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0　Introduction

This paper focuses on the inverse spectral theory of 

Atkinson-type Sturm-Liouville problems (SLPs) with a 

class of non-self-adjoint boundary conditions containing 

the spectral parameter (also called eigenparameter-

dependent boundary conditions). Since such problems 

have a finite number of eigenvalues, we will take advan‐

tage of the associated finite dimensional inverse eigen‐

value problems of the form
VZ = λWZ (1)

where V and W are square matrices over the complex C 
and V is an "almost" Jacobi matrix (in fact, a kind of 
generalized pseudo-Jacobi matrix), and W is 'almost' 

diagonal.

Consider the eigenvalue problem consisting of the 

Sturm-Liouville equation

-(pf')' + qf = νwf on J =[αβ]-¥< α < β <+¥ (2)

subject to the boundary conditions (BCs)

AνF(α)+BνF(β)= 0 F =[ fpf']T (3)

where Aν = (νξ1' + ξ1 
0

 νξ2' + ξ2

0 ), Bν = ( 0
νς1' + ς1 

0
 νς2' + ς2 ), 
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with ξ j, ξ j', ς j, ς j'Î   j = 12 satisfying γ1 = ξ1'ξ2 - ξ1ξ2' <
0γ2 = ς1ς2' - ς1'ς2 > 0 or γ1 = ξ1'ξ2 - ξ1ξ2' > 0 γ2 = ς1ς2' - ς1'

ς2 < 0. ν is the spectral parameter.
In the case of both γ1>0 and γ2>0, the corresponding 

inverse spectral problems have been investigated in Ref. 
[1], in which the problems are self-adjoint and hence 
with real eigenvalues. However, it is well known that the 
conditions as mentioned above mean that the boundary 
conditions (3) are non-self-adjoint; thus, the eigenvalues 
of this problem may not be real, and the distribution of 
eigenvalues is more complex than the self-adjoint cases. 
The inverse Atkinson-type SLPs with coupled self-
adjoint boundary conditions containing the spectral pa‐
rameter can also be found in Ref. [2].

Similar with the definition in Ref. [1], the Sturm-
Liouville equation (2) is said to be of Atkinson-type if 
there exists a partition of the domain interval [αβ],

α = α0 < β0 < α1 < β1 < < αn < βn = β (4)

for some positive integer n > 1 such that

r=
1
p
=0 on [α jβ j ]j=01n∫

βj

αj

rdx>0j=12n;(5)

q = 0 on [β j - 1α j ] j = 12n ; (6)

and

w=0 on [β j-1α j ] j=12n∫
αj

βj

wdx>0 j=01n.(7)

SLPs (2) and (3) are said to be of Atkinson-type if 
(2) is of Atkinson-type, and BCs (3) are self-adjoint or 
non-self-adjoint.

The problems of Atkinson-type have some signifi‐
cant backgrounds, for instance, frequencies of vibrating 
strings and diffusion operators[3]. Following the state‐
ment in Ref. [4], in the present work, we still call such 
problems the Atkinson-type because such problems are 
initiated by Atkinson and Kong et al[5,6], though the BCs 
are non-self-adjoint. The problems that can be trans‐
ferred into the problems of Atkinson-type also can be 
found in recent studies in Ref. [7] for discrete Sturm-
Liouville problems.

It is well known that matrix eigenvalue problems, 
such as the eigenvalue problems of Jacobi matrices and 
pseudo-Jacobi matrices, have wide applications[8]. On 
the other hand, the spectral theory of Sturm-Liouville 
problems also arises from many practical problems and 
has been widely studied in various aspects[9,10]. It is well 
known that the inverse matrix eigenvalue problems and 
the inverse Sturm-Liouville problems are important re‐
search topics and have been intensely investigated in 
mathematics, physics, and some other fields in engineering, 

such as the problems associated with vibrating sys‐
tems[11], classical moment problems[12] and quantum me‐
chanics[13]. There have been numerous studies on inverse 
matrix eigenvalue problems in the last decades[8,14-18]. The 
inverse Sturm-Liouville problems are initiated by the 
well-known Ambarzumian 􀆳s[19], Borg 􀆳s[20], and Levin‐
son􀆳s[21] works, and the extending results can be found in 
some literatures such as Refs. [9,22-25].

