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Abstract: This paper is concerned with radially positive solutions of the k-Hessian equation involving a Matukuma-type source
S, D2 _ — |x‘ﬁi_ -
(D" (=9) A+ 1)

main in R”. It turns out that there are two different types of radially positive solutions for £> 1, i.e., M-solution (singular at »=0) and E-

¢!, xeQ, where S, (D*(—¢)) is the k-Hessian operator, ¢>k>1,A>0,n>2k k e N, and Q is a suitable bounded do-

solution (regular at »=0), which is distinct from the case when k=1. For 1 <¢q < [(n—2+A)k]/(n—2k), we apply an iterative approach to im-

prove accuracy of asymptotic expansions of M-solution step by step to the desired extend. In contrast to the case k=1, we require a more
precise range of parameters due to repeated application of Taylor expansions, which also makes asymptotic expansions need more delicate
investigation.
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0 Introduction

The purpose of this paper is to inquire about asymptotic behavior of radially positive solutions to the k~Hessian
equation with a Matukuma-type source:

S,(D*(~9))= (1|+x||x|)<” xeQ, (1)

where S, (D*(—¢)) is the k-Hessian operator, ¢ >k>1,A>0,n>2k k € N, and Q is a suitable bounded domain in R". The
operators {S,: k=1, ---,n} are a family of operators including Laplace operator when k=1 and Monge-Ampére operator
when k=n. The k-Hessian equation admits several significant applications in fluid mechanic, geometric problem and
other applied subjects. For example, the k-Hessian equation is closely related to non-equilibrium phase transitions and
statistical physics'!, the problem of prescribing the Gauss curvature of a hypersurface™ and to the Monge-Ampére
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equation, which is of interest in complex geometry™!.

When k=1, equation (1) reduces to the classical Matukuma equation™
it
(1+ X )
The existence and nonexistence of positive solutions to (2) could be referred to Refs. [5-9]. Batt et a/'” established a
comprehensive theory of radially positive solutions to (2) in R’, and displayed that there exist three different types of
solutions: M-solutions (singular at »=0), E-solutions (regular at »=0) and F-solutions (whose existence begins away

Ap+ p’=0, xeR" 2)

from r=0). By applying an iterative method"", Wang et all'” generalized asymptotic expansions of M-solutions of (2)
from n=3 to n>3. This iterative method also could be used for the Hénon equation —A ¢ = |x["¢p? with p=2, where the
accurate asymptotic expansions of M-solutions was systematically derived in Ref. [13]. It is worth noting that the re-
sults obtained in Ref. [13] are more precise than those in Refs. [14,15]. Recently, Wang and Zhang!"® extended the
work of Ref. [13] from p=2to 1 <p <N. When 4 =2, equation (2) reduces to

=0, xeR’, 3)

which was presented by astrophysicist Matukuma!'” for the description of certain stellar globular clusters in a steady

state, where ¢ > 1,n=3, and ¢ >0 is the gravitational potential. Li"*

gave a nearly complete description of the structure
of positive radial solutions to (3) when 1 <¢g <5 and proved a symmetry result for general nonlinear elliptic equations.
Yanagida” established the uniqueness of positive radial entire solution with finite total mass and obtained its explicit
structure for n >3 and 1 <g < (n+2)/(n—2). We refer to Refs. [20-22] about the Matukuma equation.
When k> 1, Sanchez and Vergara™ considered the problem
S(D*p)=AxI'(1-¢)" . xeB
p<0, xeB “4)
p=0, xeoB
where B is the unit ball in R",n>2k ke N,1>0,g>k, and 0= 0. The existence, multiplicity and uniqueness of radially
symmetric bounded solutions to (4) were investigated by a dynamical systems approach. Lately, Miyamoto et al** ex-
tended the problem (4) into

A-2
S,(D'p)=u—"_(1-p)'.xcB
«(Dp) ﬂa+Mnﬂ( 9).xe
p<0, xehB
p=0, xeoB

where B denotes the unit ball in R", n>2k ke N,u>0,q>k, and 1>2. Combining dynamical-systems tools, the inter-
section number between a singular and a regular solution and the super/subsolution method, the existence and multi-
plicity of solutions for the above problem were obtained. The problems with k~Hessian operator have attracted lots of
attention, see e.g., Refs. [25-32].

It is known from Refs. [10,12] that the equation (1) with k=1 admits three different types of radially positive solu-
tions: the F-, E- and M-solutions. Furthermore, the E- and F-solutions are regular, and the M-solutions are singular.
However, when k> 1, it turns out that the equation (1) only has the E- and M-solutions, see Section 1.1. From the
above literatures, the study of M-solutions to (1) is quite scarce. Hence, we shall pay our attention to the existence and
asymptotic behavior of the singular solution (i.e., the M-solutions). To this end, let p=n—-2+ 4.

When p> [(n—2k)qlk, i.e., 1 <qg<[(n—2+A)k)(n—2k), we firstly give some a priori estimates in Theorem 1.
Similar to Refs. [10,13], we find the M-solution admits a splitting form: ¢ =S5+ ®, where S is the singular term and © is
the regular one. To derive more accurate asymptotic expansions of S and ®, we introduce a new parameter w:=p —
[(n—2k)q)/k, and choose k, € N such that 2k,< (n—2k)/k<2(k,+ 1) in Theorem 1, 2 and Theorem 3. Furthermore, we
separate the range p > [(n—2k)q)/k into three subcases: (i) [(n—2k)qVk <p < [(n—2k) g+ DVk; (i) p= [(n—2k)(q + DV/k;
(iii) p> [(n—2k)(g + D)k in Section 2. It is worth noting that we require more precise ranges of (n—2k)/k and o for the

subcase (i), which is the most complicated and difficult case in these three subcases. Combining a priori estimates with
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an iterative method of Refs. [10,11], we could obtain the precise asymptotic expansions of S and ® near the origin.

