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Abstract: Graph labeling is the assignment of integers to the vertices, edges, or both, subject to certain conditions. Accordingly, hyper‐
graph labeling is also the assignment of integers to the vertices, edges, or both, subject to certain conditions. This paper is to generalize the 
coprime labelings of graph to hypergraph. We give the definition of coprime labelings of hypergraph. By using Rosser-Schoenfeld 􀆳s in‐
equality and the coprime mapping theorem of Pomerance and Selfridge, we prove that some linear hypergraphs are prime.
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0　Introduction

Graph labeling is one of the most important re‐
search problems in graph theory, and the coprime label‐
ing of graph is one of the hottest issues, which has at‐
tracted the attention of many mathematicians. Graph la‐
beling is the assignment of integers to the vertices, 
edges, or both, subject to certain conditions. Graph label‐
ings were first introduced in the middle of 1960s. In the 
intervening 60 years, over 200 graph labeling techniques 
have been studied in over 2 000 papers[1]. A graph G 
with vertices set V is said to have coprime labeling if its 
vertices are labeled with distinct integers 12|V| such 

that for each edge xy the labels assigned to x and y are 

relatively prime. If such a labeling exists, then G is said 
to be prime. Prime graphs have been of interest since the 
1980s and were popularized by the Entringer-Tout Tree 
Conjecture which states that all trees are prime. In 1994, 
Fu and Huang[2] showed that all trees of order up to 15 

are prime. In 2007, Pikhurko[3] proved that all trees of or‐
der up to 50 are prime. The classes of trees known to 
have prime labelings are paths, stars, caterpillars, com‐
plete binary trees, spiders, olive trees, palm trees, ba‐
nana trees, binomial trees and so on[4]. In 2011, Haxell et 
al[5] proved that all large trees are prime. In this paper, 
we will try to generalize the coprime labelings of graph 
to hypergraph.

Hypergraphs, an extension of traditional graphs, 
have found wide applications in various fields. Hyper‐
graph labeling, similar to graph labeling, is a crucial con‐
cept with significant implications. It provides a way to 
assign integers to vertices, edges, or both in a hyper‐
graph, which is not only fundamental for understanding 
the structural properties of hypergraphs but also serves 
as a powerful tool in solving practical problems. By care‐
fully defining and analyzing hypergraph labelings, math‐
ematicians can gain insights into the internal structure of 
hypergraphs, and this understanding can be applied to 
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optimize algorithms, design efficient communication net‐
works, and analyze complex systems. Like the coprime 
labeling of graphs, we expect that the coprime labelings 
of hypergraphs will have more significant applications 
and theoretical value.

1　Motivation and Main Results

Note that a hypergraph is a graph in which general‐
ized edges (called hyperedges) may connect more than 
two vertices. Formally, a hypergraph H is a pair H =
(XE), where X is a set of elements, called vertices, and 
E is a set of non-empty subsets of X called hyperedges. 
Naturally, the coprime labelings of a graph can be gener‐
alized to the hypergraph. A hypergraph of order n is 
prime if its vertices are labeled with distinct integers 
12n, so that there is at least one number in a hyper‐
edge, which is coprime to the rest numbers in that hyper‐
edge. Namely, let H = (XE) be a hypergraph with m hyp‐
eredg:

E1 = {e11e12e1k1
},, Em ={e11e12e1km

}

and let X = E 1 ∪E 2 ∪…∪E m and | X | = n. If its all verti‐
ces eij are labeled with distinct integers 1,2,,n so that 
for ∀1 ≤ i ≤m, there is at least eij (1≤ j ≤ kj ) in Ei =
{ei1ei2eiki

} satisfying gcd (eij eir )= 1 (1≤ r ¹ j ≤ ki ), 

then we call H = (XE) a prime hypergraph. Here we 
must point out that each hyperedge includes at least two 
vertices. We do not consider isolated points or single 
cycles because they must satisfy the condition of being 
coprime. Thus, the coprime labeling of hypergraphs is 
essentially a number theoretical problem. A hypergraph 
is linear if any two hyperedges have at most one com‐
mon vertex. Clearly, a tree is a special linear hypergraph. 
The result by Haxell, Pikhurko and Taraz[5] shows that 
all large trees are prime hypergraphs. Here, we will 
prove that certain types of linear hypergraphs are prime. 
However, it remains unknown whether all linear hyper‐
graphs are prime hypergraphs. We present the following 
theorems.

Theorem 1  If any two hyperedges of a linear hy‐
pergraph H = (XE) have no common vertex, then H =
(XE) is a prime hypergraph.

Theorem 2  If a linear hypergraph H = (XE) has 
n hyperedges and each hyperedge has n vertices, then 
when n > 43, H = (XE) is a prime hypergraph.

2　Proofs of Main Results

Lemma 1 (Coprime mapping theorem by Pomer‐

ance and Selfridge[6]) If n is a positive integer and I is a 
set of n consecutive integers, then there is a bijection f:

{12n}® I such that gcd (if (i ))= 1 for 1 ≤ i ≤ n. We 

call such f a coprime mapping.

