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Double-Pole Solution and Soliton-
Antisoliton Pair Solution of MNLSE/
DNLSE Based upon Hirota Method

[0 LUO Runjia', ZHOU Guoquan®’

1. School of Physics, Nanjing University, Nanjing 210023, Jiangsu, China;
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Abstract: Hirota method is applied to solve the modified nonlinear Schrodinger equation/the derivative nonlinear Schrodinger equation
(MNLSE/DNLSE) under nonvanishing boundary conditions (NVBC) and lead to a single and double-pole soliton solution in an explicit
form. The general procedures of Hirota method are presented, as well as the limit approach of constructing a soliton-antisoliton pair of
equal amplitude with a particular chirp. The evolution figures of these soliton solutions are displayed and analyzed. The influence of the
perturbation term and background oscillation strength upon the DPS is also discussed.
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0 Introduction

Soliton is an analytic and localized wave-packet
that scatters elastically!’, whose stability is ensured by
the conservation laws caused by integrability”. Equa-
tions permitting soliton solutions are nonlinear and dis-
persivel’, describing a wide range of nonlinear models !,
and they usually form hierarchies”. Optical soliton
theory attracts great attention due to its practical applica-
tion in field of optical-fibre communication™®. The opti-
cal fibre permits the existence of dark and bright soli-
tons, as well as vector solitons with two perpendicular
polarizations™®.

Letting u(x, ¢) be the electric field of a short optical

pulse, ¢ the normalized propagation distance, and x the

normalized time, then the modified nonlinear
Schrodinger equation (MNLSE) is as follows:
i0u+0u+io, (uffu)+2ylufu=0, €))

which describes the propagation of a pulse in a long
waveguide, and might be of use in the optical communi-
cation, in which y quantifies the nonlinearity of the re-
fractive index. It was first proposed by Tzoar and Jain in
1981®" and Lashkin in 2007"", Different from the nonlin-
ear Schrodinger equation (NLSE), MNLSE contains two
nonlinear correction terms, which are called the self-
phase-modulation and self-steepen effect™, respectively,
and proved to be essential to describe the distortion of a

short pulse propagating in optical fibre!""',
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By a gauge-like transformation'™ or a simple set-
ting of the parameter y to zero, the MNLSE becomes the
derivative Schrodinger equation (DNLSE):

i0,v+0iv+io, (Vv)=0 2
where v(x,7) stands for the normalized amplitude of the
wave envelope of field"”. The MNLSE can be regarded
as the DNLSE with perturbation. The DNLSE can be
also used to describe the evolution of small-amplitude
nonlinear Alfvén waves propagating quasi-parallelly
with respect to the background of magnetic field™,
whose zero-curvature condition leads to various equa-
tions such as a coupled Chen-Lee-Liu equation with
given appropriate parameters”. The connection between
the DNLS and the coupled Chen-Lee-Liu equation
makes it possible to transfer the solution of the former to
that of the latter.

The case for nonvanishing boundary conditions
(NVBCQ), apart from its correlation to physical systems
in reality, also supports the existence of more varieties
of solitons compared with the case for vanishing bound-
ary conditions (VBC)!"", but it is more complicated to
tackle. For the DNLSE with NVBC, the inverse scatter-
ing transform (IST) encountered divergent integrals and
the problem of sheet determination of multiple-value
functions"”, Bicklund transformation obtains solution in
terms of determinants'”'®, and they both need modifica-
tion to adapt for the NVBC case. The Hirota method can
be applied to the NVBC case directly and give rise to ex-
plicit solution®”’. Compared with the other methods, it is
more straightforward and has fewer requirements.

High-order solitons describe the interaction among
N solitons resulting from N-th multiple-poles instead of
N simple-poles of the reflection coefficient in the IST
method"”, which leads to a particular chirp. The double-
pole case of the NLS has been presented in the original
work of Zakharov and Shabat™ but without much analy-
sis, and then the N-poles soliton was studied in detail by
dressing method”". The high-order solitons are referred
to as the simple pole solution (SPS) when the poles are
the first order and as the double pole solution (DPS)
when the poles are the second order™. The DPS is also
called a positon™?. Some equations prohibit the exis-
tence of high-order soliton since they only permit simple
poles, such as Korteweg-de Vries equation”. The Dar-
boux transformation"”*?* and the Riemann-Hilbert
(RH) method®*” gives a Wronskian representation of
the high-order solitons, while the Hirota method gives
an explicit form utilizing a simple and quick limit of the

SPSE'#2U The above cases mainly focus on the mKdV-
sine Gordon equation under VBC. Ref. [19] investigated
the high-order solitons of the DNLS via the Darboux
method.