The case with Laplace operator (i.e., k=1) and weight term K(r)= r*~*/(1 + *)** has been examined in Ref. [12];
the case with p-Laplace operator and weight term K(7)=7" has been discussed in Ref. [16]. These provided us the sig-
nificant references to solve problems for the case with k-Hessian operator (i.e., k>1) and weight term K(r)=
/(1 +r* ). The schemes we used in current paper are as follows.

First, motivated by Ref. [12], we replace Laplace operator (i.e., k=1) with k-Hessian operator (i.e., £> 1), which
leads to some computational challenges as follows. Since Ap=r'"(""¢"), we find that the exponent of ¢'is 1. A

[é + Jrs”" K(s)p* (s)ds}, where

K(r)= r"?/(1+r*y*. Based on the Taylor expansion for K(r), the asymptotic expansion of ¢’ could be obtained. How-

straightforward ordinary differential equation (ODE) analysis implies that ¢'=———
r

ever, since S, (D (—p)=c,,»' " (" (=p")'), c,= (Z) /1, we have that the exponent of ¢'is k, and then deduce

' . Uk .
Q'=— TM_W [c+ focn,]kS’ 'K(s)p* (s)ds:| = NORT K (). %)

Not only do we need to use Taylor expansion for K(r), but we also need to use Taylor expansion for K(r). The re-
peated application of Taylor expansion makes the calculation more complex. Inspired by Ref. [16], we replace weight
term K(r)=r" with K(r)= /(1 +r* ). Since A, p=r'""(r"""|p¥*¢'), we have the exponent of ¢'is p— 1, and then de-
rive

" 1 M ¢ o L S
P W[H [ s Ks) (s)ds] e K0 6)

0

In a similar manner with (5), we also need to use Taylor expansion for K corresponding to X in (5), however, in

this paper we require to use Taylor expansion for K(r) once more. Second, we shall state that the precise ranges for

[16]

(n—2k)/k and o are necessary in Theorem 1. Wang and Zhang''® obtained that ¢ is in the form of

_ C
= =PI

ny+1
. c
A (4 Dy |o — (2, +1)
{1+ ar"+o(r™” “)j|.— rm_p)/(p_l)[l+D1+0(r”+ ")] ,

i=1

where u=N+o— [(N-p)ql(p—1), 6>p, and n, is a positive integer.
When n,u< (n-p)(p—1) <(n,+ Dy, they split the term "D, into singular term (i.e., 2&,}**"“’””‘” ") and
i=1

regular term (i.e., @, ,,#""""“7*""). In this paper, we obtain for (n—2k)k <(n,+ Do,

ny+1 n,
_ c A iw A i+ g+ Doy |. _ C 10t Do
o= ,MW[H_ za,or + 22 a;r +o(r™t ) | = W[1+D2+D3+o(r ey ]
i=1 1

i=1j=
where #,=(n,— i+ 1)k,+n,—i and a; are some constants depending upon c, 4, ¢,k k,,n, and n,. The presence of the term
Dy is due to the repeated use of Taylor expansion. In a similar manner with » """ "D we shall split the term

—(n—

"D, into singular and regular terms when n,w < (n —2k)/k <(n,+ l)w. But this range is no longer sufficient to di-

—(n—

vide the term " ~*** D into singular and regular terms. To solve this problem, we require the following precise range

of (n—2k)/k:
2ne+ Dky+2n,< (n=2k)k <(n,+ Nw.
On the other hand, when (n—2k)/k =(n,+ 1)eo, since the fact that the size of the exponents (n—2k)/k and iw +2j

could not be determined, we introduce a precise range on , i.e., 2k,+ 2n,/(n,+ 1) <w <2(k,+ 1).

1 Preliminaries

1.1 Classification of Positive Solutions

In this subsection, we will separate radially positive solutions of a more general problem including (1) into two
distinct types. Firstly, we state the definitions of the k-Hessian operator and maximal solution.
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Definition 1 Let 3 C*(Q), 1 <k<n, ke N and 4=(4,,4,,---,4,) be the eigenvalues of the Hessian matrix
(D*9). Then the k-Hessian operator is given by the formula S, (D*3)= P, (A)= 2 A ++A, » where P () is the k-th

1<i|<--<i,<n
elementary symmetric polynomial in the eigenvalues 4, see Ref. [33].
Note that the k-Hessian operators are fully nonlinear for k£ 1. Furthermore, they are not elliptic in general, unless
they are restricted to the class
L (Q)= {19 e C*(QN C'(Q):S,(D*H=0inQ,i=1, ---,k}. 7
Observe that @ (Q) belongs to the class of subharmonic functions. Moreover, it follows from the maximum prin-
ciple™ that the functions in ®}(Q) are negative in Q.
To investigate positive solutions of (1), under the change of variable ¢ =—9, it is not hard to obtain S, (D*9)=
(=S, (D*p) by the k-homogeneity of the k-Hessian operator 2%,
Definition 2 A function o =—% € @} (Q) is called a supersolution (resp. subsolution) of (1) if
A-2
S.(D° )2 Gesp. )

Observe that the trivial function ¢ =0 is always a subsolution.

@’ in Q.

Definition 3  We say that a function ¢ is a maximal solution of (1) if ¢ is a solution of (1) and, for every subsolu-
tion y of (1), we have y < ¢.

Remark 1 Introduction of functional space ®%(Q) is to ensure that the k~-Hessian operators are elliptic. Then the
maximum principle and the super/subsolutions method could be applied to investigate existence of the solutions to (1).

Let K be a positive function in C'(R*) such that »""*K(r) is bounded as » —+o0. Suppose that p:(R_, R)—> (0, +o0)
is a maximal solution of the problem

' T =) Y =K(r)e?, g>k>1,n>2k, ®)
where 0 <R_< R <+o0. Now we introduce the space of functions ®* defined on ¢ =—% and Q=(R_, R) as in (7), for prob-
lem (8):
D={¢peC*(R.R)NC ([R,R]):(""'(-¢'))>0 in(R,R)i=1,-k}.

