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Film Growth Models
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Abstract: The second-order backward differential formula (BDF2) and the scalar auxiliary variable (SAV) approach are applied to con-
struct the linearly energy stable numerical scheme with the variable time steps for the epitaxial thin film growth models. Under the step-
ratio condition 0<7,/7,_, <4.864, the modified energy dissipation law is proven at the discrete levels with regardless of time step size. Nu-
merical experiments are presented to demonstrate the accuracy and efficiency of the proposed numerical scheme.
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0 Introduction

The epitaxial thin film growth models, as a class of
the famous gradient flow type partial differential equa-
tions, have been applied to obtain high quality crystal
materials. In this paper, we consider the unconditionally
energy stable scheme with the variable time steps by
combining the second-order backward differential for-
mula and the scalar auxiliary variable (also called BDF2-
SAV), for computing the epitaxial thin film growth mod-

[1-3

els " in the form of

0.D=—rKu, u=’N®+V » g(Vd), xeQ, (1)

in which g (u) = (1 —|u \z)u for the model with slope se-

lection, and g (u) = > for the model without slope

1+ |u

selection. The model parameters k and ¢ are the mobil-

ity constant and diffusion coefficient respectively. Mean-
while, the models can be regarded as the gradient flow
of the energy functional in the form of

E(®) = fﬂ[i|A¢|2+G(v¢)}dx, 2)

2
where G(u) = %(|u = 1) for the model with slope se-

lection, and G (u) :—%ln(l +|u |2) for the model with-

out slope selection.

It is well known that the epitaxial thin film growth
models exist multi-scale behaviors in the time evolution,
which means that the solution changes quickly in certain
time intervals and slowly in others. As a highly effective
technique for capturing multi-scale behavior, the adap-
tive time-stepping strategy is suitable for simulating the
epitaxial thin film growth models. Two second order fi-
nite difference schemes™ were proposed for solving the
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molecular beam epitaxial (MBE) model with slope selec-
tion, and proved to be unconditionally energy stable un-
der the uniform time mesh. Based on the numerical
schemes, the adaptive time-stepping algorithms were de-
signed in Refs.[4,5] . The nonlinear BDF2 scheme with
variable time steps® was designed for the MBE model
without slope selection, and presented the energy dissi-
pation law under the restriction 7,/r,_;<3.561. In Ref.
[7], the variable time step BDF2 scheme was also pro-
posed for the same model, and proved to be energy
stable in the modified version under the condition
7,/t, < 4.864 5. The above mentioned numerical meth-
ods are all nonlinear and need the inner iteration in the
practical computation, and are proved to be energy
stable under certain time step constraints.

The unconditionally energy stable linear scheme is
more efficient during long time evolution compared with
the nonlinear scheme. The scalar auxiliary variable
(SAV) approach firstly proposed in Ref.[8] is very ser-
viceable for tackling the nonlinear term in the gradient
flows. The SAV type schemes combining BDF and
Crank-Nicolson were proposed for the epitaxial thin film
growth models on the uniform mesh®. The numerical
schemes are more efficient by combining the SAV ap-
proach and the BDF formulas or adaptive time-stepping
strategies''”. Inspired by the idea in Ref.[11], we use a
first-order approximation to discretize the dynamical
equation of the auxiliary variable and develop the vari-
able time step BDF2-SAV scheme for simulating the epi-
taxial thin film growth models, and present the uncondi-
tional energy stability for the proposed scheme with re-
gardless time step size.

The outline of the paper is organized as follows.
Next section presents the BDF2-SAV scheme with the
spatial discretization by the Fourier pseudo-spectral
method. In Section 2, the unconditional energy stability
is obtained by applying the discrete gradient decomposi-
tion of BDF kernels. In Section 3, the numerical experi-
ments are carried out to test the convergence rate and ef-
fectiveness of the proposed method. At the final section,
we present a brief summary.