The N SPS of the MNLSE under VBC had been ob-
tained via the IST method””, and the rogue wave solu-
tion under NVBC via the Hirota method ™. The one SPS
of the MNLSE was obtained under NVBC through the
Hirota method in our previous paper””. The DNLSE had
also been extensively investigated. Its N SPS under the
VBC and breather-type soliton solution under the NVBC
had been studied using various method"”'****1. The
high-order soliton of the DNLSE under VBC"?, the high-
order rational soliton under NVBC", and the DPS un-
der VBC™ had been obtained using the Darboux trans-
formation.

In this paper, we derived the DPS of the MNLSE/
DNLSE under standing-wave boundary condition in an
explicit form via Hirota method. In Section 1, there is a
brief introduction to Hirota method and the MNLSE is
bilinearized. In Section 2, the 1-SPS and the 2-SPS of
the MNLSE are obtained and that of the DNLSE are
also obtained by setting y — 0. In Section 3, the DPS of
the MNLSE is constructed as limit of two SPS with op-
posite signs and equal amplitudes. The DPS of the
DNLSE is obtained with y — 0. In Section 4, some con-
cluding remarks are made, and the influence of the per-
turbation of the DNLSE and the background oscillation
strength is also discussed in detail.

1 Hirota Method and
Bilinearization of MNLSE/DNLSE

We first introduce the bilinear derivative opera-
tor D"
DD f(x, 1) *g(x, t)=(0/0t — o/ot')"

(0/ox — 0/ox")' f(x, )g(x", ") ,_yres 3)
or in a more convenient way, by an exponential identity:
exp(eDz)a(z)-b(z) =exp(€a‘,)a(z+y)b(z—y)| -

=a(z+e)b(z—¢€) 4)
which resembles a translation operator. In above identity
and (3), (*) between two functions means an ordered
product, € is a parameter and y is an auxiliary parameter.
The bilinear derivative operator D has several important
properties as follows:

DD} f+g=(~1)""D;Dig*f 6))
DyDje"ee"=(w,~w,)" (k,—k,)'e""" (6)
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where = t+kx+n°, (j=1,2).
Solutions of DNLSE and MNLSE have following
typlcal form [10,16,17,33,35,38,40]
u=gflf* = (gf )71 @)
The Hirota method relies on some typical forms
which are usually identical for equations in a same hier-
archy”. To bilinearize an equation is to transform the
equation into the form that only contains the D operator
acting upon the transformed variables without the ordi-
nary/partial differential operators. u is performed Hirota
transform upon the product of g/f and fJf, which are of
similar structures. Assume w= a/f, Then the bilinear-
ized MNLSE can be obtained from the bilinearized par-
tial derivatives of w, which are contained in the Taylor
expansion of exp (66/0z)(a/p). Since
a(z+3)
exp(60/0z)(a/p) = 5(z+0)
=a(z+0)p(z=0)[ B(z+5) B(z-06)]

— (exp(eD, )a +f)(cosh (sD.) fof) @®)

From the Taylor expansion of the final result of (8),

some useful formulae for following bilinearized partial
derivatives of w are obtained:

(9/02)(a/p) = (D.ap)p .
(0%02") () = (D2asp - (ap) (D2 peg )"
Insert (9) and (7) into the MNLSE (1), we have:

0=(ifff* |D.g o+ (ife/r* ).+ (M1 ) Dig of

~(2gflf* )2+ s+ (2 ) (Dog </ )(DS"S )

+(gfif* )02 o f+ (2igg)f* )D.g o+ (ig’)f* )D.g o

+2yg’g/lf? (10)
After algebraic manipulation, Eq.(10) becomes:
0=/f(iD,+D?) g *f+2yg*gf~fg (iD,+ D) f+f
+2{D, *+[g(2D, f7-igg) ]| (11)

By introducing an arbitrary function A, the above
equation is decomposed into following bilinear forms P":

(iD,+D!-2)g*/=0 (12)
(iD,+D?-2) f+f=2gg (13)
D, f*/=(i2)gg (14)

From (13), we have
lul*= gg/f7= (127 ){[(iD,+D2) 7 )17 -if (15)

revealing that 4 depends on f, g, the sign of y, and the
boundary condition of u( x, 7).