Note that the functions in ®* are non-negative on [R_,R]. If (""" (—¢')")"> 0 for every i=1, ---, k, then any function

in @ is positive and strictly decreasing on [R_, R]. Let r, (R_, R) and

Gy =—ri ™ (-0 )~ | cils™™ K(s)g* (s)ds in (R . R) 9)
It follows that G(r)=—r""*(=¢"), i.e., (—@')'=— G(_rk) and G'(r)=—c, " 'K(r)p?<0 in(R_, R). Hence the limit G,:
r

= hnk} G(r)e(—oo, +oo] exists.

We claim that G,<0. If not, there exists some r" €(R_,r,) such that G(r)>G(")>0 in (R_,r"). Hence, (—¢') =
G(r)

rnfk

<0 in(R_,r"), which is impossible.

For G,<0, we claim that R_=0. We argue by contradiction. Suppose that R_> 0. Then there exists r.=(R_,r") such
that G(r.)<0, ¢'(r.)<0, G(r) and ¢'(r) are bounded in (R_, r.). Therefore, ¢(r) could be extended beyond R_, which is a
contradiction. Thus R_=0 and ¢'(r)<0 in (0, R). Therefore, the limit IIIIOI @(r)e(0, +oo] exists. In this case, we define R,: =

0 and have R,=inf {r €(0, R)|¢'(r)<0}.

The solutions of (8) could be classified as follows:

@) if 11rrg @(r)=+0, then we call ¢ an M-solution;

(i1) if lirrol @(r)<+o, then we call ¢ an E-solution.

Remark 2 It is known Refs. [10,12] that when G,>0=R ;>R >0, there exists an F-solution. Because the
functions are restricted to @, they are positive and strictly decreasing on [R_, R]. It follows that G,<0. Hence, the k-

Hessian equation (8) has no F-solution.
In this paper, we set K(r)= r**/(1 + r*)** with 1> 0, the equation (8) reduces to the radial form of (1) , i.e.,
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1-n (n-k AYAY r272 q n
cmkr (r (_¢ ) )= 7¢ 2 Cn.k= k n’ (10)

1+r)~

where ¢ > k> 1,n>2k.

In the following, we introduce a lemma that will be frequently used to examine the existence and uniqueness of
regular term of the M-solutions when p > [(n —2k)q]/k. The proof can be established by similar argument as in Ref. [4].

Lemma 1 Assume that f € R and f(r, ©):(0, 0)x R — R satisfies the following conditions:

(i) f(r,®)e C((0,0)xR);

(i) /(. B) € Lie [0, 0);

(iii) there exist a number 0 >0 and a function

L,(0,0)—[0,0] with L,(r)e L'[0,0],
such that for every r €(0,J) and ©,,0, €[ -9, [+ ],
[f(r.©)=f(rn0,) <L, (1O, -0,
Then the initial value problem:
0'=/(r.0). ©0)=4

admits a unique solution ® on (0, R) with ®(0). = lrl_I)IOI O=5.

1.2 Transformation to Lotka-Volterra System

In this subsection we discuss the solutions ¢ of (8) when » €(0, R). Inspired by Refs. [23,24], we adopt a more gen-
eral transformation

K(r)p* -9’
—— () =r——, ri=¢, 11
C/Lk (_(0 )k ¢

where ¢'= dg/dr. Set J,:=(0,R) and I,:=InJ,. We find that ¢:=(u,v):/,—> R*xR" is a maximal solution of a non-

autonomous Lotka-Volterra system

u(t).=r"

zkzu[p(t)—u—qv],

- n—2k LN (12)
v=vy A ARt
where "-" denotes differentiation with respect to ¢, R* x R* is an invariant set of system (12), i.e., the positive u- and v-
. . B K'(r)
axes are invariant, and p(f)=n-+r Ko’

Furthermore, the inverse of (11) could be characterized by

Yg—H)
u(In r)v(In r)*
_ | inrpnry | (13)
c, P K(r)
2t
In particular, when K(r)= /(1 +r*)*”*, we have p(f)=n—2+1— 1/1_5 -
e
Define p:=n—2+/. Thus lim p(#)=p. Then the limiting system of system (12) as  —>—co could be written as
uzu[p—u—qv] ,
- [ n—2k+u+ ] (14)
v=vy i raadt

2 Singular Solutions

In this section, we mainly study singular solutions ¢ in (0, R) and their corresponding solutions ¢ in (-0, T'), where
0 <R <+ and T=InR. To establish more precisely asymptotic expansions of singular solutions (i.e., the M-solutions)
near the origin, we need to divide p > [(n — 2k)q]/k into the following three subcases:

(@) [(n=2K)qV/k <p < [(n—2k)(g+ D}k;
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(b) p=[(n—2k)q + DVk;

(¢) p> [(n—2k) g+ DVk.

For the case p < [(n—2k)q]/k one can apply a dynamical system approach to obtain asymptotic expansions of sin-
gular solutions, see Refs. [10,12,16]. Firstly, we give a prior estimates of singular solution for p > [(n —2k)q]/k.

Lemma 2 Let p> [(n—2k)q]/k. Then the following statements are equivalent:

(1) ¢ 1s an M-solution.

(i1) There exists a constant ¢ >0 such that ¢ = 1+o()], r—0.

C
r(n —2k)/k [

kfet*

(iii) There exists a constant ¢ > 0 such that u(¢)= 7,{(:{” - =20k} [1+oD)], v(t)= n=—2k [1+o()], t—>—oo.
(n - 2k) Cn,k k
Moreover, ¢ satisfies
"t~ =c+ J'Oc;,‘ks”’lK(s)go"ds (15)
k
where ¢ = ((n—k2k)c ) and c are uniquely determined.

