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Abstract: The zero coprime system equivalence is one of important research in the theory of multidimensional system equivalence, and is
closely related to zero coprime equivalence of multivariate polynomial matrices. We first discuss the relation between zero coprime equiva-
lence and unimodular equivalence for polynomial matrices. Then, we investigate the zero coprime equivalence problem for several classes
of polynomial matrices, some novel findings and criteria on reducing these matrices to their Smith normal forms are obtained. Finally, an
example is provided to illustrate the main results.
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0 Introduction

Multidimensional (nD) systems arise naturally in
signal and image processing, linear multi-channel pro-
cess, iterative learning control system and integrated dis-
tributed network synthesis, etc!”. The equivalence of
systems is an important research topic in the field of nD
systems. It aims at reducing an nD system to an equiva-
lent form with fewer equations and unknowns. Since the
behavioral approach to system analysis of an nD system
usually resorts to the algebraic property of a multivariate
polynomial matrix in the theory of nD systems, the
equivalence of nD systems is closely related to the
equivalence of nD polynomial matrices. Generally, there
are two kinds of the equivalence of nD systems, uni-
modular system equivalence and zero coprime system

equivalence. They correspond to the unimodular equiva-
lence and zero coprime equivalence of nD polynomial
matrices, respectively.

For single variable polynomial matrices, the two
kinds of equivalence problems have been well resolved
since the univariate polynomial ring has the Euclidean
division property. However, when it comes to nD (n>2)
polynomial matrices, there are still numerous unresolved
issues on the two equivalence problems due to lacking
mature theory of nD polynomial matrices. During the
past years, the unimodular equivalence for several spe-
cial classes of nD polynomial matrices have been widely
investigated"**”. For instance, Lin et al' proved that a
matrix F(z) with det(F(z))=z,—f(z,, ",

lar equivalent to its Smith normal form.

z,) is unimodu-

Li et al™'" and Lu and Zheng et al'’”" also pre-
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sented further results on the unimodular equivalence of
several classes of matrices F(z) with det(F(z))=(z,—
f(z,,++z,)) or det(F(z,,z,))=pq, where ¢ is positive in-
teger and p,q € K[z, ] are irreducible polynomials, and
obtained the sufficient and necessary conditions respec-
tively for the unimodular equivalence of these matrices
with their Smith normal forms. Compared with the uni-
modular equivalence problem, the zero coprime equiva-
lence of nD polynomial matrices has relatively little at-
tention.

Zerz”" proposed that the stability, controllability
and observability of a system are closely related to its ba-
sic zero structure. Pugh® proved that zero coprime
equivalence preserves the zero structure of the system
matrix. Furthermore, Pugh et a/*' showed that a given
bivariate polynomial matrix F(z,,z,) iS zero coprime
equivalent to its first-level and second-level matrix pen-
cil. In addition, Boudellioua™ proved that nD polyno-
mial matrice F(z) is zero coprime equivalent to the great-
est common divisor of the highest order minors of F(z)
under given conditions. Although the aforementioned
conclusions simplify the corresponding system to a
single equation form containing a single unknown, they
are not easy to be executed. The Smith normal form
plays an important role in the discussion of equivalence
of nD systems because of its favorable structure and
properties. The main aim of this research is to transform
a given nD polynomial matrix into its Smith normal
form, by means of zero coprime equivalence, thereby en-
abling the preservation of important algebraic properties
of the corresponding system.

This paper focuses on the zero coprime equivalence
problem for several classes of nD polynomial matrices
and their Smith normal forms. Based on previous find-
ings of zero prime factorization of nD polynomial matri-

> some new properties on the zero coprime

ces!
equivalence that are nD polynomial matrices are de-
rived. Firstly, the relation between zero coprime equiva-
lence and unimodular equivalence is discussed. Note
that the nD polynomial matrices of unimodular equiva-
lent must be zero coprime equivalent, but the converse is
not true. It is natural to associate the zero coprime
equivalence problem for several classes of nD polyno-
mial matrices which are not unimodular equivalent to
their Smith normal forms. So far, the matrices such as
F(z) with det(F(2))=(z,—f\ (2. -2, N2, = /2(25, -, 2,))
have not been shown to be equivalent to their Smith nor-
mal forms. Therefore, the following problems are also

investigated.