2 1-SPS and 2-SPS of the MNLSE/
DNLSE

Expand functions f and g in series of perturbation
parameter ¢ are

f= e g= Delg” (16)
i=0 i=0
The j-th soliton would be in the form of
f= if”f”’, g= j(fg(f) (17)
i=0 i=0
Inserting (16) into (12)-(14) leads to
(iD,+D§—i)(igm-f<"ﬂ) =0 (18)
j=0

=0 (19

(iD,+D2- A+ 4in*)(§.f(j) o FOD
j=0

D\-(me .Jm) — (i/2 ) zgm. g (20)
j=0 j=0
Set

f9=0, g”=0,i>1 (21)

so that only the terms related to the 1-SPS are remained
in the series (16). Normally (21) could be satisfied by a
deliberate choice of f/ and g, which are hard to attain
here due to extra nonlinearity in the MNLSE. Therefore,
we set the higher perturbation of (16) to zero in the first
place. Inserting (21) into (18)-(20), and after slight ad-
justment, we get

(iD,+ D2~ 2 +4iyD,) fO+ f©O =0
(iD,+D2=2+4iyD, )( fO+f0 +£0+f0) =0 (22)
(iD,+ D>~ +4iyD,) fOf0 =0

(2)g"g” =D, f"f
(12)("g" +g"g") =D.( /77 +/"/7) (23)
(12)g"g" =D, f0f"
(iD,+D2-2) g+ =0
(iD,+D:-2)(g"+f " +g" /") =0 (24)
(iD,+Di-1)g" /=0

From our previous paper’, under the standing
wave boundary condition:

u_)pei(bo—S/q,)xeiaﬁ“ (25)

when x —+o0 or t—>=o0, in which ¢, is a phase shift, so-
lution of (22-24) is

f(o): eikﬂx’f(l) :f(())eig':"’e,,’g(()):peib“x’g(l):g((»eia\‘“eq (26)

where #=1t+Kxx + 7 and
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= (14)|p[

bo=(1/8)| p[ £ \/(14)| p[ +29] p|°

a¥ =&+ arccos (coszgﬂ“’) + (A=1)sin*¢?)

2 4 2 2 (27)
2o = o rsrlol +ar) o

k= (172)|p |2 (cosal’—cos & )/sin &
t=—4(y+k,)x+cot 0%

The unperturbed terms /', g correspond to the in-
fluence of the boundary condition, and the first-order
perturbation terms /¥, g correspond to the one-soliton
case. Hence the 1-SPS of the MNLSE is

u=pe "1 eer)(1+eer)/(1+eer)” (28)

with n=tt+Kxx+#® and (27). Here p, y, £ are viewed

as variables on which the other parameters,
ko, by, 0, x, 7, depend.

Under the limit of y— 0, the solution of MNLSE
degenerates into that of the DNLSE, and (28) results in
the 1-SPS of the DNLSE:

u=p (1 +e e ) (1 +e e )/(1 + e@"me”)2 (29)
with =1t + kx+ 7 and

ko= by=(34)|p|".

k=—|p| sin2&0, t=|p[ sin 260(1+2 cos’E?) (30)

As y — 0, the standing-wave NVBC of the MNLSE
(25) becomes a constant NVBC of the DNLSE

u—>pe (31)

©0) ©.
al - 3§l >

when x —>+to0 or r—+00, where ¢, is a phase shift. Next,
we derive the 2-SPS of the MNLSE/DNLSE. Set

f9=0,g"=0,(i>2) (32)
so that only terms involving in the first and the second
soliton are remained in the series (16). Similar to the
SPS case, the unperturbed states /*,g® correspond to
the influence of the boundary condition, the first-order
perturbation /', g" correspond to two solitons and the
second-order perturbation f®, g® correspond to their in-
teraction. Inserting (32) into (18-20), and after slight al-
teration, they become

(iD,+D2-1) g =0

(1D +D2 - )( O fO4 g0, f(0>)

( D,+D*— )( O fO 4 g0, fO4 g0, f<0>) 0 (33)
( iD,+D?— )( 0. @4 g® f“’)