Sturm-Liouville problems with boundary condi‐
tions containing the spectral parameter have appeared in 
some physical problems and engineering problems, such 
as string vibration and heat transfer problems[26,27]. 
Hence, it is an important research topic in mathematical 
physics[26-31].

Based on the above, in the present paper, a class of 
inverse Atkinson-type Sturm-Liouville problems with 
non-self-adjoint boundary conditions containing the 
spectral parameter (2), (3) are investigated by using the 
corresponding inverse matrix eigenvalue problem of (1), 
which can be seen as a generalization of Ref. [32] to 
such problems.

The inverse Atkinson-type Sturm-Liouville prob‐
lems were initiated by Kong and Volkmer et al[32,33]. In 
2012, Kong and Zettl[32] gave an investigation on the in‐
verse Atkinson-type Sturm-Liouville problems by taking 
advantage of the so-called matrix representations of 
these problems presented in Ref. [4] and a generalized 
method of the inverse matrix eigenvalue problems from 
Xu[8]. In Ref. [32], the authors also compared the classi‐
cal inverse Sturm-Liouville problems with the inverse 
Atkinson-type Sturm-Liouville problems and showed 
their differences. In recent years, several works on such 
problems have been made by some researchers[1,2,34,35]. 
However, as far as we know, there is no such result for 
non-self-adjoint cases.

Some basic notations are needed to be introduced 
as follows. Let the equation be given as in (2) and the 
coefficients satisfy the conditions (5) - (7), and let 
σ(ξ1ξ2ξ1'ξ2'ς1ς2ς1'ς2') denote the spectrum of the 

problem (2), (3) to highlight the dependence of the 
spectrum on the parameters. Assume that k Î N+ and 
k > 4 and we use Mk to represent the set of complex 
k ´ k matrices. For any C Î Mk , σ(C) denotes all the 

eigenvalues of C . Furthermore, let C1 and C 1 be the 
principal submatrices, which are obtained by removing 
the first row and column and the last row and column 

from C , respectively. For a given e Î C , let C1 [e] de‐

note the matrix, where we add e to the (11) entry of 
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C1 and let C 1 [e] denote the matrix, where we add e to 

the (k - 1k - 1) entry of C 1. For any CDÎMk, if there 

exists a nontrivial vector uÎCk such that (C - ν* D)u = 0, 

then we say that ν* is an eigenvalue of the matrix-pair 

(CD). Similarly, let σ(CD) denote all the eigenvalues of 

(CD). Then it is easy to see, ν*Î σ(C) if and only if 

ν*Î σ(CIk ), where Ik is the identity matrix in Mk.

The arrangement of this paper is as follows. Section 

1 contains the equivalences between the matrix problem 

and the problem studied here. As a main bridge, the 

inverse matrix eigenvalue problems related to the 

considered problems are stated in Section 2. The main 

result and its proof are given in Section 3. A numerical 

algorithm and related examples are posted in Section 4.

1　Equivalence Matrix 
Representations of the Problems

To present our result, let us introduce the following 

lemma firstly, which implies the equivalence between 

the Atkinson-type SLPs and the SLPs with piecewise 

constant coefficients.

Lemma 1[4] Assume rqwÎ L(J  C) and satisfy 

the conditions (5) - (7), where L(J  C) denotes the 

complex-valued functions which are lebesque inteqrable 

on J. Let

ì

í

î

ï
ïï
ï

ï
ïï
ï

pj = (∫
βj - 1

αj

rdx)-1 j = 12n

qj = ∫
αj

βj

qdx wj = ∫
αj

βj

wdx  j = 01n.
(8)

If we define the piecewise constant functions p͂(x)=
1

r͂(x)
 q͂(x) and w͂(x) on [αβ] by

p͂(x)=
1

r͂(x)
=

ì
í
î

pj (α j - β j - 1 ) xÎ(β j - 1α j ) j = 12n

¥               xÎ[α j β j ] j = 01n ;

q͂(x)=
ì

í

î

ïïïï

ïïïï

qj

(β j - α j )
  xÎ[α j β j ] j = 01n

      0             xÎ(β j - 1α j ) j = 12n ;

w͂(x)=
ì

í

î

ïïïï

ïïïï

wj

(β j - α j )
  xÎ[α j β j ] j = 01n

       0            xÎ(β j - 1α j ) j = 12n.