Proof This proof can be established by similar argument as in Refs. [4,10], and is omitted here.
We proceed to prove that the M-solution ¢ has a splitting form ¢ =S+ ®, where § is the singular term in the form
of S= cP/r" 7 with P=1+o0(l) as r— 0, and @ is the regular term which satisfies

@/:_rmlkw[a f;c,,}ks"1K(s)(®+S)qu]l/k—S',o<r<R, 6
00). = }%@zﬂ e R.
It follows that
r q " '
®’=—r(ik)/k|:5+ foc;.'ks”"K(s) 0+ S(f_iw) dS} - (}MC_I;%)
__=20c|, e JFS,U_MK(S)P.,(H S("”"”@)qu]/: (n=2be p_ < _p
PR cc, i do cP k" po
L=, e [[skep{iro " ®))ds . N
v e, o P PR =20k
- "
_ (72;220 m Ezi,k f ;s““‘K(s)P"dS+0(l’m("Zk)/k)} + (’;220 P- rmikwp '
= /(- 0) (17

It is clear that if f(r, ®) satisfies the assumptions in Lemma 1, then the problem (16) admits a unique solution. In
the following, we will discuss three different subcases p = [(n—2k)(q + D)k,p> [(n—2k)(g + D)k and [(n—2k)q)/k <p <
[(n—2k)(g+ D))k, and establish the expansions of S and ® near the origin, respectively. In order to do so, we need the

following Taylor expansions

a(a—1) S ala—1y-(a—h+1) ,

(I+r)=1+ar+ 2 A r'+o(r'),
1 A MA+2) (A +2k,—2 N
m:1_5r2++(_1)k0 ( )(2](€ )” 0 )}"Zk“-l—o(}"zl‘u 2)’
!

which are crucial in the following process of proof.
Theorem 1  Let [(n—2k)qlk <p < [(n—2k)(q+ D)/k. Define w:=p — [(n—2k)q)/k and choose n,.k, € N such that

2(no+ Dky+2n,< (n—=2k)/k <(n,+ Dw and 2k,+ 2n,/((n,+ 1) <w <2(k,+ 1). Then there exist numbers a,([i=0,1,--,n,+
3;j=0,1,---,n, where n,=(n,—i+ Dk,+n,—1i;a,:=a,) depending on ¢, 1, g,k k,, n, and n, such that
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(1) Every M-solution ¢ has the form ¢ =S+ ®, where

c Ny N,
N o+
o | 1F EZW ’
r
S =

(n=2k)k <(n,+ Do,
i=1/=0

c o M
— |1+ a;r#+a, . r""nr
r(no+ D i ny+1

(18)
), (n=2k)k =(n,+ Do,
i=1j=0
and @ is the solution of (16) with the expansion
ﬂ + d lr (ny+ Do — (n—2k)/k

Do — (n—2kyk
](’. (ny+ Do — (n—2k)/1 )’
Mo Moy %o

- A G- Do+ - % 4 A A
L+ Z z a;r'" N 4 Za"0+1_jr’ +a, . ,r’Inr+a, r"+o(r”),
i=1j=n+1

(n=2k)k <(n,+ Do,
j=
for uniquely determined constants ¢> 0,5 € R.

(n=2k)k =(n,+ Do,
(ii) Conversely, given any ¢>0, f € R, there exists a unique solution ® of (16) such that p=S+0 is an M-
solution, where S is given by (18), and ® satisfies (17) with

J(r,0)=

O(F(nu + Do — (n—k)k )7

(n—2k)k <(ny+ oo,
O(rm,(2k0+2—a))—] ),

(n=2k)k =(n,+ Do.
Moreover, the solution (&, v) possesses the following expansion:
cq

t — wl

u(t) . °©

A e MO 2 (A4 2k =) o, [0k +(n = 2k) (g — k)]
. [l S 7S TR
n—2k [wk+(n—2k)(g— D]c*
)= 1 + wt + ot s t _
=" [ olo— (1—2kykikee,, S T 1
Proof (i) Let ¢, ¢>0 be determined by Lemma 2. We compute

s K (s)pt =5 1+ O(s%)] ( <

S(n—Zk)/k
Using (15), we have

v c
(_¢)!)1\= r"k|:1 +

olo— (1—2kykikee,, S TOED |

1+ 0(1)])q =5 [L+ O + o(D]= s~ L + o(L)].

1 ' n—1 q _ E
., fos K(s)p ds} = rnk[l +

cq (0] (0]
wic,, r’+o(r )},
1k
__ (n — Zk)c ¢! @ ) — (n - 2’k)c ¢ @ @
@'= PR 1+ o re+o(r?)| = pRCET 1+ wkéc,, r’+o(r?)|.
Thus
c (n—2k)c!
p= =20k -

olw— (n-2k)kk*cc,, g
where C is a constant.

r(n —2k)k

Y (e C= c |: _ (n—2k)c?

olo— (n-2k)k)k*cc,, retolr )}’

Repeating the above iterative process, we deduce
—2k)c?

n—lK q=qw—]1+2—j/21_ (}’l w+ 12}

s Kt =cts (L+57) [ olo— (1—2kykikce,, S TS

=cqsw1|:1 _ §S2+ +(_1)kuj‘()“+2)"'(i+2k0—2) .

—2k)c!
O 2k, +2 . 1 _ q(n 2] @
2k, ! s+ 0ls )} [ olo— (1—2kykiece,, . TAS)
o o o — — q
:cqs“"{l - %sz ot (=D /1(2+2)(2](€'1;‘_'2k0 2) q(n—2k)c
!
Hence,

olo— (n-2kyklk*cc,, s*+ofs” )1'

_ !k: E 1 fr n—1 q
(-9') rnk{1+ i, 0s K(s)p ds}
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¢ ¢ a MA+2)-{A+2j-2) g(n—2k)c*
— 1 a) 1 1 _1 2 @ 2] dS
% e ,J { T e -2k, )
c AA+2)y-(A+2/=2)c ., q(n—2k)c* ) ,
— (0] 1 Vi o+2j 10} 0} .
ok { T z( S o2, | 20w (- 2kyi e,y )
Then
. (n=2k)c & A2 Q2= [gn=2k) (k= ) wk—n+26)]c* L
= o |1 a)kcc o 2( Y o+ 2)kec,, 20 [o— (n—2kykTk G,y T T
Ifny=1, i.e., 4ky+2 < (n—2k)/k <2w, then there exists § € R such that when (n —2k)/k =2w,
[ ch Cq @ _ A’()“ + 2) (ﬂ’ + 2] 2)0‘7 0+2j (Zq - k+ 1)C2q 20 20
LT [l T wkze,, T Z( V= o 2kee, " T awtk@e, ! T
k
_c : 20MA+2)-A+2j=2)c ., Qq—k+ D™, o
p= e {1 a)kf 2( 1y ) e — 2 ) + 2))kcc, , r 70%2 (ECM)Z r*Inr+o(r* Inr)|.