(1D +D2— )g(z) fP=0

(iD,+D?=A+4iyD,) f©- O =0

(iD,+D?- /1+41yD)(f(°)~]m+f(”'jm)=O
(iD,+D2=2+4iyD,)( /O f@ +f0- fU 4+£O. fO) =0
(iD,+D2=2+4iyD,)( /O f@ +f@. f0) =
(iD,+D*~2+4iyD,) f@- f@ =0

(34)
D, fO fO = (i2)g® <0)
Dx( 0. f(l) +f0. f(O)) _ (i/Z)( gm@ n g("@)
D( - 7 7. 77 +1- 1)
= (i2 )( g® g(2> +g0 ga) +g@ g<0))
Dx( 0. jﬁ +fO. f(‘)) _ (i/Z)( g("ga) 4 ga)g(”)
D f®- % = (i12)g"g"
We choose the unperturbed state of fand g as
f(O): eifﬂ — eikﬂ g(O)_pemn_peibor (36)
which is similar to the case of SPS of the MNLSE, then
from the first equations of Eqs.(33)-(35), which are the
same as the 1-SPS case, the values of k,, b,, 4 can be got-

ten as follows:
b= (1)) p[ £ (1) o[ 429 o
/1:—(1/4)‘p|2—2y|p|2 (37)

19, g should consist of terms involving in two

koz(

solitons, and we write them as:
fO=q, fO e +q, fOH et =q, fO+a, £,
| g"=b,g"% " "e" +b,g% " e"=b g +b,g?
If £, g™ (m j= 1,2) in (38) satisfy the same equa-
tions as that in 1-SPS case, i.e., (22)-(24), then the sec-
ond equation of (33) yields
0= (iD,+D?=A+4iyD,)(a, /O 7 +a, £, 1O )

+(iD,+ D= A+4iyD,)(a, /O £, +a, £, fO) (39)

By simple comparison with the second equation of
(22), Eq.(39) is satisfied when
a_1=a1,a—2=az (40)

which means a,, a, are real. Similarly, from the second

(3%)

equation of (34), we have
a,=b,,a,=b, 41)
Egs. (40) and (41) render the second equation of
(35) satisfied automatically.
We can express /@, ¢ involving in the interaction

between two solitons as
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f(2) :f(O)alaeriét"’Héé")emwz
42
g(2):g(0)b] szeia‘f’Wia‘f)emmz (42)

where n,=7t+x,x+n", j=1, 2, A, B correspond to the
strength of interaction. Henceforth the fifth equation of
(33) is satisfied automatically:

(iD,+ D>~ 1 +4iyD, ) f@e f@
= |a,a,A['(iD,+ D=7 +4iyD,) fO-f® =0  (43)
Similarly, the fifth equation of (34) is satisfied auto-
matically and the fifth equation of (35) is satisfied when
A=|B[ (44)
The fourth equation of (33) yields
0= (iD,+D?=2+4iyD,)( £ f@ +£©. f0)
= (iz, +dikok, + k2 +4ipx, ) e (A4 - A)e"
+(it, +4iky ke, + 2+ diyre, ) e (4 - A) e (45)
Since e, " are independent, then
A=A (46)
that is, 4 is real. Similarly, from the fourth equation of
(34), we have
A=B 47)
then the fourth equation of (35) is satisfied automati-
cally. Now we derive the interaction strength of the two
solitons, 4. The remaining equations, the third equation
of (33)-(35), should contain the same information and
parameter A derived from each of them should be identi-
cal. From the third equation of (33), we have
A=1+4k 1k, sin & sin ¢ 2k, cos (E+EP)

— 1y sin&V/sin &0 — k. sin &/sin E0)! (48)

The second equation of (34) and (35) yield the
same result of 4. Thus we get the 2-SPS of the MNLSE
under NVBC as follows

U,= ngz/fzz (49)

here,

fi= e"‘“"(l +a,ee" +a,ee” + alaer‘f'm“@me”'*”z)
2, =peib[,x(1 + (lleia“me’?' " azeiagnen2 n alaeri“\m”“?e”' +»72) (50)
here 4 is given by (48) and
2 2 4 2
ko= (14)] p['3b,= (14| p[ £ J(14)] p|'+27] p|

0 =& + arccos ( cos’E0+ (A-1) Sinzfi(o))

