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The 4 -Spectral Radius and
k-Extendability in Graphs

[0 HA Jing, WEN Fei’
Institute of Applied Mathematics, Lanzhou Jiaotong University, Lanzhou 730070, Gansu, China

Abstract: A graph is called k-extendable if each k-matching can be extended to a perfect matching. In this paper, we provide a sufficient
condition in terms of the A -spectral radius for the k-extendability of a connected graph and characterize the corresponding extremal
graphs. In addition, such an A4 -spectral condition of a connected balanced bipartite graph is also considered, and the corresponding extre-
mal graphs are determined.
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0 Introduction

All graphs considered are undirected, simple, and connected throughout this paper. Let G be a graph with vertex
set V(G) and edge set E(G). We denote by |V (G) =n and |E(G) =e(G) the order and the size of G, respectively. More-
over, we write d; (u) for the degree of vertex u in G, and N, (v) for the neighbor set of vertex v in G. For any Sc V' (G),
let G[S] be the subgraph of G induced by S, and let G—S be the subgraph induced by V(G)\S. The set of all edges be-
tween two vertex sets X and Y is denoted by e(X, Y ). For any two graphs G and H, we denote by G U H the disjoint
union of G and H. The join Gv H is the graph obtained from G H by adding all possible edges between V(G)
and V(H).

The adjacency matrix A(G)=(a,,) of G is a n x n symmetric matrix, whose entries a,; are given by a,,=1 if v, and
v, are adjacent in G, and a,,=0 otherwise. The degree diagonal matrix of G is denoted by D(G)=
diag(d;(v,),d;(vy), -+ d;(v,)), where d,;(v,) is the degree of v, in G. For any real a €[0, 1], Nikiforov!" defined the A,-
matrix of G as 4,(G)=aD(G)+(1 —a)A(G). The largest eigenvalue of A, (G) is called the 4 -spectral radius of G, and de-
noted by p,(G). Obviously, 4,(G)=A(G), A,(G)=D(G) and 24, (G)=Q(G)=D(G)+A(G), where Q(G) is the signless
Laplacian matrix of G. Note that 4,(G) is a real symmetric non-negative matrix. By the Perron-Frobenius Theorem,
p.(G) is a positive number and there exists a unique positive unit eigenvector corresponding to p,(G), which is called
the Perron vector of G.

A graph is k-extendable if each matching consisting of k£ edges can be extended to a perfect matching. Clearly, the
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existence of a perfect matching can be regarded as 0-extendability. The concept of k-extendability gradually evolved
from the concept of elementary (that is, 1-extendable) bipartite graphs. In 1980, Plummer™ gave the first results on k-
extendable graphs for arbitrary k, he studied the properties of k-extendable graphs and proved that nearly all k-extend-
able graphs (k> 2) are (k— 1)-extendable and (k + 1)-connected. Then Plummer® provided the relationships between the
toughness and genus of a graph and the k-extendability of the graph. Moreover, many researchers further studied the re-
lationship between k-extendability and other graph parameters, such as minimum degree, connectivity, binding number,
and independence number etc™'?,

In the past few years, much attention has been paid to the connections of the spectral radius and the k-extendable
graphs. Fan and Lin"" investigated the adjacency spectral conditions for a graph (as well as a balanced bipartite graph)
with a minimum degree o to be k-extendable. In Ref. [12], Zhou and Zhang gave a lower bound on the signless Lapla-
cian spectral radius to ensure that G is k-extendable. Then, Zhang and Dam!"” studied the k-extendability of graphs
from a distance spectral perspective. The main goal of this paper is to study the relationship between k-extendability of
graphs and the A4 -spectral radius.

In the following, we first provide a condition for the k-extendability of matchings in a graph in terms of the A4,-
spectral radius.

Theorem 1 Let k=1 be an integer, and let G be a connected graph of even order n with n>2k+4. For a €[0, 1),
if

P (G)Zp (KyV(K, 5 1 UK)),
then G is k-extendable, unless G=K,, v (K, _»_ UK, ).