Note that p͂(x)=¥ on [α j β j ] means that r͂(x)= 0 on 

[α j β j ] j = 01n.

Then, the eigenvalues of problems (2), (3) and the 

problem consisting of the equation

-( p͂f')' + q͂f = νw͂f on J =[αβ] (9)

and the same BCs (3) are exactly the same eigenvalues.

Lemma 1 implies that for a fixed BCs (3) and a 

given partition of the interval [αβ], there exists a family 

of Atkinson-type SLPs such as they have exactly the 

same eigenvalues as problem (9), (3). Such a family is 

called the equivalent family of problem (9), (3). Indeed, 

every problem in this equivalent family must have the 

same pj, qj and wj defined by (8).

We will use the following lemmas and Theorem 2 

to prove our main theorem (Theorem 3), which indicates 

the equivalences between Atkinson-type SLPs with non-

self-adjoint boundary conditions containing the spectral 

parameter and the matrix eigenvalue problems given in 

Ref. [36].

Lemma 2[36] Assume that in BCs (3), the param‐

eters satisfy the conditions ξ j, ξ j', ς j, ς j'Î   j = 12 and 

γ1 = ξ1'ξ2 - ξ1ξ2' < 0 γ2 = ς1ς2' - ς1'ς2 > 0 or γ1 = ξ1'ξ2 - ξ1ξ2' >

0 γ2 = ς1ς2' - ς1'ς2 < 0. Let us define an (n + 3)´(n + 3) gen‐

eralized pseudo-Jacobi matrix

P =

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú
ξ2 ξ1

1 p1 -p1

-p1 p1 + p2
-p2

  
-pn - 1 pn - 1 + pn

-pn

-pn

pn -1

ς1 ς2

,(10)

and a diagonal matrix

Q = diag(0q0q1qn0), (11)

as well as an "almost" diagonal matrix

W =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-ξ2' -ξ1'

w0


wn

-ς1' -ς2'

. (12)

Here the "almost" diagonal matrix means that ex‐

cept for the (12) and (n + 3n + 2) entries, it is diagonal.

Then

σ(ξ1ξ2ξ1'ξ2'ς1ς2ς1'ς2')= σ(P +QW ),

i. e. the spectrum of the problem (9), (3), and the spec‐

trum of the matrix-pair (P +QW ) are the same.

Lemma 3  Assume that in BCs (3), the parameters 

satisfy the conditions ξ1 = ξ2 = 0 ξ2' < 0 ς jς jÎ  j = 12, 

and γ2 = ς1ς2' - ς1'ς2 > 0. Let us define an (n + 2)´(n + 2) 

generalized pseudo-Jacobi matrix
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P1 [-
ξ1'
ξ2'

]=

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

úp1-
ξ1'
ξ2'

-p1

-p1 p1+p2 -p2

 
  

-pn-1 pn-1+pn

-pn

-pn

pn -1

ς1 ς2

(13)

and a diagonal matrix

Q1 = diag(q0q1qn0), (14)

as well as an "almost" diagonal matrix

W1 =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

úw0

w1


wn

-ς1' -ς2'

. (15)

Then

σ(00ξ1'ξ2'ς1ς2ς1'ς2')= σ(P1 [-
ξ1'
ξ2'

]+Q1W1 ).

Proof  The proof is similar to the proof of 

Lemma 2 in Ref. [36]; since it is routine, we omit the de‐

tails.