Similarly, we repeat above process again and get

0]

/1(/1+2)"‘(/1+4k0)s4k0+2 + ﬂ

)
n—1 g — pd g1 — ¢ —])*+!
s"' K(s)p'=c"s {1 y (=D (4k, +2)!! wkee,,

ke 2
+2( VOO =D Ly qRa=hE D 1“”]

2N w = 2jw + 2))kec,, , wk*(cc, )
and
_ 2k, +1
o € “ MA+2)-(A+2] =2 .y gc* 20
Co')= rnk[ r 2( D o e, T wk@e.)
2qw/1(/1+2)"'(i+2j—2)62q ey 4QRg—k+1)cY ., q(2q —k+1)c¥
+ —1VY w+2] wl I & St S A 3w+ 3w .
2V -2 + 220 + 2k, 3ok e,y M dwkee,y | TN
Therefore,

ch 2k +1
0'=— 1+ za AN za P+, Inr+a, e+ o(r?)

20+ 1
r Jj=0 Jj=0

with some adequate constants @, (i=1,2,3;j=0,1,---,2k,+ 1) depending on ¢, 4, ¢, k, k,, and n. Integration yields

2ky+1
c 2wa < 2wcea, ; , wca a
p=—-|1+ E L0, r* ¥+ 2ma, r* Inr | +p+ E Y ey E —— ¥ _2ca,r” In r+2c(2 —a3)r‘”+0(r”’ ).
e Ho-2j A 0=2 = )

The singular term S and regular term ® can be acquired. By induction, for the case (n—2k)/k =(n,+ ), we may

"0 ’
suppose that ¢ = o [1 + EEa FOH wa, T Inr+o(r™ ™ In r)], where a,(i=0,1,---,n,+1;j=0,1,---,7,) are

i=1j=0

some constants depending upon c, 4, ¢, k, k,, n, and n,. In a similar manner, we compute

q
Ny i
SRSt =cts T (1 +57 )'”2{1 + 22&,,5"””2" +a, 5" Ins+o(s™ 1ns)j|

i=1,j=0

n o,
:Cqu_l|:1 3 %Sz-i- (e l) /1(/1+2)(2]§/1)-|'-'2k -2) 2k0+0( ey 2 ):' . |:1 i 22@5W2j +q&nn+1s("°+l)w 111S+0(S("°+1)w lns)]
i=1/=0

[ A+ 2) (4 2, + Dy — 2(n,— 1)
— 4 g1 _ "2 — 1\(ro+ Dkg+nq 0 0 0 . @ 2ng+Dkg+2n,
cs [l g S+ tEh [2(1,+ Dk, + 21, ! s
My 1,
+ zzéy ¥ t+ga, 5" Ins+o(s™ ™ In s)].
i=1/=0

where a, and a, are some appropriate constants which depend on ¢, 4, ¢, k. k,, n, and n,. Hence,
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o € )y Ao R g 0y, AA+ 2) (A4 200+ Dhy = 2010 = 1)) 2041t 20,
(-o')'= ,,n-k{” e J s [1 S D 201+ Do+ 21, 11 y

nk~ 0

ny n;

+ zza S qa, s"" Ins+o(s™ ™ In s)} ds }

i=1j=
— E 1 + Cq rw _ j‘cq 0+2 4ot (_ 1)(/1(,+ Dky+ny }’(}' + 2’) . (j' + 2’(”0 + l)kO - 2(”0 — 1))Cq rw+2(n“+ Dky+2n,
ok wce,, 2(w+2)ce,, [2(no+ Dky+ 20, (@ +2(n,+ Dky+ 20, )cc,,
ny - ~ q ~ q
z a..cq FE Doy 4 qamﬁli r(170+2)w Inr— qanu;li_ o +2)u+0(r(n +2)w) )
S+ Do +2f]cc,,, (n,+2)wcce,, (ny+2)ywcc,,
Then
n,+ Dowc ¢ L < .
q)/:_ ( (()'10+])a))Jr1 1+ = 7O+ Z o (u+2j+zza plir Do+ +a r(nn+2)w lnr—a,,o+2r(""*2)”’+0(r(”"*2’“’)

r WKCC,, J=1 i=1,=0

with some adequate constants a,;(i=0,1,---,n,+2;/j=0,1,---,7,) depending upon c, 4, g.k, and n. By integrating, we de-

rive
no—ky=1 ~ no—1n,—ky—1 ~
o= (nil)w (n0+})c‘f o ay,; (}’l0+ 1)6() Jo z a[j(l’lo"*’ 1)0) _plit Doty a, (I’l + l)wr(”“”)w Inr
nywkee, = nw-2j (ny+ Do -G+ DHow—-2j
7 ~ ng—1 g ~

c “ady (ng+ Do R : a;(ny+ Hw ‘ , L (my+ Doc

+,B+ i z 0.1( 0_2). 7Oty 4 2 z 11(_0 - )1 _2.r(l+])m+2] _ 2 /( 5 ) 7Y
r j=mk, @ —4] i:lj:n,fko(n()_l_ Yo —(i+ Do —2j 7o 7

—a, . (ny+Der’ Inr+m+ )| —— —a, ., |cr’+o(r”)

; Mo N ko
— i0+2j (ny+ Do -~ (i—ny—Now+2j
= (H])U{1+ EZa +a, " lnr} +,B+z z a;r +zan+ur +a, ,r’Inr+a, r°+o(r”),

i=1j=0 i=1j=n+1 j=1
where
q = (ny+ De?
" nywkee,,’
. a;(ny+ Noc . .
=0.1.--- —1:7=0.1.---.1n.

at+]/ (n + 1)6{) (l+ 1)6() 2] (l 09 ) 9n0 9] 0’ b ”1,)7
. - . W(n + Dowc . (19)
an“+l :_an“ (l’l0+ 1)(1)7 an”H,/‘_ 7(‘]:0’ 15 ) 77,')5

2j

an“+l

a, ,==a,  (n,+ e, a, =+ l)( —dwz)c.

