)Bz+iAl¢(Bz)+i¢(A2 )Bl+i142¢(31)_¢(Az)Bz_A2¢(Bz)
=¢(A4,)B,+4,§(B,)+ (A4, )1B,+A4,§(1B, )+ $(id,)B, +14,4(B, )+ ¢(i4, )iB, +14,4(1B, )
=(H(A4,)+¢(A4,))(B, +1B, ) +(4, +id, (H(B, )+ ¢(iB, )= §(A)B + A(B)
From this and Claim 10, we have proved that ¢ is an additive *-derivation. This completes the proof.

N[~

=(¢(H)K —K(H)+ HY(K) = (K)H)

2 Corollaries

Now we give some applications of Theorem 1 to operator algebras. We say that .4 is prime when for 4, B € A, if
AAB=1{0}, then 4=0 or B=0. It is easy to show that prime *-algebras satisfy (a) and (b), and the following corollary is
immediate.

Corollary 1  Let .4 be a prime *-algebra with unit / and a nontrivial projection. Then ¢ is a nonlinear 4" B+ B" A4
type derivation on .4 if and only if ¢ is an additive *-derivation.

Recall that a von Neumann algebra .4 is weakly closed, self-adjoint algebra of operators on a Hilbert space H con-
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taining the identity operator /. By Ref.[3], if a von Neumann algebra has no central summands of type /,, then .4 satis-
fies (a) and (b). So the following corollary is obvious.

Corollary 2 Let .4 be a von Neumann algebra with no central summands of type /,. Then ¢ is a nonlinear 4°B +
B" A type derivation on .4 if and only if ¢ is an additive *-derivation.

A is a factor von Neumann algebra means that its center only contains the scalar operators. Clearly, .4 is prime.
So the following corollary is obvious from Corollary 1.

Corollary 3  Let .4 be a factor von Neumann algebra. Then ¢ is a nonlinear A" B+ B A4 type derivation on .4 if
and only if ¢ is an additive *-derivation.

B(H) is the algebra of all bounded linear operators on a complex Hilbert space H. F (H)C B('H) is all bounded
finite rank operators. A C B(H) is said to a standard operator algebra if it contains F (H ). When A is a standard op-
erator algebra, a more concrete form is achieved.

Corollary 4 Let H be an infinite dimensional complex Hilbert space and .4 be a standard operator algebra on H
containing the identity operator /. Assume that A is closed under the adjoint operation. Let ¢:.4A — A be a nonlinear
A" B+ B’ A type derivation. Then there exists 7 e B(H ) satisfying T+ 7" =0 such that ¢(4)=AT—TA for all 4 € A.

Proof Since A is prime, from Corollary 1, we obtain ¢ is an additive *-derivation. According to the result of
Ref.[4], 4 is linear, and then it is inner. Thus there exists S € B(H ) such that ¢(4)=A4S—SA4. Hence A'S—SA" =¢(4" )=

HA)'=S"A"—A"S" for all A € A. This indicates that S+S" =2l for certain 1 € R. Take T=S— %H, then T+ 7°=0 and
#(A)=AT—TA forall 4 € A.
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