A bipartite graph is called balanced if both parts of the bipartition have equal size. Note that every bipartite graph
with a perfect matching must be balanced. Hence a k-extendable bipartite graph must be balanced. Furthermore, we de-

note by B,_,,_, the bipartite graph obtained from K, ,_, by attaching a vertex to k vertices in n-vertex part (see Fig. 1).

nn—1
In Ref. [13], Zhang and Dam gave a sufficient condition in terms of the distance spectral radius for the k-extendability
of a bipartite graph. Along this line, we have the result below.
Theorem 2 Let k=1 be an integer, and let G be a connected balanced bipartite graph of order 2n with n=>k+ 1.
For a €[0, 1), if
P.(G)Zp, (B, 1)

then G is k-extendable, unless G= B, _,,_,, see Fig. 1 for instance.

Fig.1 The extremal graph BB,_, , ,

1 Preliminaries

In this section, we give several preliminary lemmas, which are useful to the proof of our main results.
For any Sc V(G), let o(G—S) denote the number of odd components in G—S. In 1995, Chen' provided a neces-
sary and sufficient condition for the existence of k-extendable graphs.
Lemma 17 Let k> 1. A graph G is k-extendable if and only if
o(G-S8)<|S| -2k,
for any S < V(G) such that G[S] contains k independent edges.
Lemma 2" If G is connected, and H is a proper subgraph of G, then p,(H)<p,(G) for any a €[0, 1).
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Given any X< V(G), let N(X) be the set of all neighbors of the vertices in X. In Ref. [14], Plummer gave the nec-
essary and sufficient conditions for bipartite graphs to be k-extendable.

Lemma 3" Let k> 1 and let G be a connected bipartite graph with parts U and W. Then the following are equiva-
lent:

(i) G is k-extendable;

(ii) [U | = | W | and for all nonempty subsets X of U, if| X | < |U| —k, then | N(X)| = | X | +;

(i) For all u,,u,, ---,u, € Uand w,,w,, ---,w, € W, the graph G'=G—{u,, ---,u,, w,, ---, w, } has a perfect matching.

Finally, we need a known result mentioned as Claim 1 of the proof of Theorem 1.1 in Ref. [15].

q
Lemma 4" Let n,>n,>--->n,>1 be positive integers and n=2n1+s. For a€[0,1), we have
i=1

p. (K V(K, VK, - UK, N<p, (K, v(K, . V(g—DK,)), where the equality holds if and only if (n,,n,,--,n, )=

n

(n—s—q+1,1,---, 1.

2 Proof of Theorem 1

In this section, we elaborate on the proof of Theorem 1, which provides a sufficient condition via the 4 -spectral
radius of a connected graph to ensure that the graph is k-extendable.

Proof of Theorem 1  Suppose to the contrary that G is not k-extendable, we will prove that if G is not k-extend-
able, then p,(G)<p, (K, V(K,_,_, UK,)) with equality only if G=K,, (K, ,,_, UK,). By Lemma 1, there exists some
nonempty subset S V(G), such that | S| =2k and o(G—S)> | S| —2k. For convenience, let o(G—S)=¢q and |S]=s. We
assert that ¢ and s have the same parity. If s is odd, then n—s is an odd number since 7 is even, and so, the number of
odd components in G— S is odd, i.e., ¢ is odd. Hence, ¢ and s are odd. Similarly, we obtain that ¢ is even if s is even.
Thus, it concludes that g =5 —2k+ 2. To promote the proof, we have the following three claims.

q
Claim 1 For some odd integers n,=n,>---2n,21 and zn,:n—s, G is a spanning subgraph of
i=1
K, v(K, VK, V- UK, ).
Proof Let G,,G,, -, G, be the orders of the g odd components of G- with |V(G1)| >1V(G2)| >z ‘V(G,,)

and let H,,H,,---,H, be the p even components of G—S. Without loss of generality, we assume that all even compo-

>

nents join to component G, i.e.,G,v(H,VH,U---UH,). So, G,v(H, VH,U ---UH,) is the spanning subgraph of K,
,and |V(G, v(H,UH,U - UH,))|is an odd integer. Let G, be the

for some integer n, = ‘ VG, v(H,VH, U ---UH)))
spanning subgraph of K, for some 2<i<gq and n,= ‘V(Gl.) | Then all components of G—.S are odd and G is the span-
ning subgraph of G[S]v(G-S), and thus, G is a spanning subgraph of K, v(K, UK, U --- UK, ) for some odd integers

q
n1>n2>--->nq>1andznl:n—s.
i=1

Furthermore, by Lemma 2 we have p,(G)<p,(K,v(K, UK, U--- UK, )) with equality holds if and only if
GzK,v(K, UK, U--- UK, ).