Lemma 4  Assume that in BCs (3), the param‐

eters satisfy the conditions ς1 = ς2 = 0 ς2' <

0 ξ jξ j Î j = 12, and γ1 = ξ1'ξ2 - ξ1ξ2' > 0. Let us de‐

fine an (n + 2)´(n + 2) generalized pseudo-Jacobi matrix

P 1 [
ς1'
ς2'

]=

é

ë

ê

ê

ê

ê

ê

ê

ê

ê
êêê
ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú
úúú
ú

ú

ú

ú

ú

ú

ú
ξ2 ξ1

1 p1 -p1

-p1 p1 + p2
-p2

  
-pn - 1 pn - 1 + pn

-pn

-pn

pn +
ς1'
ς2'

(16)

and a diagonal matrix

Q1 = diag(0q0q1qn ), (17)

as well as an "almost" diagonal matrix

W 1 =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-ξ2' -ξ1'

w0


wn - 1

wn

. (18)

Then

σ(ξ1ξ2ξ1'ξ2'00ς1'ς2')= σ(P 1 [
ς1'
ς2'

]+Q1W 1 ).

Proof  The proof is similar with those in 

Lemma 3.

Remark 1  It can be noted that in Lemmas 2-4, 

the following equalities hold

(P +Q)1 [-
ξ1'
ξ2'

]=P1 [-
ξ1'
ξ2'

]+Q1

(P +Q)1 [
ς1'
ς2'

]=P 1 [
ς1'
ς2'

]+Q1.

2　Inverse Matrix Eigenvalue 

Problems

In this section, we discuss the isospetral inverse ma‐

trix eigenvalue problems. Compared with the matrices 

given in Lemmas 2-4, we first consider the so-called 

generalized pseudo-Jacobi matrix in Mk, which takes the 

form as

Jgp =

é

ë

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

úη1 ϵ1l1ζ1

ζ1 η2 ζ2

 

ζk - 2 ηk - 1 ζk - 1

ϵ2l2ζk - 1 ηk

. (19)

Definition 1  If a matrix Jgp ÎMk takes the form 

of (19) and satisfies with the conditions ζ1 > 0 ζ j < 0 for 

all j = 2k - 1 ϵ1 = ϵ2 =±1 l1l2 > 0, then it is called a 

generalized pseudo-Jacobi matrix.

Definition 2  If a matrix Jg ÎMk takes the form as

Jg =

é

ë

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

úη̂1 l̂1 ζ̂1

ζ̂1 η̂2 ζ̂2

 


ζ̂k - 2 η̂k - 1 ζ̂k - 1

l̂2 ζ̂k - 1 η̂k

, (20)

and satisfies with the conditions ζ̂ j > 0 j = 1k - 1, 

and l̂1 < 0 l̂2 < 0, then it is called a generalized positive 

pseudo-Jacobi matrix.

If we set L̂ = diag(1 -l̂1  -l̂1 
-l̂1 l̂2

l̂2

) and 

let J = L̂Jg L̂-1, then the matrix Jg can be transformed to a 

positive pseudo-Jacobi matrix J of the form
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J =

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

ú
η̂1 - -l̂1 ζ̂1

-l̂1 ζ̂1 η̂2 ζ̂2

 


ζ̂k - 2 η̂k - 1 l̂2 ζ̂k - 1

l̂2 ζ̂k - 1 η̂k

.

Since it is a similarity transformation, hence the 
eigenvalues of matrices J and Jg are the same.

To best understand the theorems below, we still 
need to introduce a kind of generalized pseudo-Jacobi 
matrix MÎMk, which takes the form

M =

é

ë

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

úη̌1 ľ1 ζ̌1

ζ̌1 η̌2 ζ̌2

 


ζ̌k - 2 η̌k - 1 ζ̌k - 1

-ľ2 ζ̌k - 1 η̌k

, (21)

where ζ̌1 > 0 ζ̌ j < 0 for all j = 2k - 1 ľ1 ľ2 ¹ 0.

