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Abstract: In this paper, a simple direct space-time semi-analytical meshless scheme is proposed for the numerical approximation of the
coupled Burgers’ equations. During the whole solution procedure, two different schemes are considered in terms of radial and non-radial
basis functions. The time-dependent variable in the first radial scheme is directly considered as the normal space variables to formulate an
"isotropic" space-time radial basis function. The second non-radial scheme considered relationship between time-dependent and space-
dependent variables. Under such circumstance, we can get a one-step space-time meshless scheme. The numerical findings demonstrate
that the proposed meshless schemes are precise, user-friendly, and effective in solving the coupled Burgers’ equations.
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0 Introduction cult to get the corresponding theoretical/exact solutions.
Several numerical methods have been proposed and dis-
The coupled Burgers’ equation is a fundamental par- cussed for solving the coupled Burgers’ equation™?!. Al-

tial differential equation with applications in mathemati- ~ most all these numerical methods are based on the finite-

difference-method™ or similarity transform®.
The radial basis function (RBF) -based meshless

cal physics'. For two-dimensional cases, it has the form
ou ov o 1,0V oV

ot U T V o Relan + o )=0, . methods“‘”, which abandon the mesh gene.ration in Fi-
o U U Ly U1 &U . aZU)—() (x.»)e nite Elefnent Method' (FEM), have fa:gs]cmated many
o o &  Re'ox P =0, scholars atter}tlon. Siraj-ul-Islam et al us.ed a local
RBFs collocation method to get the approximate solu-

(D tion of the nonlinear coupled Burgers’ equations. Based

where Re is a real constant known as the Reynolds num- on RBFs, Ahmad et a/'” investigated a new local mesh-
ber. less method for the numerical simulation of 1D Klein-
For such time-dependent problems, it is very diffi- Gordon and 2D coupled Burgers’ equations!". Two sys-
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tems of integrable coupled Burgers-type equations are
discussed by Wazwaz""”. Jaradat™ investigated multiple
kink solutions and other exact solutions for a two-mode
coupled Burgers’ equation. Based on the FEM, a Galer-
kin quadratic B-spline FEM 1is proposed for a coupled
Burgers’ equation, For the coupled viscous Burgers’
equation with very large values of the Reynolds number,
solutions are investigated by Baghan". It should be
pointed that the above-mentioned numerical method are
all two-step methods, i.e., the finite difference method is
used to discretize the time variable and then another
method can be used to find numerical solutions for time-
independent problems.

In this paper, we propose a space-time semi-
analytical meshless method, which is a one-step method,
for the two-dimensional coupled Burgers’ equations. Two
different strategies are proposed for the RBFs and non-
RBFs. The time variable in the first radial scheme is
treated equally as space variables which yields an "iso-
tropic" space-time radial basis function. A relationship
that is grounded in reality between space variables and
time variable is investigated by the non-radial scheme.
Under such circumstances, the time variable and space
variables can be treated simultaneously during the whole
solution process and two-dimensional coupled Burgers’
equations can be solved in a direct way.

The rest of the paper is as follows. In Section 1, we
describe the two different schemes for the RBFs and
non-RBFs. Followed by Section 2, the methodology of
method
(SSMM) is proposed for the two-dimensional coupled
Burgers’ equations under initial condition and boundary
conditions. Two numerical examples are presented to
validate the accuracy and stability of the proposed algo-

the space-time semi-analytical meshless

rithms in Section 3. Conclusion is given in Section 4
with some future directions.

1 The Space-Time RBFs and Non-
RBFs

To get the solution of the 2D coupled Burgers’ equa-
tion, initial and boundary conditions should be consid-
ered simultaneously as

Uy 00=¢g (xy), V(xy0=g %y, (xy)eQ
Uy, 0)=g: (6., V(% 3, 0)=g,(x,3,1),  (x,y)€ 0Q

Traditional numerical methods typically employ

@)

two-level finite difference approximations or integral
transform methods to solve Eq. (1) with the initial and

boundary conditions. To overcome the limitations of the
two-level strategy, we suggest utilizing direct meshless
methods that employ both space-time radial and non-
radial basis functions.

It is widely recognized that radial basis functions
exhibit an "isotropic" behavior in Euclidean spaces. For
steady-state problems, the approximate solution can be
written as a linear combination of RBFs with 2D or
more higher dimensions. Take the famous Multiquadric
(MQ) RBF as an example

Puia (r))= /1 +(er; ), 3

where r,= || X-X|| is the Euclidean distance between
two points X=(x,y) and X;=(x;,y;), ¢ is the RBF shape
parameter.