Ifn,=n;=---=n,=1,then K v(K, VK, U--- UK )=K v(K, , , ,V(g—DK,), say G,.

Hence, by Lemma 4 we have that p, (K, v(K, UK, U UK, )<p, (K, V(K, .., V(g—DK,)), where the equal-
ity holds if and only if (n,,n,, ---,n,)=(n—s—g+1,1,---,1).

Note that g=s—-2k+2. Let G, =K, V(K, 5. V(s —2k+ 1)K, ). We next compare the 4 -spectral radius of G, and
G, in the following.

Claim 2 For a €[0, 1), we have p, (K, v(K, , ,.,V(@—DK,)<p, (K, V(K, 5.5 V(s—2k+1)K,)) with equality
holds if and only if g=s5—2k+2.

Proof Ifg=s-2k+2,wehave K, v(K, , , V(g—DK )=K Vv(K, 5. 5 Ys—2k+1K,). Hence, p, (K, v
(K, g1 V(@@= DK, ) =p (K, V (K, 1 (s =2k + DK)).
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Now we consider g >s—2k+2. Clearly, ¢ =s—2k+4 since g and s has the same parity, here it is sufficient to
q

prove p, (K, V(K, ., V(@—=DK,)<p, (K, V(K, 5 5 V(s —2k+1)K,)) for g=s5—2k+4. We notice that n=s+ zni >
i=1

25=2k+2,G, =K, v(K, , , yW(g—DK,)and GE=K,V(K, 5, % V(s=2k+1K))).

Suppose that X is the unit Perron eigenvector of 4, (G, ), and X, denotes the entry of X corresponding to the vertex
u e V(G,). From the equitable partition V(G,)=V(K,)UV(K, , .. )0 (V(g—s+2k-2)K,) UV ((s=2k+1)K,), we
have that V(K|), V(K, , ,.,) and V((g—1K,) has the same entries in X. Let X, =x, for ue V(K,), X,=x, for
veV(K, , ,.)and X =x, forwe V((g— 1K, ), respectively. For convenience, we write X as follows:

— T
X_('xh .“7x] 7x27 '”7x;7-x37 "',X3 7x37 "',X3) .
s n—-s—q+1 q-s+2k-2 s=2k+1

For the graph G,, we partition V(G,) as V(K )V V(K, , ... )V V(K, (%) V((s=2k+DK,). Thus, 4,(G,)-
A,(G),) has the form of a block matrix below:

0,., 0,.. 0,., 0,.,
0,., og-s+2k=-2I,., (I-ol,,, 0,..
0,., (I-al,., a(n=2s+2k=2)1I, ., +A-a)J=D),., O,.. |
0,., 0,.. 0,.. 0,..

where n,=s,n,=n—s—q+ l,n;=q—s+2k—2 and n,=s—2k+ 1, meanwhile, J is an all-ones matrix and 7 is an identity
matrix.

Furthermore, by Rayleigh’s principle, we have

P.(Gy)=p.(G))

>X"(4,(G,)-4,(G)X

=a(qg—s+2k-2)((n—-s—qg+Dx3+(n—2s+2k-2)x3)+(1 —a)g—s+2k—2)
xQn—s—qg+ Dx,x;+(q—s+2k—3)x3)

=(q-s+2k—2)((n—s—qg+ Dx3+(n—25+2k-2)x3)+(1 —a)2(n—s—g+1)
X, %;+(g—s+2k—3)x3))

22a((n—s—q+ Dx3+(m—2s+2k=2)x3)+(1 —a)(n—s—q+ 1)2x,x;+x3))
(since g =s—2k+4)

22a(n—s—qg+Dxi+(1—a)(n—s—q+ 1)2x,x,+x3))(since n =2s — 2k +2)

>0.

Therefore, p, (K, v(K,_,_,.1 V(g = DK, ) <p (K NV (K, 2001 V(s —2k+ DK))).

Recall that s = 2k. Let G, =K, v(K,_5_, UK, ). Next, we compare the 4 -spectral radius of G, and G, and give the
following claim.

Claim 3 Let k> 1 and n>2k+4. For a €[0, 1), we have p, (K, V(K,_51 21 V(5 =2k+ DK, N<p (Ky V(K, 5 UK)))
with equality holds if and only if s =2k.