1 The Numerical Scheme

Consider the nonuniform time levels 0=7,<¢,<t,<
---<ty<T. Denote the temporal step 7,=¢,—¢,_, and the
maximum step 7= max z,. Let the adjacent step-ratio

r,=1,/t,_, for 2<n<N and r,=0 for n=1. For the arbi-

trary real sequence {V'|n=0,1,2, ---, N}, denote the differ-

n—1

ence operator V v"=v"—v""" and the explicit extrapola-
tion formula "= (1 +r,)v"~'—r,v""* for n>2, while V"=
v® for n=1. The BDF2 formula can be expressed as the

convolution summation

n

Dyv'= zb"” Vo, n=l1, 3)

n—i
i=1

1+2r,

in which the —,
Tn(l +r")

coefficients b= M=

},2

———"— b"=0, 2<j<n-1, are also called the dis-
r,,(l + r,,)

crete BDF kernels. Specifically, D,v'= %Vrv‘levl is
1

the BDF1 formula.

We consider the problem (1) equipped with the peri-
odic boundary conditions. Let the domain Q= (0,L)” and
divide it by Q,={x,= ( ih, jh)|1 <i,j<M (even integer)}
with the space step ~A=L/M. Define the space of grid
functions V={vlv=(v,) is (L,L)-period for x,e€Q,=
Q,udQ,} and the function ¢(x)=e""*") with w=
2n/L. Suppose F, is the space containing all trigonomet-
of degree up to MJ/2. Let
1,:L*(Q) — F, be the trigonometric interpolation op-

M2-1
erator, namely, (7,u)(x) = i, ¢ (x), in which the
m,n=-M/2

ric polynomials

coefficients i, are determined by (7,u)(x,) =u,. The

p-th order pseudo-spectral derivatives of u, are given as

Mi2—-1 b

Diuh: 2 (Cl)mi) unz.ngo(xh)?
m,n=—M/2
Mi2—-1 Ay~

Diuh: z (a)nl) um,n(p(xh)'
m,n=—M|2

The discrete gradient and Laplacian operators are
defined by V,u,= (Diuh,D}l,uh)T, A=V, + (Vyu,) =

Diu,+ D;u,. For any grid functions v,w € V/, one de-

fines the discrete inner product {v,w) = h’ z v,w, and

x,eQ,

the corresponding L* norm ||v || = \/{v,v). Furthermore,

s [12]

the discrete Green > s formula gives <Aﬁu,v> =

<Ahu, Ahv>, forany u,ve V.
We denote E, (D) = f [Z|A¢|2+G(V§D)}dx with
Q

0<a<e? It follows from Ref. [9] that E,(®) has a lower
bound. One selects a scalar auxiliary variable defined by

y(t) =/ E,(®) +C,, where C, is a positive constant to

guarantee that the term under the root sign is positive.
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Then, the total energy of the models becomes

E(®,y) =

“)

Denote  H(®) =ar’®P+V « g(VD)
y(1)
VE (@) +C,
panding system, namely
0.=—rp, u=(~a) NP+ (2-E)CH(P),  (5)
Nl S [ H@)opax. 6)
2VE (@) +C,

It is natural to check that the dissipative law holds,

and ¢=

. The models (1) are rewritten as the ex-

od o
thatlsaE(cD,y)

Based on the SAV approach combining the BDF
formula, the variable time step energy stable numerical

2
:_KH v'u ”LZ <0.

scheme is designed for solving the epitaxial thin film
growth models. That is, finding ¢" € ¥/ and y" € R such
that

Do =—x|(¢=a) Aig'+ (2-&") () | 1<n<N(D)
. 2-¢"
Vry - - < ( ) V >

2JE(¢7") +C,

\ ®)

&= - r ,L<n<N.

E(¢")+C,

Remark 1  For the proposed numerical scheme,

the scalar auxiliary variable y with the first-order ap-
proximation is different from that in Ref. [9]. Mean-
while, it holds |1— (2-¢&")¢"

that the convergence order of ¢" can arrive at second or-

=0(7?), which ensures

der.