However, there is only one space variable x for the
2D coupled Burgers’ equation, the traditional RBFs are
unapplicable in the direct sense. For this reason, we pro-
pose a simple meshless method by combining the space
variable x and time variable ¢ from the perspective of ra-
dial and non-radial.

More precisely, the interval [a,b] is divided into
equal segments a=x,<x,<..<x,=b, and the corre-
sponding fineness is denoted as #= (b—a)/n. The time

variable is uniformly selected from the initial time 7,=0
to a final time 7,=7, i.e., 0=t,<t,<..<t,=T with a
time-step of Ar=T/n. Figure 1 depicts the configuration
of the space-time coordinate. Then the space-time RBF
can be constructed as

¢MQ(”;)Z \/ 1+C2rj25 4)
where r,= | P-P| = \/(x—x;)’+(t—1,)*. Besides, we

can construct the space-time non-RBF which can be ex-
pressed as
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Fig. 1 Configuration of the space-time coordinate
represents the value of the space variable x, "" denotes the value of the

(X1}

time variable ¢, and "x" indicates the point (x,¢)
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P (P.P)= /1 +(x—x, Y+ (-7, (5
where c reflects a relationship that is grounded in reality
between x and ¢.

In Ref. [16], an investigation is done on the non-
radial basis function in space-time, which is the product
of two positive definite functions, one on the space di-
mension and the other on the time dimension. For the
MQ case, one has

Plo (P P)= \/ 1+ (x—x, ) 1+ (=1, ). (6)

Nevertheless, the numerical findings do not effec-

tively address the issues in this study. Obtaining the
space-time radial and non-radial basis functions is a
straightforward task for two-dimensional cases

Puo ()= /1 +c’r}

o (P.P)= /T4 —x, Y + (v =y, )+ (=1,
with ;= || P—P/| is the Euclidean distance between P=
(x,,t)and P;=(x;,y;,1,).

(7

2 Implementation of the Space-
Time Semi-Analytical Meshless
Method

In this section, we examine the direct meshless
method (SSMM) by considering the initial boundary
value problem expressed in Egs. (1) and (2). By utilizing
the space-time radial and non-radial basis functions, it is
possible to solve Egs. (1) and (2) in a one level approxi-
mation directly. The approximate solution can be pre-
sented as

w0y~ > 0,0 (®)

with {4;}7_, the unknown coefficients.

In order to demonstrate the SSMM, we select collo-
cation points across the entire physical domain which in-
clude internal points N,, initial boundary points N, and
boundary points »,. According to the traditional colloca-
tion method, by substituting Eq. (8) into Egs. (1)-(2), we
obtain

N
E/I.ILI(DJ'(PHP/):O’ i:L'"’Nh (9)
j=1
N
zjf/LZ(Dj(Pivpj):Ov i= la“'vNIv (10)
j=1

N
> A0,(P.P)=g (P). i=N,+1,-.N;+N,. (1)
j=1

N
> A0,(P.P)=g,(P,). i=N;+1,..N,+N,, (12)
j=1
N
> 4o (P.P)=g,(P,)). i=N,+N+1,...N, (13)
=1

N
>A0,(P.P)=g,(P,). i=N;+N+1,...N, (14)
j=1

9, 0, Op, 1 (O,
where L,p;=L,p,= o +o, pw +o, Y ~ Rel o
0, ) . .
o | Obviously, the total number of collocation points

is N=N,+N,+N,,.
Consequently, we should find out the solution of
the following systems

A X =f,, (15)
A2X2:f27 (16)
where
A, A, A,
A=(A4, A, A, (17)
A31 A32 A33

are N x N known matrix with submatrices
Ay ={L,o, (PP} Ap={L,p; (P, P}
A13:{ngQ/(Pi’P/)};V:N,+N‘+]3
fori=1,2,..,N,
Ay ={g; (PP, An={g, (P, P))}"\"
A23:{¢/(P[’P/)}?/:1V,+N‘+1=
fori=N,+1,...,N,+N,
Ay ={p, (P, P}, Ay ={p, (P P},
A33z{q)j(Pi’Pj)}j]’v:!V1+/\/‘+la
fori=N,+N,+1,-,N.

