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Time Decay of Linearized Isentropic
2D Bipolar Navier-Stokes-Poisson
System
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School of Mathematics, Hohai University, Nanjing 211100, Jiangsu, China

Abstract: Cauchy problem for the linearized bipolar isentropic Navier-Stokes-Poisson system in R? is studied. Through the reformulation
of unknown functions, we change the formal system into a linearized Navier-Stokes system and a unipolar Navier-Stokes-Poisson system.
Based on a delicate analysis of the corresponding Green function, L* decay estimate of the solution is obtained.
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0 Introduction

Cauchy problem of the two-dimensional bipolar Navier-Stokes-Poisson (BNSP) system has the following formula-

tion:

p,+divm =0,

. [(mm m . [ m
m,+dw( )+VP1(p):,ulA( +,qud1V()+ZpeV¢,

p p p

n,+divw =0,

[oRwe ) (o (1)
,+div p +VP,(n) :ﬂlA(n) +,u2Vd1V(n) —neVé,

A¢:4ne(Zp—n), lim ¢ =0,

| x| >
(p,m,nyw)(%o) = (po’movnmwo)(x)’ (x7t) € (RXR)

Here the unknown functions p, n represent the density of ions and electrons, m(x,¢), @ (x,?) are the momentum of ions

and electrons, ¢ is the electrostatic potential. V and div are the usual gradient and the divergence operator. u,, t,, i,, i,
are constant positive viscosity coefficients. Pressure functions P,( p), P,(n) have positive derivatives. The electrons

have charge —e and the ions have charge Ze where Z, e are positive constants. For simplicity, we set e=1.
The BNSP system is used to describe the dynamics of two separate compressible fluids of ions and electrons with

Received date: 2024-07-07 © Wuhan University 2025
Foundation item: Supported by the National Natural Science Foundation of China (12271141)
Biography: XU Hongmei, female, Associate professor, research direction: partial differential equations. E-mail: xxu_hongmei@163.com

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



104 Wuhan University Journal of Natural Sciences 2025, Vol.30 No.2

their self-consistent electromagnetic field. It is a hyperbolic parabolic coupling system. Because of its physical importance
and mathematical challenges, there were extensive studies on the asymptotic and global existence of the BNSP system.
For example, Refs. [1-5] dealt with different forms of BNSP, and got the global existence of classical solution and its de-
cay. But most results are about space dimension n > 3. There are few results about space n=2. This paper studies L* de-
cay estimate of a linearized two-dimensional BNSP system.

Throughout this paper, L? (U) denotes the Lebesgue integrable space function, H” (U) means the Sobolev space
function. C and C, denote some general positive constants.

1 Reformulation and Linearization

Suppose the initial value (po,mo,no,a)o)(x) of (1) tends to equilibrium state (/Z),O,p, 0) as |x| > 0. Set p=Zp—p,

m=m—0,n=n—-p,®=w. Then (1) can be rewritten as

§+dlvm 0,

m ) m 7 b+p
it div| = +VP]( - ) A +u, Vdiv +Z %w

VA VA VA 2

n,+divw =0,

0 X @ D 0 _
w,+d1v( o )+VP2(n+p) :,ulA 5 +,qud1V(ﬁ+p —(n+p)V¢,
A¢=41r(;3—ﬁ).

System (2) can be reformulated as a linear part plus a nonlinear part.
p.+Zdivm =0,

n2,+P{(’Z’)v(’Z’) -u,Z- %Al’ﬁ—ﬂzz- %Vdivrﬁ—ﬁWﬁ:Fl,
(3)

i,+divao =0,

&,+P,(p )vn—%m %VdivchrﬁVqﬁ:Fz.

The left side of (3) is the linearized part of (2) near ( ), and the right side of (3) is the nonlinearized part.

Py
z

For simplicity, we denote the perturbation p, m, n, @ as E, m,n, w, so the linearized system of (1) near the state

Z

(’Z’,o,p,o)is

p,+divm=0,

m+cVp— 2 am— P L G diym - pvg =0,
p p

n,+divw =0,

. n @
w,+ciVn— %Aa}— %Vdivw +pVeé=0,

A¢=4n(p—n),
(p,m,n,co)(x,O) = (po,mo,no,wo)(x), (x,1) e (RxR),

where ¢ =P{(§ ) =P} p).