Lemma 5  (see Ref. [14]) Let {ν j: j = 1k} and 

{λ j: j = 1k - 1} be two sets of numbers satisfying one 

of the following four possibilities:

  

ü

ý

þ

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

1) λ1 > ν1 > λ2 > ν2 > > νk - 2 > λk - 1 > νk - 1 > νk ;

2) νk > ν1 > λ1 > ν2 > λ2 > > νk - 1 > λk - 1 ;

3) there exists [hÎ{1k - 2}] such that:λ1 > ν1 >
 > λh > νh > νk > νh + 1 > λh + 1 > > νk - 1 > λk - 1 ; 

4) λ1 > ν1 > λ2 > ν2 > > νk - 2 > λk - 1 

and νk = νk - 1

_____

.

(22)

Then, there exists a pseudo-Jacobi matrix JÎMk 
(may not be unique) such that σ(J)={ν j: j = 1k} and 

σ(J1 )={λ j: j = 1k - 1}.

Theorem 1  Let {ν j: j=1k} and {λ j: j=1k-1} 

be two sets of given numbers satisfying one of the four 

possibilities in (22). Then for arbitrary l̂1 < 0 l̂2 > 0, there 
exists a generalized positive pseudo-Jacobi matrix 
JgÎMk such that σ(Jg )={ν j: j = 1k} and σ((Jg )1 )={λ j:

 j = 1k - 1}.

Proof  Let {ν j: j = 1k} and {λ j: j = 1k - 1} 

be two sets of numbers satisfying one of the four possi‐
bilities in (22). Then by Lemma 5, there exists a positive 
pseudo-Jacobi matrix JÎMk such that
σ(J)={ν j: j = 1k} and σ(J1 )={λ j: j = 1k - 1}.

Now for arbitrary l̂1 < 0 l̂2 > 0 , there exists a 
generalized positive pseudo-Jacobi matrix Jg Î Mk 

such that Jg = L̂-1 JL̂ (Jg )1 = L̂-1 J1 L , where L̂ =

diag(1 - l̂1  - l̂1 
- l̂1 l̂2

l̂2

) . This implies that the 

eigenvalues of matrices J and Jg are the same. Thus, 
σ(Jg )={ν j: j = 1k} and σ((Jg )1 )={λ j: j = 1k - 1}.

The proof is finished.

It is easy to see that if l̂1 =-1 l̂2 = 1 in the matrix Jg, 
then the generalized positive pseudo-Jacobi matrix Jg 
will reduce to the positive pseudo-Jacobi matrix J. We 
now state a theorem on the inverse eigenvalue problem 
for a generalized pseudo-Jacobi matrix, which can be 
seen as an extension of Theorem 1.

Theorem 2  Let {ν j: j = 1k} and {λ j: j = 1k -
1} be two sets of numbers satisfying one of the four pos‐

sibilities in (22).

Let W =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-ξ2' -ξ1'

w0


wn

-ς1' -ς2'

 be an "al‐

most" diagonal matrix in which wj > 0 for 

j = 01k - 3, and ξ2' < 0 ς2' < 0. Then for arbitrary l̂1 <

0 l̂2 > 0, there exists a generalized pseudo-Jacobi matrix 
MÎMk such that 

σ(MW )={ν j: j=1k}  and

 σ(M1 [-
ξ1'
ξ2'

]+W1 )={λ j: j=1k-1}. (23)

Proof  First, from Theorem 1, we know that there 
exists a generalized positive pseudo-Jacobi matrix 
JgÎMk such that σ(Jg )={ν j: j = 1k} and σ((Jg )1 )= 

{λ j: j = 1k - 1}.

Now, for each ν = ν j j = 1k there exists a non‐

trivial uÎCk such that (Jg - νIk )u = 0.

Let us set H=

é

ë

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú1 -
ξ1'
ξ2'

1


1

-
ς1'
ς2'

1

 , and WH=

R2. Then we have R = WH : = diag( -ξ2'  w0 

- w1  (-1)k-3 wk-3  (-1)k-2 -ς2' ). If we let u = 

RH -1u͂, and left multiplying both sides of the equation 
(Jg - νIk )u = 0 by R we obtain

(RJg RH -1 - νR2 H -1 )u͂ = 0.