Problem 1: When is an nD polynomial matrix
F(z) zero coprime equivalent to its Smith normal form?
Here

1 flz fu-l fu

0 1 o S
F(z)= : :

0 0 z,—fi ﬁ—l,l

o o - 0 z,—f,

andf\.f, € K[z,,--,z,) f; € K[z,,---,2,], 1 <i<j<L
Problem 2: When is an nD polynomial matrix
F(z) zero coprime equivalent to its Smith normal form?

Here
zi—fi o o fun Ju
0 zi=f o fa S
F(2)= : : : :
0 0 Zv—fio fiou
0 0 0 z,—f,
and £, 15, ---.f, € K[z,, --‘,z,,],f[/.el([zl, ez, 1<i<gslL

The rest of the paper is organized as follows. In
Section 1, some basic concepts for the equivalence of
polynomial matrices are introduced. In Section 2, the
main results of this paper and positive answers to Prob-
lems 1 and 2 are presented. In Section 3, an example is
provided to illustrate the main results and the construc-
tive method. Section 4 concludes this paper.

1 Preliminaries

field,
-,z, ] denotes the set of polynomials in n

Let K is an closed
R=K]z,,z,, -
variables z,,z,,---,z, with coefficients in the field K,
»z,] by K[z] R,=

-z, ], R”" denotes the set of /xm matrices with

algebraic

sometimes, we denote K[z,,z,,--
K[z,, -
entries from R. 0,,, denotes the rx ¢ zero matrix and 7,
denotes the »xr identity matrix. Throughout the paper,
the argument (z) is omitted whenever its omission does
not cause confusion.

Definition 1 Let F(z)e R”" be of normal rank r.
For any i(1<i<r), denote ixi minors of F(z) by
a,,a,,-a,, and denote the greatest common divisor (g.
cd)ofa,,a,, -a,byd(F).

Definition 2 Let F(z)e R™", [<m, the Smith nor-
mal form of F(z) is defined by S(z)= ( diag{®;} 0., ),

where
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d/d,_,1<i<r,
Tl r<is<l,
7 is the normal rank of F(z), d,=1, d, is the g.c.d. of the i x i minors of F(z) and @, satisfies the following property
D |D,|--| D,

Definition 3  Let F(z)e R be of full row(column) rank. F(z) is said to be zero left prime (zero right prime) if
all the /x/ (m x m) minors of F(z) generate unit ideal R. If F(z) is zero left prime (zero right prime), then F(z) is called
simply to be ZLP (ZRP).

Definition 4 LetA(z)e R, B(z)e R"", g+m=1>1. A(z), B(z) are said to be zero left coprime if all the /x  minors
of matrix (4 B) generate unit ideal R. Zero right coprime can be similarly defined. If A(z), B(z) are zero left coprime
(zero right coprime), then A(z), B(z) are called simply to be ZLC (ZRC).

Definition 5 Let P,(z2)e R, i=1,2, then P,(z), P,(z) are said to be unimodular equivalent if there exist
M(z), N(z) such that M(z)P, (z)=P,(z)N(z), where M(z) and N(z) are unimodular matrices over R of appropriate di-
mensions.

Definition 6 Let P,(z)e R**%, where i=1,2 and p, —q,=p,—q,. P,(2), P,(z) be related by an equation of the
form M(z)P,(z)=P,(z)N(z), then P,(z) and P,(z) are said to be zero coprime equivalent if M(z), P,(z) are ZLC and
N(z), P,(z) are ZRC.

2 Main Results

In this section, the main results are presented. First, we give some criteria for the conversion of zero coprime
equivalence into unimodular equivalence through trivial expansion. Then we provide some positive answers to Prob-
lems 1 and 2.

We first introduce a useful lemma.

Lemma 1®  The two polynomial matrices A(z)e R"*” and B(z)e R"* with p+g>m=>1 are zero left coprime if
and only if there exist p xm and ¢ x m polynomial matrices X(z) and Y(z) such that 4(z)X(z)+ B(2)Y(z)=1,,; The two
polynomial matrices C(z)e R”*" and D(z)e R*" with p+g>m > 1 are zero right coprime if and only if there exist m x p
and m x ¢ polynomial matrices W (z) and Z(z) such that W (z)C(z)+Z(z)D(z)=1,.