Thus the singular term S and regular term ® could be obtained precisely. For the case 2(n,+ )k,+2n,<
(n—2k)/k <(n,+ Dw, we can apply similar arguments to obtain its corresponding conclusion.

(i1) To prove that (16) admits a unique solution O, it suffices to verify that f(r,®) fulfills the assumptions in
Lemma 1. For the case (n —2k)/k =(n,+ ), we find

ny ny i
P=1+ zza zm+2/+an . r(nml)mlnr P'= zza” (lw+2])rlui+2j l+a" +1(n0+ 1)(01" (no+ - lll'll”-i-cl I”(n"+l)w7],
i=1j=0 i=1;=0
and
1k

ny, n,

q
_ (n,+ Dorc ¢! g0 w i +2 g o (19+ 20>
£, ©)=— 1+ Ecn.kf A+s) 7|1+ zzg SOV kd, s s | ds+OEn)

(n,+ Do +1
r i=1j=

n,+ Doc o
+ ( ?n +1)<))+1 ( z “AHZ/ +an +1 (n“l)wlnr -
piht e =

n

C A . N i+ 2 — ~ n o — o n ) —
(zza,j(zw+2])r a, o (ng+ Dor @ e +a,, "0 1)

(ny+ Do
ree i=1)=0
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. (n,+ Howc c _ Act w+2 1)+ Dko+
T et 1+ wcee, d 2w +2)cc,, r et D)
MA+2) - AA+2ny+ Dky+ 2(n,— 1))’

[2(ny+ Dky+ 20, ' o +2(n,+ Dk, + 214 )cc,,

@ +2(ny+ Dk, +2n,

A 1k
n o, = 4 q
a,c . . qa, ..c
S ey S g o In )
i=1)=0 [+ Do +2f]cc,, (ny+2)wcce,,
n 1,
(ny+ e ~ . o (imng-Dot2-1 A .
st T 22%[(”0—1+ Do =2jler™" "7 —a, .,cr
r i1 =1
(n,+ Do ¢! © &~ 0+2 O ~ (Dot |~ (1,+2)w (1942 (n,+ Do
= et 1+ = e+ zawr + zz%r T +a, ., r In7 +o(r Inr)|+ T
r WKCC,, i =1 i=1,=0 r

o M

+ ZE&U [(ny—i+ Do —2/]er™ " —a, cr

i=1 j=0
:&l,no(kOH) (2k0+2 _w)n()crn0(2k0+2—w)fl +0(rn0(2k0+2—w)—1 )
due to the relations (19) between a, and ;. The other case can be similarly handled.
For the case 2(n,+ Dk, +2n,< (n—2k)/k <(n,+ 1)w, we obtain
K@)y’ v’

=T e Co ~ enir)? (o)

—k
cqrw N S i +2f nyo+ ' G &zk[(n_zk)/k _(la)+2])] io+2j nyw+
:(H)(HEE ol )) {”2 2 am r kol )

i=1j=0 i=1,=0
— c! o1 _ i 20 (T ),(}.+2)~~(i+2k0—2) 2k, 2ky+2
= e, r {1 Syt +(=0 ko) r+ 0"
q(n—"2k)c’ ¢!
. 1 _ ® ® . 1 _ ® w
{ olo— (n-2k)klk’cc,, retolr) wce,, retolr)
c? A AMA+2)y-(A+2ky—2) 5 [wk>+(n—2k)qg—k)]c* ,
— @ 1 _ 2 . _1 ko 0 0 __ o) @
., [ 2T e T o -2k, )

and

! _ Mo M ) )
V(t)=l’7¢ :r’:(n Zk)C i 22&,,[(1’!—2]()/](—(iw+2j)]CVW+2]_("_k)/k +0(rnom+2n,—(n—k)/k):|

(1 kyk
" i=1,/=0
C
’ 2Rk

n—2k ¢! , q(n—"2k)c?
- 1 "oy |- |1-
K { *okee,, T )} { olo— (n—-2kyklkec, ,

i=1,/=0

ny i -
1+ zE&fjriwﬂ/'_i_o(rn"mzn,)

r’+o(r® )}

n—2k 14 [wk+(n—2k)(q—1)]c?
k olw— (n-2kyklk*cc,,

r’+o(r® )j|.

Remark 3 The ranges of the parameters (n, k, ¢, 4, n,,k,) are not empty under the assumptions in Theorem 1.
Since n>2k, g>k, A+2k—-2>0, and 0 <w:=p— [(n—2k)q)/k < (n—2k)/k, we can choose n=50,k=2,¢g=3, and 1=29
so that (n—2k)/k =23 and w =8. By some computations, it is not difficult to find n,=2 and k,=3 such that 2(n,+ 1)k, +
2ny< (n=2k)/k<(ny+ Do and 2k, + 2n,/(n,+1) <o <2(k,+ 1).

Theorem 2 Let p=[(n—2k)(g+ D)k and select k, € N such that 2k, < (n—2k)/k <2(k,+ 1). Then the following

results are valid.