Our final result in this paper is the following theorem.
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Theorem 1  If the initial data p,— 2

7 o —p, my, w, € L' M H?, we have the following estimate:

_ B - = 1
‘p+n—g—p LZ+||m+w||LZSC(1+t) 2( p0+n0—%—ﬁ Ll—i— p0+n0—7—,5 L7)+C(l+t) 2(||m20||Ll+||m20||L2),
min( p+n—%—/3 E m+ol,.)>C(1+1) 2.
If ﬁo—ﬁ0|m$g<C,|f ", for any positive ¢,, we have ||m—co||L1<Cz"*"+C(1+t)7%(||m0—a)0 ||L,+ [ my—a, ”m)’

+
Al

SC(1+t);(

Po— % —ny+p

Po~ % —ny+p

Jo=2 -,

)

, for any positive ¢, we have [m—-w | > C,™, “ p= 7 —n+p

. L
' >Cy(1+1) 2.

12

>C,|¢

Further on, if| DPo— N, |

¢l <e

1
Remark 1  From Theorem 1, the perturbation of the sum of density and momentum decay at the rate (1+¢) 2,

the perturbation of the difference of density decay at the rate (1 + t)_%, but the difference of momentum hardly decay at
t because of the influence of the electronic field. Due to the low decay rate, it is difficult to go on the global existence
of the system.

We want to separate system (4) into several small sets of equations. Considering the fifth equation of (4), we de-

note p,=p+n, p,=p—n,m=m+w, m,=m-—w, (4) is equal to the following system:

P, +divm, =0,
ci+es ci—¢3 1w Z+pu 1w Z-u
m,,+ ‘2 2Vp, + ‘2 2Vp,— 2(“ Am,— 2(M)Amz
1 @ Vdivm, — 1 @ Vdivm,=0,
2 2 p
po+divm, =0, (5)
ci—¢; ci+e; 1w Z-u 1w Z+u
M.y, + 12 2Vp, + 12 2Vp,— 2(M)Am1— 3 A2TE ) A,
1 ‘“Z__"Z)Vdivml— 1(’uzz_+ﬂz)Vdivm2—2,5A¢=O,
2 p 2
Ap=4np,.
2 2 P =
For simplicity, we suppose ¢i=c3, i, Z=M,, it,Z=i1,, denote ¢*= clerCz’ = ;(/112;/11), )= % ,uzZI;,uz . Sy
tem (5) can be separated into the following two systems
p+divm, =0, 6
m,+c*Vp,—y,Am,—y,Vdivm,=0. ©
o+ divm, =0,
My +CVp, =y, Am,—p,Vdivm, = 2pV¢ =0, (7

Ap=4mp,.

We find that (6) is a linearized isentropic Navier-Stokes (NS) system while (7) is a linearized unipolar Navier-

Stokes-Poisson (NSP) system. We study them respectively in the next step.

2 [?Decay of Linearized NS System

If the initial data of (6) is (p,,m, )(x,0) = (p,0,m,,)(x), according to (1.3) in Ref. [6], we have
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/1+e). ’—l,e“ el t_e/'wt .é_/,
A h— A—1 " A
(pl ) _ (plo) ®)
n’,‘ll _iczf. eu_ei‘t /Le)"’—/{,e“ QZQZT +e—y§zt(l_ féz) n’/\llo
S i
where I is a 2 x 2 unit matrix,
L _=lenlel e )Tl —acle ]
+ 2 >
2
~(n+12)leF = ) el -actel 9
A= 3 : ©)

From (9), when | &|is small enough, there is no problem with the decay estimate for the Green function; when | ¢ |
is bounded and away from zero, 1, —A_ may tend to zero, so we need to consider the integrability of the Green function;
1
=0(
<]
ferent parts and will use different methods to consider the decay rate respectively.
2

2 2c
When || <e< ————, we have

when | £|is large enough, for example, ) has no L, bounds. Next, we will divide frequency into three dif-