Theorem 1  Let F,(z)e R**", i=1,2 be nD polynomial matrices and p,—¢q,=p,—q,, then F,(z), F,(z) are zero

0 1 0
coprime equivalent if and only if certain trivial expansions of them, ( " ) and ( ! ) are unimodular

0 F,(2) 0 F,(2)
equivalent.

Proof Necessity: Suppose F,(z), F,(z) are zero coprime equivalent, then there exist two matrices M(z)e R,
N(z)e R**" which satisfy equation M(z)F,(z)=F,(z)N(z) and M(z), F,(z) are ZLC, N(z), F,(z) are ZRC. According
to Lemma 1, we have

M(2)X,(2)+F,(2)Y,(2)=1,, X,(2)N(z)+ Y, (2)F, (2)=1,,
where X, (z), X, (2), ¥, (z), ¥,(z) are of appropriate dimensions.

Furthermore, we have

X,(z) -Y,(2)\[ Nz Y, (2 I, J(2)
(F2<z> M) )(—Fl @ X, (z)): 0 1, f
where J(z)=X, (2)Y, (2)- Y, (2)X, (2).
Let Y, (2)=Y,(z2)-N(@)J(2), X, (2)=X,(2)+F,(2)J(z), then
X,(2) -Y,(@\[ N2 Y ()| (L, 0
(Fz(z) M(Z)) ~F,(2) X, (2) :(0 Ipz).

Note that
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N(z) Iqj_N(Z)Xz(Z) X,(z2) -Y,(2)F,(2) qu 0
(1 X, (2) )( I N(z) ):(o —Iql)’

therefore
X,(z2) -Y,(2) d X,(z2) -Y,(2)F,(2)
(F2 () M) ) an ( I N()

are unimodular. Then we have following equation:
(Xz(z) —Yz(z))(l,h 0 B I, 0 (Xz(z) -Y,(2)F,(z)
F,z) M@ )\0o F @) (0 R/ L, N |

9> 0 I‘]\ O . .
Thus,| and are unimodular equivalent.
0 F,(2) 0 F,(2)
. . . I‘]w 0 q, . . .
Sufficiency: Let following matrices | and be unimodular equivalent, then there exist two
0 Fi(2 0 F,(2)
X Y L R
unimodular matrices @ @ , @) @) such that
Uiz) M(z)) \W(=z) N(2)
X(z) Y (z)) 1, 0 I, 0 L(z) R(2)
U@ M)\0 Fi@) (0 F@/\We Ne)f
As can be seen from the above equation, M(2)F, (z)=F,(2)N(z), U(z)=F,(z)W(z).

X(2) Y(z)
F,2W(z) M(2)
M(z) are ZLC. By Lemma 1, then there exist two matrices A(z), B(z) such that F, (z2)W(2)A(z)+ M (z)B(z)=1,, there-
fore F,(z), M(z) are ZLC.

Arguing similarly as in the above proof, we can obtain that F,(z), N(z) are ZRC. Therefore, F, (z), F,(z) are zero

Since ( ) is a unimodular matrix, the rank (F,(z2)W(z), M(z))=p,, this means that F,(z2)W(z),

coprime equivalent. The proof is completed.
I,., O

) and
0 F,(2)

Theorem 2 Let F,(z)e "%, i=1,2 be nD polynomial matrices and p,—¢q,=p,—q,. If(

(I‘I+k 0

0 Fi( )) are unimodular equivalent, where &k >—min {ql, qz}, then F, (z) and F,(z) are zero coprime equivalent.
2z

I, . 0 I, 0
Proof Suppose that| * ‘ and| "™ are unimodular equivalent, then we can obtain that they are
0 Fi(2 0 F.(2

zero coprime equivalent. We construct the following equation

Iq,+k O
Fi(Z): ( F(Z))(I )a

) are zero coprime equivalent. According to the transitivity of zero coprime

where i,j €{1,2} and i #;.
q,+k

Obviously, F;(z) and (

(2)
equivalence, we can further obtain that F, (z) and F), (z) are zero coprime equivalent. The proof is completed.