(1) Every M-solution ¢ has the form ¢ =S+ ®, where
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c Cq+1

§= - °
=200k kccn.k

Inr (20)

and O solves the initial value problem (16) with the following expansion
k
- AAA2) (A2 -2)(n—-2k)c" gc ! (- 20k gc !
0= i _qc
h- 2( D it (e kYK Ee,, | 2k(n—2K)Ce,, ) [2n—2k)e, T

as r — 0 for some uniquely determined constants ¢ >0, f € R.

(n 2k)/k+0(r(n Zk)/k)

(i1) Conversely, for any given ¢ >0 and f € R, there exists a unique solution ® of (16) such that p =S+ @ is an M-
solution, where S is given by (20), and O satisfies (17) with f(r, ®)= O(r). In addition, the solution (u, v) has the follow-

ing expansion:

L go MA+2) AA+2i-2) qect w2 qp kc? - 2kyk -2y
1200k 20 oo, (9B ket oy .
0= e {1+§5(1) O TR o S (P T <) M
n— 2k c? (n—2k)/k 07‘7 _ ﬁ (n—2k)/k (n—2k)/k _
M= [1 i kec,, e * (n—2k)cc,, c ¢ +o(e )|, t—>—o0.

Proof (i) Let ¢,c>0 be determined in Lemma 2. By some calculations, we have
G o 2Rk
n—1 — .
s" K(s)p!= 1+ § )2 =204k (

It follows from (15) that
Uk
—_ 1 = " ! l/k_ (n_Zk)c 1 "o
Q== IO I:C+f CoiS K(S)¢qui| = PR 1+ e,y fos K(s)p*ds

(n—2k)c 1 . ro (n—2k)c !
== Je 1+ kce f IK(S)¢qu+OJ lK(S)(oqu = Je - kce I’+0

n.k nk

- go(s)) ="+ O]+ o(D)]7 = 5" 1+ o(1)].

Hence,

1)
, .
q+1

c c
p= 71”(”72]% ~ e Inr+o(Inr). (21)

nk

It is clear that each term on the expansion of ¢ is still singular. To obtain the regular term of ¢, we need to repeat
the above arguments. Using (21), we find

o9 gk -1 ot q
S"UK(s)p! = 115 1- e, " In s+ o(s" " Ins)
nk

:cqsmww{l_ % p g 1 PO D202 o

(2k )H

c’ Iy o
+ O(sz‘””)} . [1 - 7;{ s" 7 Ins+o(s" " In 5)
ccn,k

s l{ 2(—1) MatD) Ai+2i=2) N LA Ins+o(s" " 1ns)]

i kee,,
Therefore,
— 1/k
=2k 1
(0 =— kr("—k)/k 1 + Cc o f 1K(S)(g‘7dS
_ (=2k)e| N 2 L1y O+ D+ 2i= e (=200 21
I il | (n=2k)ce,, £ (2i+ (n—2kyk)2i)'ec, ,
__(=2kpe[, e Z 1y 2O D 2=y
I | (n=2k)ce,, Qi+ (n—2kYk)2i) ke, ,
q02q 2(n—2kyk ln 2 [q _ z(k_ 1)]02q r2(n—2k)/k S
+ + .
T kn—200Ce, ) T dn—2kr e,y )
. (n=2k)c ! R e .
Let §'=— , @'=¢'-S" Note that ®'is integrable and (0): =S exists. Therefore,

K" ke,
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c

0= k, 1nr+ﬁ 2( 1y

AAH2) (A4 20 =2)(n—2k)c! 2
2ik(2ik+n—-2k)2i)'cc, ,

i

qczq+1 S T [3g—2(k— 1)]Czq 2R O(r(wz;f)/k )
2k(n 2k)ecc,, ) 4(n-2k) (cc,, )
q+1
(i1) For any given c and f, we denote S= r(f%)/k - kccc,, ) In7. Then
P=1— ¢! SR e pre (n 2k)c LR P ¢’ 2Rk =1
kec,, ’ k*cc,, kee,, |
and
1k
_ (n—=2k) c’ j r gl o ! 2(n- 2Kk (n—2k)c ¢’ -2k
f(r,®)=— RO 1+ ce ) olas) 1- kec,, s Ins | ds +O(®r )|+ PRI 1- kec,, I3 Inr

c (n—2k)c* (1= 2kyk-1 ' sk
e = r Inr+ ——r
r k*cc,, kee,,

_ g .(1—2kyk k, - . 4 1= 2k +2i 2 201 - 2kk Vk
_(n (%ﬁ)kc L4+ kc'r B (—l)i/l(/1+_2) (A+2i 2)c.r . _getrT lnr2 T o(r " In )
Jer (n—2k)ce,, 4 2i+ (n—2kyk)2i)cc, , 2(n—2k)(cc,,)
(n—2k)c !
kr(nik)/k kEcn.kr

_ q . (n=2k)/k _ q . (n=2k)k +2i 2q . 2(n—2k)/k
_(n (%ic)?(c | crt (_1) AA+2) oA+ 2i-2)cr qc*r 7lnr2 T oM I 7
Y (n—2k)cc,, & Qik+n—2k)\2i)\\cc,,  2k(n—2k)ec,,)
(n—2k)c !

Jo vk kee, v
_ Mn=2k)"'r
- 2nkec,, +olr),
which satisfies the assumptions of Lemma 1, thus (16) possesses a unique solution ®. Hence p=S+® is an M-
solution. We compute