2 4 2 2
o5 ol +silof +ar) 1o

K= (122)|p |2(cos a”—cos & )/sin &

r_,:—4(y+k0)zcj+cotf}mkf, Jj=172

A=2

The parameters p, y, £, a, can be adjusted to fit the ex-
periment result, and the other constants can be derived.
Given appropriate parameters, the space-time evolu-
tion of |u|, the modulus of the electric field of the short
light pulse, is depicted in Fig. 1. It shows the elastic scat-
tering of the two solitons in the 2-SPS solution, which
split into two individual solitons as ¢ —+oo!", When 0<
E9< w2, (j=1.2), and @,<0, a,<0, a bright-bright
derived; but
a,>0, a,<0, a bright-dark soliton is derived; and when

soliton is when a,<0, a,>0 or
a,>0, a,>0, a dark-dark soliton is derived as in Fig. 1.

When y—0, the MNLSE degenerates into the
DNLSE, the solution remains the same form as (49) and
(50), only with

A= sin*(&0—&0)sinX(E0+E0) sk, = (14| p|

b= (3] ol s =367

K==|p |2 sin2¢%; 7= | p |4 sin 25}0)(1 +2 coszfj‘o’)(S 1)
where j=1, 2. The bright-bright, bright-dark and dark-
dark solitons of the DNLSE are depicted in Fig. 2.

The 1-SPS and 2-SPS of the DNLSE are the same
as the solution obtained by the inverse scattering method
in Ref. [16]. By simple comparison, pe" (j=1, 2) corre-

e

D=
= DnSn

Fig. 1 Elastic scattering of the two solitons in the 2-SPS solution
(a) The bright-bright soliton, a, =—1, a,=-1; (b) The bright-dark soliton, a,=—1, a,=1; (c) The dark-dark soliton, a,=1,a,=1;
p=29,y=—1, "= w3, = w45
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Ju

ol 005 0 005 0.1 015

t
(a)

(b) (©)

Fig.2 Solitons of the DNLSE
(a) The bright-bright soliton, p=2.9,¢”= w3, = w5,a,=—1,a,=—1; (b) The bright-dark soliton, p=3,&"= w3 ,&0= w5,a,=-1,a,=1; (c) The dark-
dark soliton, p=3,¢"= w3,E0= w5,a,=1,a,=1

spond to the poles in the inverse scattering method. Ob-
tained by the IST method, the values of & and & are
fixed as &” <& Whereas via the Hirota method, both
the argument and amplitude of these poles can be modi-
fied, which ensures the possible construction of a DPS
from SPS’s.

3 1-DPS of the MNLSE/DNLSE

As in Refs. [21,23,31], in order to investigate the
behaviour of the 2-SPS solution when its two solitons
are infinitesimally close, we write

EO=¢ EO=¢(4¢, a,=—cle, a,= cle (52)

Expand the constantsa, x, 7 as series in €

z,=z,z,=z+ 2( 17! )(sz/acfj)ef;z=a, K 7 (53)
j=1

Define

B= lin(} a,a,A4 (54)

Thus

B= lin} a,a,A

= lim(cz/41c2 sinzf)(0+0+0(ez) + ) e

>0
= (e sine ) = (ow0z )+ 26 (B¢ oot wsin’e
(55)
When € — 0,
fo=lim f,= lim e**[1 = (c/e) e¥e" ()

+ (c/f)ei(.fﬂ)eq(x.t;r(5+().x(f+s))

+a1a2Aei(zi”)e"(x’t;T(i)’K(:))+"(x"m<§+[)’k(¢“))]
Zeik"X(l +ca:eiéeﬂ(x,l;r(é)tk(i))+Be2i562r1(x.t;r(5)~'<(¢')))
e 1 et (0922 +x( o)

+Bezi562n(x,t;z(nf)m(é)) }

(56)

Similarly we get the expression of g as € — 0,
gp= 1(193 gzzpeibnx (1 +Caieia(é)erl(x,t;f(f)”f(f))
+Bezia(5)ezn(x,t;r(uf)w(i))
=pe" {1 + ce" e’ DN 8gy08 ) +1t( 098¢ )
+x ( OKJOE )1+ Ber Iy
(57)
here