Based on Theorems 1 and 2, we establish the relationship between zero coprime equivalence and unimodular
equivalence of nD polynomial matrices. Next, we propose some important results for the zero coprime equivalence of
several classes of nD polynomial matrices and their Smith normal forms.

Theorem 3  Let F(z)e R*** have the following form

_ 11 _flz
F)= (fﬂ f)

where f; € R, i,j=1,2 and d=det(F(z))#0. If all the 1 x 1 minors of F(z) have a common zero and factor coprime, then

i
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F(z) is not zero coprime equivalent to its Smith normal form S(z), where S(z)= ((l) 2)

Proof Suppose that there exist M(z), N(z)e R*** satisfies M(z)F(z)=S(z)N(z), where

M(Z)= (mn mu), N(Z)= (nn nlz)and mwnijeR’ ,j= 1,2.
my, My Ny Ny
We have
(m11 mlz)(fu flz):(l O)(n11 nlz) o
my My \fy o fo 0 d/\n, n22’
then
my, fr+my, fr,=n,,d, ()
My, fro+ 1y, fr=n0d. (3)

From the equations (2) and (3), we can solve to obtain that m,, =n,, f,, —n,, f,; and m,,=n,, f;, —n,, f;,. Then we
consider all the 2 x 2 minors of (M (2) S(2) ),

{mymy—mimy, —my, myd, —my, my,d, d}.

Suppose that all the 1 x 1 minors of F(z) have a common zero a,=(z,y, Z59, *** Z,o )- 1t 18 seen that m,, =m,,=0. So
the 2 x 2 minors of (M (2) S(z)) have a common zero a,. Therefore, F(z) is not zero coprime equivalent to its Smith
normal form. The proof is completed.

Remark 1 By Definition 5 and Definition 6, we have that if two nD polynomial matrices are unimodular equiva-
lent, then they must be zero coprime equivalent. Meanwhile, two polynomial matrices that are not zero coprime equiva-
lent imply that they are not unimodular equivalent. Therefore, Theorem 3 can be used to determine whether two matri-
ces are not unimodular equivalent. Furthermore, Proposition 2.9 of Liu et al'” is a special case of Theorem 3.

In addition, we consider nD polynomial matrices F(z)e R’ with the (/— 1)x({/— 1) minors generating unit ideal R.
In general this kind of matrix F(x) may not be unimodular equivalent to their Smith normal forms, see examples in

A:(zl—l z, )
z, z,=2/

by Proposition 2.10 in Ref.[10], 4 is not unimodular equivalent to its Smith normal form.

Frost and Storey®” or the following matrix,

Specially, Li et al'"” showed that even for the case that
detF(2)=(z, -/ (25, -+ 2,)) (2, = /2(25, -+, 2,)),
where f,,f, are different and the (/— 1)x(/— 1) minors of F(z) generate R, F(z) may not be unimodular equivalent to its
Smith normal form. In what follows, we investigate the conditions under which such matrices are zero coprime equiva-

lent to their Smith normal forms.

Let F(z)e R*** and
z, =/ p ) 4)
0 z—ff

where f,,f, € R,, p € R. According to Definition 2, the Smith normal form of F(z) is

F(2)= (

1 0
50=o - )(zl—fz))'
Theorem 4 Let F(z) with form in (4) and g=2z,—f, —p. If ¢,z, —f, have no common zeros in the field K, then
F(z) is zero coprime equivalent to its Smith normal form S(z).
Proof Let

O L IO L}

3 My n; ny
where m,,n, € R, i=1,2,3,4, such that M(2)F(z)=S(z)N(z), i.e.

(Zi Zi)(zgﬁ z,lifz):((l) (zl—ﬁ)(zzl—m)(z Zi)’ 5)
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obviously, n,=m,(z,—f,), n,=m, p+m,(z,—f,).
Then m;(z,—f,)=n;(z,—f, Xz, - /), and we have m;=n;(z,—f,). Then ms;p+m,(z,—f,)=n,(z,—f Nz, /2)s
from the equation above, we have n, p+m,=n,(z,—f,), or equivalently m,=n,(z,—f, )—n, p.
Now, we consider all the 2 x 2 minors of matrix (M (z) S(2 ):
tmim,—mymy (2, = fi Nz, =12 ) —my.m, (z,—f1 Nz, = 1), my (2= fi Nz = /2 ) —ns (2= o))
Letn,=n,=1, then m,=z,—f,—p=gq. Since ¢ and z, — f, have no common zeros in the field K, M(z), S(z) are ZLC.