Now by setting M =RJg RH -1, we arrive at (M -
νW )u͂ = 0. Therefore,
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ì

í

î

ï

ï
ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ζ̌1 = -ξ2'w0 ζ̂1

ζ̌2 = w0w1 ζ̂2

               

ζ̌k - 2 = (-1)2k - 7 wk - 4wk - 3 ζ̂k - 2

ζ̌k - 1 = (-1)2k - 5 -ς2'wk - 3 ζ̂k - 1 ;

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

η̌1 =-ξ2'η̂1

η̌2 =w0η̂2 +
ξ1'
ξ2'
ζ̌1

                

η̌k - 1 =wk - 3η̂k - 1 +
ς1'
ς2'
ζ̌k - 1

η̌k =-ς2'η̂k ;

 

ì
í
î

ïï
ïï

ľ1 ζ̌1 =-ξ1'ζ̂1 + l̂1 ζ̌1

-ľ2 ζ̌k - 1 =-ς1'ζ̂k - 1 + l̂2 ζ̌k - 1.

It is clear νÎ σ(MW ), and MÎMk is a generalized 

pseudo-Jacobi matrix. Similarly, for each λ = λ j j =
1k - 1, the same argument also applies. This means 

that M1 [-
ξ1'
ξ2'

]=R1 (Jg )1 R1 (H1 )-1W1 =R2
1 (H1 )-1 and 

λÎ σ(M1 [-
ξ1'
ξ2'

]+W1 ). Thus, we can conclude that

σ(Jg )Ì σ(MW ) and σ((Jg )1 )Ì σ(M1 [-
ξ1'
ξ2'

]+W1 ). (24)

On the other hand, it is easy to get

σ(Jg )É σ(MW ) and σ((Jg )1 )É σ(M1 [-
ξ1'
ξ2'

]+W1 ), (25)

by reversing the above steps.

The proof is finished following (24) and (25).
Corollary 1  The statement of Theorem 2 still 

holds true, when M1 [-
ξ1'
ξ2'

] and W1 are replaced by 

M 1 [
ς1'
ς2'

] and W 1, respectively.

Corollary 2  The statement of Theorem 2 still 

holds true, when the condition wj > 0 is replaced by 
wj < 0 for j = 01k - 3.

3　Main Result and Proof

We now state our result on the inverse problem of 

SLPs with non-self-adjoint boundary conditions 

containing the spectral parameters (2), (3).

Theorem 3  Let ξ j, ξ j', ς j, ς j'Î j = 12 be priori 

given numbers and satisfy the conditions γ1 = ξ1'ξ2 - ξ1ξ2'

< 0 γ2 = ς1ς2' - ς1'ς2 > 0 and ξ2' < 0 ς2' < 0. Let {ν j: j =
1k} and {λ j: j = 1k - 1} be two sets of numbers 

satisfying one of the four possibilities in (22). Let n = k -
3. Then we have that for any -¥< α < β <+¥, any parti‐

tion (4) on J , and any wÎ L( J  ) satisfying (7):
(a) There exist pqÎ L(J   ) satisfying (5) and (6) 

such that the associated equivalent family of the prob‐

lem (2), (3) has

σ(ξ1ξ2ξ1'ξ2'ς1ς2ς1'ς2')={ν j: j = 1k},

σ(00ξ1'ξ2'ς1ς2ς1'ς2')={λ j: j = 1k - 1}.

(b) There exist pqÎ L(J  ) satisfying (5) and (6) 

such that the associated equivalent family of the prob‐
lem (2), (3) has

σ(ξ1ξ2ξ1'ξ2'ς1ς2ς1'ς2')={ν j: j = 1k},

σ(ξ1ξ2ξ1'ξ2'00ς1'ς2')={λ j: j = 1k - 1}.

Proof  Here, we only prove (a), since (b) can be 
proved similarly. Firstly, for a given partition (4) of 

[αβ], we define wj = ∫
αj

βj

wdx j = 01n

W =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-ξ2' -ξ1'

w0


wn

-ς1' -ς2'

.