Next, we show how to carry out the new proposed
numerical scheme. It follows from (7) that

b+ K (€ —a)Alg"

— (b(on)_b(ln))¢n—l +b(]n)¢n—2_K(2_é:n)é:nH(én)' (9)

Let ¢ and ¢} be the solution of the following two
linear systems respectively,

(6 +K(—a)A}]gi= (b5 = b\") ¢ + b7 2, (10)

[0+ K (=) A3 ) ps=—xH(§"). (11)

Define ¢"=¢"+ (2—¢")E" @5 One can check that it
is the solution of the linear system (9). In fact, one
solves (10) and (11) to get ¢} and @} respectively. It re-
mains to calculate the value of ¢”. By substituting the
definition of ¢" into (8), one has a nonlinear algebraic

equation about &”:

" +Cy - 2y"-1 E(¢”‘1)+C

)= (2= e(H(d).61) =0,
(12)
One solves the above equation by using the New-
ton’s iteration to get the value of &". When ¢, ¢ and &"
are known, the solutions of ¢" and y" will be obtained

20[E(9
~(2-&)(H(¢).

right now.

2 Energy Stability

We develop the unconditional energy stability for
the numerical scheme (7)-(8) by using the discrete
gradient decomposition of the BDF2 formula. Actually,
for any real sequence {w,}"_,, a gradient structure was

proposed in Ref.[13] as follows

3

2
w,_
= +RL (rn’r

n—1 n

(13)

where the time step ratio is set to be 0<r,<4.864 for
3
_2

2<n <N, and the binary function R,(zs) = ZT‘# -

3

2 2 2

zb(n) Fivin, Wu 1y
neiWiZ 1+7r,,, 1, 1+7,

i=1

ol u

s
l+s
the energy decay law under no time step restriction.

The variable time step BDF2-SAV

scheme is unconditionally energy stable in modified ver-

>0, 0<z5<4.864. Based on the structure, we give

Theorem 1

sion at the discrete levels. In details, define the modified

discrete energy formula
3 2

_ ] "
el 1=Elpr]+ 170 Hv;f” SN
in which E[¢ y c-a HA ¢ " + —C,. For 0<
r,<4.864 with 2<n <N, it holds
glgy]<ele ] (15)

Proof Taking the discrete inner product on both
sides of the equality (6) with V_¢"/k, multiplying the ex-
pansion equation (8) by 2y”, it gives that

(DY) + (- a) (8 )
~((2-&eH(d). V), (16)
2 f” " <H

Ji

Summing up the equalities (16) and (17), it follows

2V o= > (17)

that
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1
(D V) + (E=a) (0,47 V.0,") +29V 5= 0,
(18)

which indicates that there is no need to estimate the non-
linear term in the numerical scheme.
To handle the term related to BDF2 formula, we
use the gradient structure (13) to obtain
3
r nE +1 H V1¢n
l+r,,, kT

3 g
e

re Ve

1+r, &t

2

b

1
g vg)>

n n—1

(19)
where the time step ratio satisfies 0 <r,<4.864. Further-
more, by applying the elementary equality 2a(a—5b) =
a*—b*+ (a—b)’ and the Green’s formula, it holds that

(€= a)(8g".V A, 4")
€ —a 2
= (g ) 0)
2 2
2'Vvy=() = () + (V) 21)
Substituting the estimates (19)-(21) into the equal-
ity (18), it leads to the claimed energy dissipation law

R L R NS

2

(15) at the discrete levels. This completes the proof.

3 Numerical Experiments

We focus on the temporal accuracy of the numeri-
cal method (7)-(8) on random time meshes. Let time

N
step size 7,=To0,/S for 1 <n<N, in which S= zan and
n=1

o,€ (0,1) is the uniformly distributed random number.

The experiment temporal convergence order is com-
puted by

Order, =log, (e¢(N)/e¢(2N))/log2 (z(N)/z(2N)),
where the discrete L* norm error is recorded by e,(N) =
|@(T) -¢"
size for total N subintervals. Also, we test the order of
SAV function y(7) in the way of

Order,=log, (ey(N)/eV(2N))/10g2 (z(N)/z(2N)),

in which the corresponding error is defined by e,(N) =

, and 7 (N ) denotes the maximum time step

max [y(z,) ="
To verify the numerical accuracy, one computes the
models with an artificial forcing term f (x,¢) and the ex-

act solution @ (x,¢) = cos ¢sin x sin y, namely
6,¢+K[£2A2®+V . g(V@)} =f(x1).,xe (0,21)",(22)

where the parameters x=0.5,¢*=0.5. Consider the
above model with slope selection. We solve it until time
T'=6 by using the numerical scheme (7)-(8) with the pa-
rameters a=0, C,=1, M=128. The errors and conver-
gence orders are presented in Table 1. Again, we com-

pute the model (22) with g(V®) = Lz and T=1
1+|VD|

by applying the proposed scheme with the parameters a =
0.1¢*,C,=2,M=256. The related numerical results are
listed in Table 2. The maximum step ratio (max r,) and
the number (V,) of time levels with the step ratios r,>
4.864 are also listed in Tables 1-2. From the tables, we
find that the first-order convergence of the SAV function