Proof of Theorem 1  Suppose that the linear hy‐
pergraph H = (XE) has n hyperedges and the numbers of 

vertices in each hyperedge are k1k2kn, respectively. 
Without losing generality, we assume that k1 ≥ k2 ≥ 
 ≥ kn. Suppose that vertices in the i-th hyperedge are la‐
beled with distinct integers vi1vi2eiki

. Note that any 

two hyperedges have no common vertex. Therefore, we 
obtain an echelon form:
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÷
v11  v1k1

  
vn1  vnkn

.

Firstly, we identify the first column: vi1 = i, 1 ≤ i ≤ n. 
So, v11v21en1 are exactly the consecutive positive in‐
tegers: 12n. Secondly, we consider how to label the 
second column vi2. By Lemma 1, there is a coprime map‐
ping between {12n} and {n + 1n + 2n + n}. Let 

v12v22en2 be the permutation of n + 1n + 2n + n 
such that gcd (ivi2 )= 1(1 ≤ i ≤ n). Therefore, the echelon 

form becomes the following shape:
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1 v12  v1k1

2 v22  
   
n vn2  vnkn

.

Thirdly, we consider how to label the third column 
vi3. If the third column still has n elements, then by 
Lemma 1, there is a coprime mapping between 
{12n} and {2n + 12n + 22n + n}. If there are only 

t elements in the third column and t < n, then by Lemma 
1, there is a coprime mapping between {12t} and 

{2n + 12n + 22n + t}. Let v13v23et3 be the permu‐

tation of 2n + 12n + 22n + t such that gcd (ivi3 )= 1, 

1 ≤ i ≤ t. Therefore, the echelon form becomes the pos‐
sible shape:
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1 v12 v13  v1k1

2 v22 v23  
    
t vt2 vt3  
    
n vn2 vn3  vnkn

.

Note that one is coprime to any natural number. 
Therefore, one can repeat this process and use the 
coprime mapping theorem repeatedly until all vertices 
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are labeled such that gcd (ivij )= 1 with j ¹ 1. Therefore, 

H = (XE) is a prime hypergraph and the proof is com‐

plete.
Lemma 2 (Rosser-Schoenfeld􀆳s inequality[7]) For x ≥

20.5, π (2x) - π ( x) > 0.6x/lnx, where π ( x) is the num‐

ber of prime numbers which are less than or equal to x. 
Proof of Theorem 2  If a linear hypergraph H =

(XE)  has n hyperedges, and each hyperedge has n verti‐

ces, then every hyperedge of H = (XE) has a vertex, 

which does not belong to any other hyperedges. Denote 
these vertices by v11v22vnn. Thus, a possible coprime 
labeling of the hypergraph H = (XE) is represented by 

the following square array:
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   
   vnn

.

Suppose that the linear hypergraph H = (XE) has x 

vertices. Clearly, we have n2 > x > n(n + 1)/2. Note that 

one is coprime to any other integers, and any prime be‐
tween x/2 and x is coprime to the rest numbers of the 
square array. Therefore, in order to prove that the theo‐
rem holds, we only need to prove that π ( x) - π (x 2 ) >
n - 1. By Lemma 2, we have that for x > 40, π ( x) -
π (x 2 ) > 0.6(x/2)/ln (x/2). Since n2 > x > n(n + 1)/2, hence 

π ( x) - π (x 2 ) > 0.15n(n + 1)/(lnn2 - ln2). Furthermore, 

for n > 40, 0.15n(n + 1)/(lnn2 - ln2)> n - 1. Thus π ( x) -
π (x 2 ) > n - 1. Let v11 = 1, and v22vnn be distinct 

primes between x/2 and x. It is evident that Theorem 2 
holds and the proof is complete.

Remark  Erdös-Faber-Lovász conjectured that if 
the linear hypergraph H = (XE) has n hyperedges and 

each hyperedge has n vertices, then there is a n-vertex 
colour of the hypergraph such that each edge contains 
vertices of all colours[8]. Recently, Kang et al[8] proved 

that this conjecture holds for every large n. Here, we 
prove that H = (XE) is prime. Based on our method, one 

can prove that when n is an integer greater than 1, an n×
n grid is a prime hypergraph. In fact, the n×n grid can be 
regarded as a linear hypergraph with 2n hyperedges (n 
rows and n columns) and n2 vertices. On one hand, we 
have that for 6 < n < 17, π (n2 ) - π (n2 /2) ≥ n - 1, and for 

n > 16, π (n2 ) - π (0.5n2 ) > 0.3n2 /(lnn2 - ln2)> n. On the 

other hand, denote those vertices in its principal diago‐
nal by v11v22vnn. Let v11 = 1 and v22vnn be distinct 
primes between n2 /2 and n2. Do the cases 1 < n < 7 sepa‐
rately. This immediately confirms the previous assertion 
that a n×n grid is a prime hypergraph.
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超图的互素标号问题研究超图的互素标号问题研究
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摘要摘要：：图标号是在一定条件下将整数分配给图的顶点或边，或两者兼有，使其满足一定条件。因此超图的标号
也可以在一定条件下将整数分配到超图的顶点或边上，或两者兼有，使其满足一定条件。本文将图的互素标号
问题推广到超图，进一步给出了超图互素标号的定义，利用 Rosser-Schoenfeld 不等式和 Pomerance 和 Selfridge

的互素映射定理，证明了一些线性超图是素超图。
关键词关键词：：Pomerance 和 Selfridge 的互素映射定理；线性超图；素超图
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