By (7), we know wj>0 j=01n. Since k=n+3, 

from Theorem 2, we have that there exists a generalized 

pseudo-Jacobi matrix MÎMn+3, which takes the form of 

(21) and satisfies conditions ζ̌1=1ζ̌n+2=-1η̌1=ξ2η̌n+3=

ς2ľ1=ξ1 and ľ2=ς1 such that σ(MW )={ν j: j=1n+3} 

and σ(M1 [-
ξ1'
ξ2'

]W1 )={λ j: j = 1n + 2}. 

Then we let

pj - 1 =-ζ̌ j j = 2n + 1;

qj - 1 = η̌ j + 1 - pj - 1 - pjj = 2n ;

q0 = η̌2 - p1 qn = η̌n + 2 - pn

and define the corresponding matrices PQP1 [-
ξ1'
ξ2'

] 

and Q1 by (10), (11), (13) and (14), respectively. It is 

clear that pj > 0 j = 01n and M =P +QM1 [-
ξ1'
ξ2'

]=

P1 [-
ξ1'
ξ2'

]+Q1. It is still worth noting that (W )1 =W1 by 

(12) and (15). Therefore, we can arrive at

σ(P +QW )={ν j: j = 1n + 3},

and

σ(P1 [-
ξ1'
ξ2'

]+Q1 W1 )={λ j: j = 1n + 2}.

By Lemmas 2 and 3 we now have that for (9), (3),

σ(ξ1ξ2ξ1'ξ2'ς1ς2ς1'ς2')={ν j: j = 1n + 3},

σ(00ξ1'ξ2'ς1ς2ς1'ς2')={λ j: j = 1n + 2}.

Lastly, we observe that the choice of pj j = 1n 

and qj j = 0n is unique, and all pqÎ L(J  ) by 

this choice form an equivalent family of SLPs. Then, the 
proof is completed.
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4　Numerical Algorithm and 
Examples

The following algorithm will be given to solve the 
inverse SLPs with non-self-adjoint boundary conditions 

containing the spectral parameters (9), and (3), and we 

will provide examples to test the algorithm.

Algorithm 1

Step 1  Input ν1ν2νk and λ1λ2λk - 1.

Step 2  Construct the matrix J by the proof 

of Theorem 5 in Ref. [14].

Step 3  Set l̂1< 0l̂2> 0, and L̂. Compute Jg= L̂-1 JL̂.

Step 4  Set M R H. Compute M =RJg RH -1.

Step 5  Obtain pj j = 1n and qj j = 0n by 

Theorem 3 .
Example 1 Given two sets of real numbers satisfy‐

ing the second condition of (22): ν1=10.644 8, ν2=7.675 2, 
ν3 =6.890 3, ν4 =5.002 9, ν5 =3.956 6, ν6 =20.279 6; λ1=
7.677 69, λ2=6.911 0, λ3=5.260 6, λ4=4.677 1, λ5=3.923 7. 
Let ξ1=-30, ξ2=26, ξ1'=1, ξ2'=-1, ς1=3.346 7, ς2=
14.693 3, ς1' =-1, ς2' =-2. Let the interval J =[-19] and 

a fixed partition of this interval are given: -1 < 0 < 2 < 

3 < 4 < 6 < 8 < 9. Define a piecewise constant function 

w͂ on J   by

w͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

0.045 5   xÎ[-10)
       0       xÎ[02] 
       4       xÎ(23)
       0      xÎ[34]
       2      xÎ(46)
       0      xÎ[68]
3.718 0 xÎ(89].

Then, by Algorithm 1, it can be concluded that the 
reconstructed SLPs (9), (3) are:

ì

í

î

ïïïï

ïïïï

-( p͂f')' + q͂f = νw͂f on J =[-19]

(ν - 30) f (-1)+ (-ν + 26)( p͂f')(-1)= 0

(-ν + 3.3467) f (9)+ (-2ν + 14.6933)( p͂f')(9)= 0

where p͂ and q͂ are piecewise constant functions defined 

on J=[-19], and can be given as

p͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

      ¥       xÎ[-10]
0.326 4  xÎ(02)
      ¥      xÎ[23]
3.845 0 xÎ(34)
      ¥      xÎ[46]
8.510 8 xÎ(68)
      ¥      xÎ[89]

q͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

-0.941 1xÎ[-10)
     0         xÎ[02]
16.414 9xÎ(23)
     0        xÎ[34]
7.896 0 xÎ(46)
     0        xÎ[68]
14.345 8xÎ(89].