Proof If s=2k, we have K V(K, 5. V(s —2k+ 1)K, )=K, V(K, »_,VK,). Hence, p, (K, V(K,_ 21 I(s—
2k+ DK )=p,(KyV (K, 51 VK))).

If s=22k+1, we should verify that p, (K, V(K, 5. V(s—2k+DK,)<p, (KyV(K, »_ UK,)). Since
n
2
2k+ DK, )and G,z K, v(K,_,_, UK)).

Let ¥ be the unit Perron eigenvector of 4,(G,), and Y, be the entry of ¥ corresponding to the vertex v € V(G,).
Since V(G,)=V (K ) IV (K, )IV(K, 201 )Y V(K,_,)UV(K,) is an equitable partition of G,, Y takes the same
value on the vertices of V(K,,) (respectively V(K,_ ,_,) and V(K,)). Let ¥Y,=y, for ueV(K,), ¥, =y, for
ve V(K,__,)and ¥, =y, for w e V(K,), then ¥ can be written below:

Y:(Zla A RP LIPS P S IR SRR TR R S RN ).
% s—2k s—2k

n—=2s+2k—1

n=2s—2k+2 we have s< — +k—1. Thus, it concludes that 2k+ 1 <s< % +k—1. Note that G, =K, V(K 1 I(s—
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Let V(G,)=V(K)VUV(K, . , ) )OV(K, () V((s—2k+1)K,). Then A,(G;)-A,(G,) can be partitioned as

0, n 0, n, 0, n, 0, ., 0,
0,,.n, —ob,.,, 0,,.m, 0,,n, ~(1-a,, .,
0, n 0,..  as=-20)I,.,, d-al,.,, 0,
0, .n, 0, ., d-al,., —an-s=2I,,,+1-a)J-1),.,, 0,
0. -(1-0l,, 0., 0., oRk—s)I,,,

where m, =2k, m,=s—2kand my=n—2s+2k—1.
Thus, by 4,(G,)Y=p,(G;)Y, we can get that
PGy =a(n—=2)y,+(1 - o)(2ky, +(n—2k=2)y,), )
Pu(G3)ys=a2k)ys+(1 - a)2ky,. ()
Hence, it follows from Eqs. (1) and (2) that
(p.(Gy)=2ak—(n—2k=2))y,=(p,(G;)—2ak)y,,
which implies y, > y;.

According to the Rayleigh quotient, we derive that

p.(Gy)=p,(G,)

>2Y'(4,(G;)-A4,(G,)Y

=a((s —2k)2n—3s+2k—4)y;+ 2k —5)y3 )+ (1 — a)((s — 2k)2n —3s + 2k —3)y; —2(s — 2k)y, y5)
=(s—2k)a((2n—3s+2k—4)y;—y3)+(1 —a)(2n—3s+2k—3)y3—2y,1;))
>(s—2k)a((2n—3s+2k—4)y;—y3)+(1 —a)(2n —3s + 2k—3)y;—2y3))since y, >y )
=(s—2k)a2n—3s+2k—-5)y;+(1 —a)2n—3s +2k—5)y3)

=(s—2k)2n—-3s+2k—-5)y;

>0 (since 2k <s < g +k—1and n>2k+4).

Thus, p, (K, V(K, 51 V(s =2k + DK, ) <p, (Ky V (K, 5, VK, )).

Moreover, we prove that K,, v (K,_,._; UK, ) is not k-extendable. Set V,=V(K,,), V,=V(K,_5_,) and V;=V(K,),
we take a nonempty subset S= V|, then o(G—S)=2> | S| —2k. Hence, Lemma 1 deduces that K,, v (K, ,,_, UK, ) is not
k-extendable. Therefore, the proof is completed.

3 Proof of Theorem 2

In this section, we will present a comprehensive proof of Theorem 2.

Proof of Theorem 2  Suppose, by a contradiction, that G is not k-extendable. We will prove that if G is con-
nected balanced bipartite but not k-extendable, then p,(G)<p,(B,_,,_, ) with equality holds if and only if G= B, _,,_,.