Or/o& = %|p|2[1 —cosé&cosa— (6a/8§)sin§sina]/sin2§

BaoE =1— (A—Z)sinZé/\/l ~ (cos*&+ (A—1)sin*¢)’
oy/0¢ = [ 2xcotE—4(y+k,) (/0 ) — K¥sine
(58)
which result in the second-order position DPS:
u=go folfs (39)
with f, given by (56), g, given by (57), and the other
constants given by (55) and (58). With ¢> 0, the bright
DPS with a maximum point is obtained, shown in Fig.3.
It is a weakly bound soliton-antisoliton pair*® with a par-
ticular chirp®. Compared with the bright-dark 2-SPS, in
the DPS the soliton-antisoliton pairs approach and sepa-
rate much more slowly™”. The DPS has an extra chirp,
where it reaches the maximum point. There is no dark
DPS for the MNLSE under NVBC.
When y— 0, solution (59) becomes the second-

L5
1.0

05
0 =
—05

-1.0

-15
10 05 0 -05 -10
[

Fig.3 DPS of the MNLSE with p=2.3, y=—0.5, &= m2.7, c=1



436

Wuhan University Journal of Natural Sciences 2024, Vol.29 No.5

order soliton of the DNLSE, which remains the same
form as (59) with (56) and (57), apart from the constants
being

oo ==2| p| cos2&; dojaE =3

ofo¢ = ‘p |4(4cos2§+ 2c0s4¢) ; B=— c¥/sin?2¢ (60)

With ¢>0, the bright DPS of the DNLSE is ob-
tained, shown in Fig. 4.

15
1.0
0.5
0

05
-10

=

1.5
1.0

10 05 0.5

0
t

Fig.4 DPS of the DNLSE with p=3,¢= n/3,c=1

10

I
e
Ao
JIR=

T
T ]
11|

9
8
7
6
5 -
4
3
2
1
O 1 1 1 1 1 1 1 1

02 -0.15 -0.1-0.05 0 005 0.1 0.15 02
t

(a) The cross-section parallel to the 7-axis
overtaking the maximum point of the chirp

Numerical analysis shows that as y approaches
zero, 1. e., the perturbation of the DNLSE wanes, the
chirp of the DPS stretches, as Fig. 5(a) displays, and this
effect is monotone. As Fig. 5(b) displays, the maximum
value of the DPS decreases while y tends to zero. There-
fore, the interaction of the soliton pair of the DPS is
strengthened by the perturbation.

Similarly, as p decreases, i.e., the background oscil-
lation dies down, the chirp of the DPS of the MNLSE
stretches, as Fig. 6(a) displays. This effect is also mono-
tone. As Fig. 6(b) displays, the maximum value of the
DPS eliminates the influence of the background soars
when p increases. Therefore, the interaction of the soli-
ton pair of the DPS is strengthened by severe oscillation
of the background. Furthermore, the influence of the
background oscillation strength is much intense than that
of the perturbation.
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Fig. 5 The influence of perturbation on the DPS chirp with p=3, {=7n/2.7, c=1
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Fig. 6 The influence of background oscillation on the DPS chirp of the MNLSE with y=-0.5, {=n/2.7, c=1

4 Conclusion

The above derivation demonstrates the general pro-
cedures of deriving the soliton solution under NVBC us-
ing the Hirota method, and constructing the DPS solu-
tion from the SPS solution. The 1-SPS and the 2-SPS of

the MNLSE/DNLSE are derived, they are the same as
the solution obtained by the IST method for the DNLSE
case. By comparison, the correspondence relations of pa-
rameters to the poles are obtained and are set identical
by deploying a limit approach, and consequently lead to
the DPS of the MNLSE/DNLSE. Obtained by the Hirota
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method, both the argument and the amplitude of the
poles can be modified, with no restriction of their mu-
tual ratio of values, which ensures the construction of
the DPS. The DPS has an extra chirp and its soliton pair
approaches and separates slowly compared to the SPS.
As the perturbation of the DNLSE or the background os-
cillation dies down, the interaction of the soliton pair of
the DPS diminishes.

Hirota method can be also applied to other inte-
grable equations permitting the soliton solution or rogue
wave solution,and may even can be used to find the soli-
ton solution for a global case™*!. It is worth mentioning
that some equations prohibit the existence of the DPS,
and a stable and well-characterized medium, such as the
single-mode optical fibre can be offered for experimen-
tal studies for many kinds of solitons.
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