It can be seen that the spectrum of the reconstructed 

SLPs (9), (3) are:
σ(-30261-13.34714.693 3-1-2)

={10.644 87.675 26.890 35.002 93.956 620.279 6}
σ(001-13.34714.693 3-1-2)

={7.676 96.911 05.260 64.677 13.923 7}.

Example 2 Given two sets of numbers satisfying the 
fourth condition of property (22): ν1=19.963 7, ν2=12.883 9, 
ν3=-1.538 9, ν4=-9.964 0, ν5=5.309 9+3.4331i, ν6=
5.309 9-3.433 1i; λ1=19.975 9, λ2=13.875 7, λ3= 4.197 2, 
λ4 =-2.146 3, λ5=-9.977 3. Let ξ1=3, ξ2=14, ξ1'=1, ξ2' =

-2, ς1= 26.157 2, ς2= 6.039 3, ς1' =-2, ς2' =-1. Let the in‐

terval J =[-36] be given, and we fix the partition of this 

interval as: -3 < -2 < 0 < 1 < 2 < 3 < 5 < 6. Define a 
piecewise constant function w͂ on J   by

w͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

0.034 5    xÎ[-3-2)
       0        xÎ[-20] 
       2        xÎ(01)
       0        xÎ[12]
       3        xÎ(23)
       0        xÎ[35]
0.554 2   xÎ(56].

Then, by Algorithm 1, it can be concluded that the 
reconstructed SLPs (9), (3) is:

ì

í

î

ïïïï

ïïïï

-( p͂f')' + q͂f = νw͂f on J=[-36]
(ν + 3) f (-3)+ (-2ν + 14)( p͂f')(-3)= 0
(-2ν + 26.152 7) f (6)+ (-ν + 6.039 3)( p͂f')(6)= 0

where p͂ and q͂ are piecewise constant functions defined 

on J=[-36], and can be given as

p͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

      ¥       xÎ[-3-2]
 3.970 4 xÎ(-20)
      ¥       xÎ[01]
14.727 1xÎ(12)
      ¥       xÎ[23]
16.610 0xÎ(35)
      ¥      xÎ[56]

q͂(x)=

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

-2.312 2  xÎ[-3-2)
        0        xÎ[-20]
-13.788 1xÎ(01)
        0        xÎ[12]
-3.298 1  xÎ(23)
        0        xÎ[35]
-7.051 5  xÎ(56].

That is the spectrum of the reconstructed SLPs (9), 
(3) are:
σ(3141-226.157 26.039 3-2-1)

= {19.963 712.883 9-1.538 9-9.964 05.309 9±3.4331i}
σ(3141-200-2-1)

= {19.975 913.875 74.197 2-2.146 3-9.977 3}.
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一类具有非自伴谱参数边界条件的一类具有非自伴谱参数边界条件的 Sturm-Liouville  Sturm-Liouville 逆问题逆问题

张亮 1，敖继军 1†，吕文彦 2

1. 内蒙古工业大学 理学院，内蒙古 呼和浩特 010000
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摘要摘要：：本文研究一类具有非自伴谱参数边界条件的Atkinson类型Sturm-Liouville逆谱问题。利用此类问题的矩

阵表示，并基于一类特殊的矩阵逆特征值问题，通过应用已知的两组满足一定条件的复数构造出此类Sturm-
Liouville问题的一些系数函数。为了更好地理解主要结论，我们给出了对应算法和一些示例。

关键词关键词：：Sturm-Liouville逆问题；逆矩阵特征值问题；谱参数边界；Atkinson类型；伪 Jacobi矩阵
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