Let G=GJ[U, W] be a connected balanced bipartite graph, where |U | = |W | =n. Since G is not k-extendable, by
NX)|<|X|+k—1and| X |<n—k. Let By, be the
connected balanced bipartite graph be obtained from G by joining X and N(X) as well as joining U—-X and W—-N(X),
and by adding all possible edges between U—X and N(X), i.e., By yory =Ky wvory Y Ko pin worre(NV (X), U= X).

For convenience, we may set |X]=s. It is clear then that G is a spanning subgraph of B, ,,_,, and

B i Z2K i VK, e(N(X), U= X).

By Lemma 2, we can deduce that

Lemma 3, there exists some nonempty subset X< U such that

pa (G) Spa (B.S.S*’k*] )
with equality holds if and only if G= B, _,,_,.
If s=1 or s=n—k, then B,,=B,_.,_,, which is the claimed extremal graph. By the symmetry of B, . , =

1
B, _i—si1.0—s» We need to prove p, (B, .1 )<p, (B, ., ) for 2<s< 3 (n—k+1).

Let Z be the unit Perron eigenvector of A,(B,_,,_,), and Z, denotes the entry of Z corresponding to the vertex
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ue VB, i,..) It is easy to see that V(B, ., )=(V(sK, )V V(n—k=)K )V VKK )V ({(s+k-DK, ) V((n—s—
KK, )V V(K,) is an equitable partition of B, ., ,, and so, all vertices of V((n—k)K,) (respectively V(kK,), V((n—
DK, ) and V(K,)) have the same entries in Z. Then we may set Z,=z, foru € V((n—-k)K,), Z,=z, forve V(kK,), Z,=
zyforwe V((n—1)K,)and Z,=z, for t € V(K,), respectively. So, we write

— T
Z_(Zl’“"Zl7217'”721’22?'“72 ,23,“',23,23,"',23,24) .

s n—k—s k s+k—1 n-s—k
Let V(B,,.,.)=V(EK)uV((n—k—)K,)O VKK ) V((s+k—DK,)UV((n—s—k)K,)U V(K,). Then one can
partition A,(B,_,_;)—A,(B,,.,_, ) as follows:

an—-s—Kl, ., 0, .. 0,.. 0,., (-0, 0,.
0,.., -ad,., 0, O,. 0, (-,
0,., 0,.. 0,.. O0,. 0,., 0,.
0,., 0, 0,.. O0,., O0,., 0,
d-al,., 0,.. o... O, ol,_, 0,.
0., -(1-al,,, 0., O0,, 0.  ak-—n+s9l,,
where n,=s, n,=n—k—s,n;=kandn,=s+k—1.
Thus, by A4, (B, ... )Z=p,(B,_ .. )Z, we can get
P.(B, i, )zi=an—1z,+(1 —a)n— 1)z, 3)
P.B,in1)zs=0nzs+(1 —a)(n—k)z, +kz,), 4)
PuB,_in_1)zy=0kz,+(1 —a)(kz,). )
Now, from Eq. (3) we have
(1-a)n-1)

z, =

pa(Bn—k,n—l )—a(n—1) = (6)

Moreover, by Egs. (4) and (5) we deduce that
(pu B, _pur)—om)zs—(1—0)n—k)z,=(p,(B,_,-1 )~ ak)z,. (7
Consequently, combining with Egs. (6) and (7) we have

(1—a)(n-k)n—-1)
(P (B, 1 )—on— (B, i, )—o(n—1)

)23=(p (B, _i,1 ) — 0z,

which implies that z; > z,.
Moreover, by Rayleigh’s principle, we can get

PuBu)=PaByyiir)

>Z" (Aa(Bn—k,n—l )_A{x (BSA,S-#k—l ))Z

=a((n—s—k)Ys—Dzi+sn—s—k)zi+(k—n+s5)z2)+(1 —a)2s(n—s—k)z,z,—2(n—s—-k)z,z,)
=(n—-s—k)a((s— Dz} +sz;—z})+(1 —a)(2sz,z,—22,2,))

>(n—s—k)o((s—Dzi+sz;—z3)+(1 —a)2sz,z,—2z,z;)) (since z; > z,,)
=(n—s—k)a((s—Dzi+(s— Dz3 )+ - a)2As — D)z,z,))

>0 (since 2<s< %(n—k+ 1)).

Hence, it deduces that p, (B, ., )>p.(B,,.,,).- Note that the graph B,_,,_, is not k-extendable. Therefore, this
completes the proof of Theorem 2.
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