X, =2 (18)

is Nx 1 vectors.

fi
fi=\r (19)
/s
is Nx 1 vectors with £, = [0,0,-,0]’,

fo= [gl(PN,+1)vg1(PN,+z)’""gl(PN,uv,)T,

fi= [ga(PN,+N,+1)ega(PN,+N,+2)a'"7g3(PN)]T-

The similar expressions can be easily obtained for
A,, X, and f,. Equations (15) and (16) can be solved by
the backslash computation in MATLAB codes. From the
above procedures, we can find that the implementation
of the proposed SSMM is very simple.
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3 Numerical Experiments

To compare with the previous literatures, we con-
sider using the maximum error. Our current research
does not cover the optimal choice of RBF parameter. For
more information on this topic, readers can refer to
Ref.[17] and references therein. The shape parameter for
the 2D coupled Burgers’ equations is chosen by prior nu-
merical results. For simplicity, we denote the space-time
RBF Eq. (3) and space-time non-RBF Eq. (4) as
SSMM1 and SSMM2, respectively.

3.1 Case1

We consider the 2D Burgers’ equations, with the ex-

act solutions
Ux,y,t)= 3 - L s
4 4[1+exp(—4x+4y-1)(Re/32)]
| (19)

4[1+exp(—4x+4y—)(Re/32)]

V(x,y,t)= % +

The equation above specifies the initial condition at
time ¢. The boundary conditions, which are also deter-
mined by the equation above, vary as time ¢ changes.
Here, the Reynolds number is Re=80, and the uniform
mesh grid s ,=h,= 1/8 is chosen for the SSMM, while
the uniform mesh grid 4,=h,=0.05 is used in Ref. [18]
for all problems but the time ¢ is different™?.

The absolute errors for numerical solutions and ex-
act solutions are given in Table 1 with 1=0.05, 0.2, 0.5
and different locations. From Table 1 we can see that the
SSMM performs better than the discrete ADM in Ref.
[18]. Note that the proposed method under the first
scheme SSMMI1 has similar results with the method un-
der the second scheme SSMM?2.

For the uniform mesh grid 4, =h = % and shape pa-

rameter c=1, we have provided the corresponding fig-
ures for numerical solutions and exact solutions in Figs.
2 and 3. To show the solution accuracy at different ¢, we
consider solution for U at t=0.1 and solution for V at t=
0.5.

3.2 Case2
For this case, we consider the 2D Burgers’ equa-
tions on computational domain D={(x,y)0<x,1<0.5}

with the exact solutions
_ X+y-—2xt

VerD=" 00
xX—y—2yt (20)
V(X,y, )= ﬁ .

Table 1 The absolute errors for numerical solutions for U
and V at different 7

t Test point SSl\lf[-Ml v SSl\IjI_Ml pus
(0.1,0.1) 3.0E-06 1.3E-04 9.1E-06 1.3E-04
(0.8,0.3) 1.2E-05 1.0E-05 2.6E-05 1.0E-05
(0.7,0.4) 6.1E-05 6.0E-05 6.0E-05 6.0E-05
(0.9,0.5) 1.0E-05 3.0E-05 7.4E-06 3.0E-05

0.05 (0.1,0.6) 2.0E-04 1.0E-05 6.0E-05 1.0E-05
(0.8,0.6) 3.1E-06 9.0E-05 6.8E-06 9.0E-05
(03,0.7) 2.1E-04 1.0E-05 1.1E-05 1.0E-05
(0.9,09) 3.5E-06 1.3E-04 1.3E-05 1.3E-04
(0.1,0.1) 1.7E-04 2.7E-04 9.1E-06 2.6E-05
(0.8,0.3) 2.9E-05 4.0E-05 2.6E-05 4.2E-05
(0.7,0.4) 1.9E-04 1.9E-04 6.0E-05 8.5E-04
(0.9,0.5) 1.3E-04 9.0E-05 7.4E-06 3.9E-05

0.2 (0.1,0.6)  9.5E-04 2.0E-05 6.0E-05 3.0E-05
(0.8,0.6) 5.5E-05 29E-04 6.8E-06 8.2E-06
(0.3,0.7) 23E-05 3.0E-05 1.1E-05 2.6E-05
(0.9,0.9) 1.5E-04 2.7E-04 2.7E-04 6.5E-04
(0.1,0.1) 1.5E-04 3.4E-04 4.0E-04 3.3E-04
(0.8,0.3) 2.7E-04 19E-04 1.1E-04 1.9E-04
(0.7,0.4) 1.5E-04 7.5E-04 1.2E-05 7.4E-04
(0.9,0.5) 1.6E-04 4.4E-04 4.5E-06 4.4E-04

0.5 (0.1,0.6)  7.6E-05 9.0E-05 6.9E-05 9.0E-05
(0.8,0.6) 2.4E-04 1.1E-04 22E-03 1.1E-04
(0.3,0.7) 6.3E-05 29E-04 6.0E-05 2.9E-04
(0.9,09) 5.0E-07 3.4E-04 59E-05 3.3E-04

The initial conditions are U(x,y,0)=x+y and
V(x,y,0)=x—y.