F(z
We next prove that F(z), N(z) are ZRC. Since n,=n,=1, by computing, the 2 x 2 minors of matrix (N( )) give
z

{(Zl )z =fo)my Gz =f )Nz =)z =fi—p—m (2= fi Nz = 12) —(z,=f2).m (2, = f1)—m, p—m, (2, _fz)}
Because z,—f, —p and —(z, —f, ) have no common zeros, F(z), N(z) are ZRC. Therefore, F(z) is zero coprime equiva-
lent to its Smith normal form S(z). The proof is completed.

It follows from Theorem 4 that Problem 1 is correct for the case of /=2. And then, we extend the conclusions and
focus on the case of F(z)e R™',[>3.

Theorem 5 Let F(z)e R’ have the following form

1 a b
F(z)=|0 z—-fi ¢ |,
0 0 z,—f,

where a,b,c € R and f,,f, € R,. Let g=z,—f,—c. If ¢,z,—f, have no common zeros in the field K, then F(z) is zero

coprime equivalent to its Smith normal form $(z), where

1 0 0
S(iz)=]0 1 0 .
0 0 (—-fiXzi=12)
Proof Let
m, m, m, n, n, n
M(z)=|m, my mg , N©@=|n, ns ngl
0 z-f, z—-fi—c 0o 1 1

satisfy equation M(z)F(z)=8(z)N(z), where m,,n, € R,i=1,---,6.

Now, we consider the 3 x 3 minors of matrix ( M(z) S(z) ), where

m, m, ms 1 0 0
(M(2) S(z)=|m,  ms mg 0 1 0 ,
0 z—f, zi—=fi—¢ 0 0 (z,—fi)z,—/))
there exist two 3 x 3 minors as follows
m, 1 0 m, 1 0
ms 0 1|=z-f, mg 0 I|=z—-fi—c=q¢.
zi—f, 0 0 z—fi—¢ 0 0
Note that g and z, —f, have no common zeros in the field K, therefore M(z), S(z) are ZLC.
. . . (F(Z))
Next, we consider the 3 x 3 minors of matrix , where
N(z)
1 a b
0 z,—f c
(F(Z)) o 0 z-f
N(2) n, n, n, |
n, N ng
0 1 1

similarly, there exist two 3 x 3 minors as follows
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1 a b 1 a b
0 0 z—fi|=~z-£)|0 z—=fi ¢|=z—f-c=q.
0 1 1 0 1 1
: . (F(2) : .
So the 3 x 3 minors of matrix (N(z)) have no common zeros in the field K, therefore F(z), N(z) are ZRC. With the help

of the above conclusions, F(z) is zero coprime equivalent to its Smith normal form S(z). The proof is completed.
Theorem 6 Let F(z)e R™ have the following form:
1 f12 fu—l f11
0 1 fz.l—l fz/
F(2)= o : R

0 - z—fi fiu

o o0 - 0 z-£f
where f, e R, 1<i<j<landf,.f, e R,. Let g=z,—f,—f,_, . If g.z,—f, have no common zeros in the field K, then F(z) is
zero coprime equivalent to its Smith normal form S(z), where

1 0 - 0 0
o1 - 0 0
S(z)= P : :
0 0 1 0
00 0 (z—fiXzi—1)
Proof Let
my, My e My my ny Ny 0 Ny ny
My, My o My My Ny, Ny =00 Nypy Ny
M(z)= : : : i |, N@2)= ’ : ol
My My o My My, My Mygn o Mg Mgy
0 0 ez —f q 0 0o - 1 1

where m,n, € R, 1<i<l-1, 1 <j</and satisfy equation M(2)F(z)=S8(z)N(z).
Arguing similarly as in the proof of Theorem 35, it is easy to prove that M(z), S(z) are ZLC and F(z), N(z) are
ZRC. Therefore, F(z) is zero coprime equivalent to its Smith normal form §(z). The proof is completed.