¢
A=

(7,+7)
2 (rrmlel’ >
A it 7)) ' 5 1 —f—w\g\-ﬁ-a(\.ﬂ]t
et [l ey g ol ~

We find the construction of 4, is like that of 4, in Ref. [7]. Initiated by the estimation method in Ref. [7], we get

1
2 1

1 e (el U () o 1
. <Cle * SCJe 2 pdp| <C(1+1) =
A=A 0
(¢l <e) LZ(\g\zsg)
Similarly
At At 1
ei _j i <C(1+1) 2.
+ (¢ <e)
Thus
. /1+€/;’t—/17€/1't ei,t_ehr o ,l
P Ll(\g\kx]: a1 leo HL."' FI) i ||m10||Ll<C(1+t) 2maX(up10"Ll, m10"L\) (10)
+ - I + - %
Using the same method, we can get
il
i o SC 40D max (| puo |- 10 ). ) (11)
2
When e< |&] < 8762 <R, there exist positive constant b such that A, <-b<0.
(yl +V2)
At it () it it (h=2)t _
Because e/L—j, P Ry ! ) Le/t_j:e =/1+e“e/1+f/171 + ¢ are smooth functions, we can easily get
A ~ —bt
P Lz(as\f\zsk)’ m Lz(gs\é\jsk)s Ce ( Pio HL' + || Mo ||L' ) (12)

When | &|*> R, notice 2, <—b for some positive b, then

1 1 2c2 1 1 1
T " (1+ 5 (2+0( 2))<C o
A e () () (€] N &

we have

~

plO HLJ(‘f‘zgR)-"-

< Ceb’(

253

g ||Lz(§,2R)). (13)
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Next, we consider

Ll <e)

Since \/4cz|§|2— (y1+y2)2|§\4 =2c|él- 1= (%4;;3}2)|5|2 =2c|¢&] +0(|§|3), we have

[sin2e|&¢| < |sin2e| & [e—sin [ 4e2| €[ = (3, +7:) €] o] + [sin Jac [ — (m+7) 1€ 1

< (O(|cf|3)t)’+

sin y/dcl e[~ (,+7.) 1¢[ e .

then
2
sin® 412 [~ (y ) e[ 12 Ssineae|¢|ex (0|2 )e) (14)
From (9) and (14), we have
At it (n+m)lelt
%if’ >Cle 2 s1n\/4cz|f| y1+y2)2|g“\4t
s 2| <e) jef<o) (15)
1 1
(n+m)lel 2 (it )|c 2
>C(f P .;sin22c§|tdf) —C(f e ( (lef )) ) 141,
| <e | <e
If we fix 1> , we have
8cVe
1
1 2L\F/ 1] kn+ﬂ 2
1
11>C(f fe (renlel gin (20|§|\f) ]f|t‘d]f|) >C- 2 — t2 fzm e dr | =G, (16)
¢l Var s X
2eV1
1
3 2 _5
IZSCU (ezlel 0(]5])42]5]-:%1\5) <Ct e, (17)
From (15), (16), and (17) , when ¢ is large enough, we have
At it 1
el j i >Cr e, (18)
S lp(er<)
From (8) and (18), we have
1
||,51||L:> P Lz(m@)zclt 2"m]o |L" (19)
_1
m, 22 mn, Lz(‘i‘@)zclt 2||p10 T (20)

Together with (8), (10), (11), (12), (13), (19), and (20), we get our results.

Theorem 2  Suppose E :max(” Pio Pio my, LZ), there exists a positive constant C such that

L’ o’ 2’

Lz) <C(1+ t)féE. Further on, when ¢ is large enough, we have min(" P Lz’" m, ||L )>CEt %

max( .|,

Remark 2 From Theorem 2, we know our decay estimate about # is optimal.