1 q (,7_2k)/k1 r(n 2kyk ® q
- nr+
wy=r KOO T g et kee, ¢
cn,k (_¢,)k Can (1 + r2 )/VZ (_¢,)k Ecn,k (1 + ’/-2 )//2 c? (=20 kr(”’k)/k @ k
+ - _ !
(n—2kyc,, (n—2k)c
e 2 A+ 2) A+ 2k, —2)
= |1—Z 24 (=D 0 2k, 2y +2
i, p D 2k, ! rrH o)
.{1 _ kgj L P Qﬁ P20 o 2/c)/k)} {1 _ % =20k 0(,,("2/()//()}
nk - nk
| _ A s WAA+2) - (A+2k,=2) 4
EC,,,kr 1- 2! + -+ (=1 k)1 r
qc! (r=2KYk | qﬂ 2Kk _ k! 2Rk (- 2Kk
—_—— + —
ke, M (n—2k)c, o™ )
and
(n—2k)c N ot
I O L
v(t)=r =r—_ o
=TT 7]{50”4,( Inr+@®
-1
— q q
_ |:n kzk T ér(n—Zk)/k_i_O(r(n—Zk)/k ):| . |:1 _ kEcc r(n—Zk)/k 1nr+ ér(n—zk)/k_"_O(F(n—lk)/k)
nk nk
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n-2k o
= 1+ —— 7" Inr+
k kee,,

q
2R ﬁ)ﬂ)}
nk

Theorem 3  Let p> [(n—2k)(q+ D)k. Define w:=p — [(n—2k)q)/k and choose k, € N such that 2k, < (n—2k)/k <
2(ky+ 1). Then the following statements are true.

(1) Every M-solution ¢ has the form ¢=S+®, where S= and @ solves the initial value problem (16).

(n Zk)/k’
Moreover,
_n_ (n - 2k)cq+l 1 w—(n-2k)k S 1V i(l + 2)' : '(}L +2i— 2) —(n—2k)yk +2i
©=p ke, |olo— m-2kyk]" + 2D (@+ 20— (n—-2kyk+2i12i)h
ap

+ colo— (1= 2k)K] r”+o(r )], r—0
for some uniquely determined constants ¢> 0,5 € R.

(i1) Conversely, given any ¢>0 and f € R | there exists a unique solution ® of (16) such that p =S+ ® is an M-
solution with S= ¢/ *", In this case, © satisfies (17) with f(r, ®) =0~ """*). In addition, the solution (u, v) has the
following expansion:

Qi

n—2k E (n—2k)/k c?
{1 ¢© - (wk—n+2k)cc,,

()= Cze[ 2( 2O AO2U=D) o W)}

W)=

e+ o(e” )} , t—>—o0.

Proof (i) Let ¢,c>0 be determined by Lemma 2. It follows from (15) that ¢’ is integrable near the origin. We
compute

(n—2k)c (n—2k)c (n—2k)c

17k
1 n— ' n—
_ pRCET: [1 + = f s IK(s)(pqu} = pRTET _ P k)/kf 'K(s)p?ds +o

-

1
(n loyk f " IK(S)gﬂqu)
Thus, we obtain for certain , €(0, R),

¢_ bk (n 2kyk +¢(I’ 0) f (n Zk)c

. kz = t(n—k)/k

f" 'K (s)gdsdr + o) = +0=:5+0, 0<r<R.

r(n 2kyk

Clearly, ® satisfies (16) and (17). Suppose that ¢ /r" " +0©,= ¢,/r" " +@,. It is obvious that c,=c, and
®,=0,, which implies that ¢, and ® are unique. It follows from ® =+ o(1) that

n—2k)c 1
( ) (n k)/kf n— 1K(S)§0qu)

Q'=—

(n—k)/k

f s"'K(s)p*ds +o
0

Py
k*ce, . r

—_M ' -1 2\-2 S(”izk)/k 7 -
ke (”""/"fos (L4575 1+ ——0(s) | ds+0(""")

k*cc,,r
_ g+1 r Y
e [ S DD g1 4 e acn
n.k .t
_ (n=2k)c" (7 - A2y AA42i=2) 0GB um (n—2kyk o-
- Kize, 1" fos 11+ ;(—1) @iyl s+ P +o(s ) [ds+o(r° ")

(n—2k)c" " & M2 (A+2i-2) wqp
wl’cc, {1 T e s (n—2kyk]”

The expansion for ® could be obtained directly by integrating.

s 2k)/k+0(r(n 2kyk ):|

(i1) For any given c and f, we denote S= Then P=1 and

r(n 2kyk*

£(r,0)=— (n—2k)c |:1 N 7c‘7 fr s¢7! ds+0(ra)+(n2k)/k)i| (n—2k)c

kr(nfk)/k Ccn,k 0 (1 +S2 )}./2 k (n—kyk
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1k
(n—2k)c ! & AAH2) (A 202, o+ 1-2kpk (n—2k)c
—- l 2] _1 i w+2i
e |z, 2OV e, O
_ (n=2k)c c! o o (n=2k)c _ (n=2k)c""" i ©—(1-kyk
= e |k, O e T ke, T T )

Clearly, f(r,®) satisfies the assumptions in Lemma 1. Therefore, the problem (16) has a unique solution ®. Thus

»=S5+0 is an M-solution. We compute

and

(n—2k)/k q
1+ 0
K(@r)o* pirh=2 o cire c
u)=r L 2 ) T = Y X
(=) e (+r)? (=) e (L+77)" k
A g r(rkk)/k@;

© (n-2k)

c'r” < ij‘(i + 2)' : '(/1 +2i— 2) 2i 2ky+2
> [1 + Z( 1) Qi F 4+ O

. ﬁ (n-2kyk _ (n—2k)gc’ ” N c . .
[1 T w(wk—n+2k)kee, o) -1 wic, , re+o(r”)

RS, A AAH20=2) LGB e e
_Ecn,kr[HZ( 1) rl S o

Qi
_2 (n—k)/k
Ly n - kK r - o
wt)=r = 2k
1+ ®
C

I:n -2k . (n—2k)c? 4 o {’ ) [1 _ ér(n-zm/k_i_ (n—2k)c* o+ o(r ):|

k wk’cc,, w(wk—n+2k)kec, ,
— n—2k ﬁ (n—2kyk C—q o (n—2kyk
Tk {1 ¢ wkmn+2kee,, " O

Remark 4 We discuss the expansions of singular solutions in different intervals with p as the index in this sec-

tion. For each specific subinterval of p, the singular solution is unique, and its corresponding singular and regular terms

are also unique. However, for the entire interval, the singular solution is not unique, and its singular and regular terms

are not unique either.
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