Table 1 Numerical results of the scheme (7)-(8) for the model with slope selection

N T e,(N) Order, e,(N) Order, maxr, N,
40 3.23E-01 1.44E-01 — 8.88E—-01 — 20.55 04
80 1.50E-01 4.08E-02 1.64 4.98E-01 0.75 217.57 10
160 7.89E-02 1.21E-02 1.91 2.71E-01 0.95 28.96 22
320 3.68E—-02 2.53E-03 2.05 1.27E-01 1.00 57.96 24
640 1.84E-02 6.19E-04 2.03 6.28E—-02 1.02 128.21 62

Table 2 Numerical results of the scheme (7)-(8) for the model without slope selection

N T e,(N) Order, e,(N) Order, maxr, N,
40 4.89E-02 5.35E-03 — 7.83E-02 — 7.54 01
80 2.60E-02 1.91E-03 1.63 4.24E-02 0.97 174.09 10
160 1.22E-02 5.19E-04 1.72 2.18E-02 0.87 30.69 16
320 6.48E-03 1.51E-04 1.95 1.10E-02 1.09 736.02 37
640 3.20E-03 3.61E-05 2.04 5.42E-03 1.00 302.20 71
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y" does not affect the second-order convergence of the
numerical solution ¢", and the adjacent time step ratio
can exceed 4.864 in practical calculation.

We simulate the epitaxial thin film growth models (1)
with the initial value @(x,0) =0.1[sin 3x sin 2y + sin 5x
sin 5y, the domain Q=(0,2n)" and the parameters x=

1,=0.1. We run the numerical schemes (7)-(8) with
M=128 by applying the following adaptive time-

[14]

stepping strategy
T

max

5 }5 then Tus1 :min {Tadan ruserrn }’

Tada =max {Tmin B

1+4]0.¢"

(23)
in which parameter 41>0 need be selected by the user,
T @nd 7,,;, are the pre-selected maximum and minimum
time steps, respectively. Here, we set A=1000,z,, =
107", 7,;,,=5x 107°. The numerical energy curves and the
corresponding adaptive time steps are summarized re-

22
20

G 10 15 20 25 30
t
(a) Energy evolution

spectively for the epitaxial thin film growth models with
or without slope selection, see Figs. 1 and 2. It is found
that the time evolutions of the total energy are consistent
with that in Ref.[9] and the proposed numerical scheme
combining the adaptive time-stepping algorithm per-
forms well for the present numerical simulations.

4 Conclusion

In this article, the BDF2-SAV scheme with the vari-
able time steps is designed for the epitaxial thin film
growth models with or without slope selection. The un-
conditional energy stability in modified version is
proved without any time step constraints. The effective-
ness and accuracy of the proposed scheme are demon-
strated by the numerical experiments.

Note that the SAV scheme (7)-(8) is a coupled sys-
tem, and the auxiliary variable makes the nonlinearity

0.12

0.10p

=3
j=
o0

=}
S

Time steps

=

o
8

0 5 10 15 20 25 30
t

(b) Adaptive time step sizes

Fig. 1 The total energy and the related time step sizes for the numerical solution of the model with slope selection by using the
scheme (7)-(8) with C,=2, a=0

15

t
(a) Energy evolution

0 5 10 15 20 25 30

0.10
0.09
0.08

0.07
30.06
2005
[}
E0M4
=
0.03
0.02

0.01

0 5 10 15 20 25 30
t

(b) Adaptive time step sizes

Fig.2 The total energy and the related time step sizes for the numerical solution of the model without slope selection by using the
scheme (7)-(8) with C,=2.75, a=0
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term more complicated. Therefore, it can be foreseen

that the error estimate may be very sophisticated. We

will focus on the L” norm convergence analysis in the fu-

ture work.
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