Numerical results of the presented SSMM are com-
pared with the discrete ADM in Ref. [18]. At =0.1 and

t=0.4, the uniform mesh is chosen as 4, =/, = é and &, =

h,= %, respectively. It should be mentioned that the uni-

form mesh A4 ,=h,=0.025 used in Ref. [18], i.e., the
points used in Ref. [18] are much more than those in the
present SSMM.
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Fig.2 Exact solution U (a) and numerical solution U (b) at time 7= 0.1 with uniform mesh grid 2 ,=h =
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Fig.3 Exact solution V' (a) and numerical solution V' (b) at time 7=0.5 with uniform mesh grid 4, ,=h =
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0.78
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0 | =

and shape parameter c=1

For t=0.1 and 7=0.4, numerical solutions with
Reynolds number Re=1 are listed in Table 2. It can be
seen from Table 2 that the present SSMM performs bet-
ter than the discrete ADM at ¢=0.1 for test point (x,y)=
(0.5,0.5). While the numerical results for the other test
points are almost the same. Numerical results in Table 2
show that the approximation solutions by SSMM per-
form better than the discrete ADM for all test points.

Therefor one can conclude that the SSMM is an accurate
and efficient method to solve a nonlinear system of equa-
tions. From practical opinions, the numerical results may
reduce with the increase of time 7. The SSMM is more
stable than the discrete ADM with the increase of time ¢.

For the uniform mesh grid 4, =h,=0.025 and shape
parameter ¢=0.4, we have provided the corresponding
figures for numerical solutions and exact solutions at
time #=0.1 in Figs. 4 and 5.

Table 2 The absolute errors for numerical solutions for U and V at different ¢

t Test Point U-SSMM1 U V-SSMM1 yus U-SSMM2 V -SSMM2
(0.1,0.1) 3.98E-05 3.31E-06 3.16E-05 1.05E-06 9.24E-06 1.47E-05
(0.2,0.2) 3.93E-05 6.62E-06 9.04E-05 2.11E-06 3.85E-05 1.69E-05
0.1 (0.3,0.3) 2.98E-05 9.92E-06 2.82E-05 3.16E-06 3.05E-04 2.39E-05
(0.5,0.5) 8.78E-06 1.65E-05 5.75E-06 5.27E-06 4.95E-06 2.52E-06
(0.1,0.1) 8.29E-05 1.02E-04 3.90E-05 3.55E-04 1.58E-05 3.99E-05
(0.2,0.2) 5.19E-04 2.04E-04 2.15E-04 7.10E-04 1.65E-04 5.64E-06
0.4 (0.3,0.3) 4.05E-04 3.06E-04 7.13E-05 1.06E-03 2.11E-05 2.21E-05
(0.5,0.5) 3.52E-06 5.10E-04 6.69E-06 1.77E-03 2.07E-04 9.60E-06
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Fig. 4 Exact solution U (a) and numerical solution U (b) at time #=0.1 with uniform mesh grid 2 ,=h =0.025

and shape parameter c=0.4
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Fig.5 Exact solution V' (a) and numerical solution V' (b) at time 7= 0.1 with uniform mesh grid & =h =0.025

and shape parameter c=0.4

4 Conclusion

In this paper, a new space-time semi-analytical
meshless method is proposed for the 2D coupled Burgers’
equations. For the basic functions from radial and non-
radial aspects, two approaches are suggested. The first
strategy is realized by building an "isotropic" space-time
radial basis function by treating the time variable as a
normal space variable. The alternative plan took into ac-
count a practical, non-radial link between the space and
time variables. For the Klein-Gordon equations, both of
the suggested meshless method’s schemes are straightfor-
ward, precise, reliable, simple to program, and effective.
What’s more, the suggested approach works with itera-
tion techniques for nonlinear situations. Our SSMM pro-
cedure’ s theory can be immediately applied to high-
dimensional thermo-elastic issues, transient heat trans-
fer, and wave propagation.
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