Theorem 6 gives a positive answer to Problem 1. Next, we will investigate Problem 2 and develop some new re-
sults concerning Theorem 4.

Theorem 7 Let F(z) with form in (4). If p and z,—f, have no common zeros in the field K, then F(z) is zero
coprime equivalent to its Smith normal form S(z).

Proof Assume

m m n, n
(. ) mo- (i )

where m,,n, € R,i=1,2 and satisfies equation M(z)F(z)=S(z)N(z),

( n, mz)(zl_fl p )_(1 0 )(n] nz)
z—f, —p 0 z,—f, —\0 —=fi)Xz-H)\1 o)

Arguing similarly as in the proof of Theorem 4, it is also easy to prove that M(z), S(z) are ZLC and F(z), N(z) are
ZRC. Therefore, F(z) is zero coprime equivalent to its Smith normal form §(z). The proof is completed.
z,—f, a b
Theorem 8 Let F(z)e R’** have the following form F(z)=| 0 z,—f, ¢ |, where a,b,ce R and
0 0 z—f
fi./5.f5 € R,. If the last two columns of F(z) construct a ZRP matrix, then F(z) is zero coprime equivalent to its Smith
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1 0 0
normal form §(z), where S(z)={0 1 0 .
0 0 (@ —=fidzi=f2)z-f5)
Proof Let
1 z,—f, my
M(z)= m, ms mg ,
=)z /) @=f)e -z =fi)=(z=fi)a ac—(z,=f,)b
zi=fi a+(z—fi)z—=f)) m
N(z)=| n, ns ng |5
1 z,—f c
where m,,n, € R,i=3, ---,6 and satisfy equation M(z2)F(z)=S(z)N(z).
a b
Setting P(z)= | 21—/ ¢ |, from the assumption, P(z) is a ZRP matrix such that all the 2 x2 minors {ac—
0 z,—fs

b(z,—1,), (z,—f>,)Nz,— 1), a(z,—f;)} generate unit ideal R.
Now, we consider the 3 x 3 minors of matrix (M (z) S(2) ) By computation, there exist three minors in all the 3 x

3 minors as follows
lac=b(z,—1>), (2. =/ Xz, =13 ), —alz,—f3)}-
It is clear that the 3 x 3 minors of matrix (M (z) S(2) ) generate R, therefore M(z), S(z) are ZLC.

F(z
Next, we consider the 3 x 3 minors of matrix (NE ;) Similarly, there exist three minors in all the 3 x 3 minors as
z

follows

lac=b(z,=1>). (2, =i )z, = f3). —alz, = f3)}-
F(z
So the 3 x3 minors of matrix (N( ;) generate R, therefore F(z), N(z) are ZRC. As mentioned earlier, F(z) is zero
z

coprime equivalent to its Smith normal form §(z). The proof is completed.
In what follows, we will focus on the case of F(z)e R/, where [ >4, as presented in the following theorem.
Theorem 9 Let F(z)e R"'(I=4) have the following form
zi—fi  fo S Ju
0 zi=f o S S
Fi)=| oo : o
0 0 ez fi S
0 0 - 0 z,—f;
where f),---.fieR,, f;€R, 1<i<j<[ If the last /-1 columns of F(z) construct a ZRP matrix, then F(z) is zero
coprime equivalent to its Smith normal form §(z), where

1 0o - 0 0
o1 - 0 0
S(z)= I :
0o 0 - 1 0

00 - 0 (-fi)z—-fo)Az=/)
Proof We first prove the case of /=4. Let

S Jis Sis
P(z)= Zl;fz Zfiaf ]f(m .

0 0  z—f
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by computing, det F(z)=d=(z,—f, Xz, —f. Xz, —f; Nz, —f, ), the 3 x 3 minors of matrix P(z) as follows:
o= =)z =i )z —fi) e.=fn(z =i )z = f2),
=z —fOlfufu—Su@ =L eco=fufufuthuG =Nz =)~ fufu@ —f) =i fulz = 12).
From the assumption that matrix P(z) is ZRP, we have that ¢,, ¢,, c;, ¢, generate unit ideal R.
Let

L z—f, my; my
M(z2)= My My My My
my My My My
¢, d-c, ¢ ¢

zi=fi fot@ =Sz —f)) ns o ony

?