3 L?Decay of Linearized NSP System

Suppose the initial data of (7) is ( D> Mg ), using the method of Ref. [8], the solution of (7) can be expressed as

" e—nett e'—e . .
pln) = TS T et S i @1)
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—= 2 2 nt_ it T o ot 2 T
(1) =iz TP EEAE] }o(e] - )+ 552(’“6" —.e! )n:lzo-i-e”‘ft 1—5@:);7%20, 22)
|&] n.—1n- |&] n.—1n- |&]
where
~(eam)lef+ Jun) el -4(el el +na)
’7+_ 2 ’
~Geen)lel = Sl -a(elel + smp)
n= 7 - (23)
When | ¢ | <, and ¢ is small enough, we have
SOl -ac & -32mp =4\ 2mp i+ic?| [ +o|¢]). (24)
then
n.e" 11 2 1 el
i =1 =5+l e
Bt |20 20 ayampivicte o |¢T) "
L(|&] <e
1 L2 1
scHez“'*’”“ <C(1+1) 2
L(l¢l<e)
Similarly
b £ 1
n.e”—ne’ <C(1+1)7, 25)
=T e <o)
e —e'! -
T <C(l1+1¢t) , 26
p— i N (1+1) (26)
e R +er“(1— 552) <C(1+1) 2. 27)
kel T
From (21), (25), and (26), we have
1 _
P Lz(\gfgg)sc(lﬂ) | pao HL,+(1+t) 1z .- (28)

npé e —e!

But for
52 n.—n_

, we need a much more delicate analysis.
LZ

If| 5oy |\:\ S C,|&]", for any positive ¢, from (22) and (24), we have

1

2
Py nit_ it Lo \ePe . B ap )
el <c |1§|e2‘” G sC(fizqe eelale] | <cr. 9)
‘6’ T £(l¢| <e) 1(|¢]<e) ’é|
From (22), (26), (27) and (29), if | p| , _ < C,|&]", for any positive ¢,, we have
_1
L P Crot C(1+1) 7| my |, (30)
when < || <R, || =R with R large enough, using the same method as that of (11), and (12), we can also get
pAZ Lz(eé‘f‘zéR)—’_ r;lz Ll(gg‘d:g]g)sce_b[("pzo ||L‘+ ||m20 ||L‘)’ (31)
H pAz HLI(\/;‘:;R)J'- " n’l\lz ||L2(‘5\2>R)< Ceibl(" Pao 112+ || Mo |117)' (32)
Together with (28), (30), (31) and (32), we have
Theorem 3  Suppose E=max(”p10 sellmao || sl 2o ‘ H2,| m, ||H2), Do Msf C,|&|"for any positive ¢, there ex-
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ists a positive constant C such that

1
|.<C(1+1)E,

o
[, < CrotC(1+1) 2E.

&

Theorem 4 If’ Do ‘ 2 C\|&[", for any positive ¢,, we have || m, ||L =Ct™, " P> HL: > Cl_%.

[&]<

Proof From (23) and (24), we have

’7+e" t_n—e’” ;7+eq t_”—e'“ 0.t n,t
"1 > "1 >C1| n.e"'—n_e' ||L2(\¢|<s)
A 12 e <o)
el + 4| ¢ -32mp + 4 ¢ -32mp
] e P AR I [ I N e R S
L|¢| <)
()’nﬂ'z)‘f‘z’ cz| f |2 2 4 2 % 4 L2 %
>Cle 7 cos|24/2m5 1+ Sl —c(fe(‘/v“’v)“(o(|§| Je) df) —c(fm e el g
L¥(|¢] <)
=1+1,+1,. (33)
Fix ¢ large enough,
[z J2mp 1+ "j\g\zz +1]
n 4
2 ,l
1> % > f e nrlgEs e, (34)
k[wﬁw e’ 1} 2 L - e 2]
N n 71
Because
3 3
1,<Ct 2, I,<Ct 2, (35)
from (33), (34) and (35), we have
(S RO oS (36)
n,—n- I
Similarly, we have
1
ni_ gt (ren)el ?
’§|2 ﬁzo% > fm §|12£ e 2 -sinzt\/32nﬁ+4cz|f|2—(yl+y2)|f|4 d¢| =Cr=. (37)

L
Together with (21), (22), (36) and (37), we get our results.
Considering the meaning of p,, m,, p,, m,, combining Theorem 2, Theorem 3, and Theorem 4, we have the conclu-
sion of Theorem 1 in this paper.
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