N(z)= Ny Ny Ny Moy
2

N3 ns Ny Ny

1 z—f S S

satisfy the equation M(z)F(z)=8(z)N(z), where m,,n; € R.

Next we consider the 4 x4 minors of matrix (M (z) S(2) ) Since the polynomials —c,, —c,, —c;, —c, belong to the
4 x4 minors of matrix (M (z) S(2) ), M(z), S(z) are ZLC. Similarly, we obtain that F(z), N(z) are ZRC. Therefore,
F(z) is zero coprime equivalent to its Smith normal form S(z).

Using a process similar to the above proof, we can straightforwardly get the result for the case of />4. Therefore,
F(z) is zero coprime equivalent to its Smith normal form S(z) for /> 4. The proof is completed.

Remark 2 Combining Theorem 7, Theorem 8 and Theorem 9, we give a positive answer to Problem 2.

3 Example

In this section, we give an example to illustrate the main results.
Example 1 Consider a 2D polynomial matrix of R>**

z—w' —z+2w-1 zZ'—zw—z+w-1 0 1
0 z—2w z? —z—1 0
Fzw=| 0 0 -1 1 0
0 0 0 Z—w 1
0 0 0 0 Z—wW+w

By computing, let d=det F(z, w)=(z—w*)(z—2w)(z— 1)(z— w)(z—w’+w) and the last 4 columns of F(z, w) construct a
ZRP matrix. Obviously, the Smith normal forms of F(z, w) is following matrix

1
1
S(z,w)= 1
1
d
Let
—z+2w—-1 Z2—zw—z+w-1 0 1
z—2w z? —z—1 0
P(z,w)= 0 z—1 -1 0 )

0 0 Z—w 1

0 0 0 Z—wW+w

calculating all the 4 x 4 minors of matrix P(z, w) as follows:
¢, =-2w)z-=Dz=w)z=w'+w), ¢,=(—z+2w—1)(z—- Dz—w)z—w*+w),
;=2 (—z+2w—Dz—-w)z—w+w)—(z-2w)Z'—zw—z+w— D) z—w)z—w’+w),

c=—(z—-wH+w)Z* (—z+2w-D-(Cz-2w)Z*—zw—z+w—D)+(z— )(—z— D(=z+2w—1)], ¢s;=1.



CHEN Zuo et al: On the Zero Coprime Equivalence of Multivariate -+ 41

Setting
L z=w my my mg
My My My My, My
M@z w)=|my  my  my omy my |,
My My My My, Mys
c, d-c, ¢ -—-c, s
z—=w —z+2w—1+(EZ-w)z-2w) n, n, ng
1y Ny o3 on Ns
N@Ew)=| n, ns, S Ny fss |
Ny Ny Ny Lo Nys
1 z—2w 2 —z—-1 0
where m,,n; € R, such that satisfy equation M(z, w)F(z,w)=S8(z, w)N(z, w), we consider that the 5 x 5 minors of matrix

(M (zw) S(zw) ) have a fifth order minor which is equal to 1, therefore, M(z, w), S(z,w) are ZLC. Similarly, by calcu-

2

lating the 5 x5 minors of matrix ( ), we find that there is also a fifth order minor which is equal to 1, then

2

F(z,w), N(z,w) are ZRC. Thus, F(z,w) is zero coprime equivalent to its Smith normal form S(z, w).

4 Conclusion

In this paper, we first propose some criteria for the conversion of zero coprime equivalence into unimodular
equivalence through trivial expansion. Then we investigate the zero coprime equivalence problem of several kinds of
nD polynomial matrices over an algebraic closed field. In general, it is observed that certain multivariate polynomial
triangular matrices are not zero coprime equivalent to their Smith normal forms (Theorem 3). Afterwards, we are de-
voted to studying the zero coprime equivalence and reduction of several classes of multivariate polynomial matrices
that are not unimodular equivalent to their Smith normal forms. We present two problems in this aspect and given posi-
tive answers to them. An illustrative example has also been comprehensively analyzed towards the end.
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