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Abstract： In this paper, a full-Newton step interior-point algorithm is proposed for solving P*(κ )-linear complementarity problem based 

on a new search direction, which is an extension of Grimes 􀆳 algorithm. It is proved that the number of iterations of the algorithm is 

O ( n (1 + 4κ ) log
n
ε ), which matches the best known iteration bound of the interior-point method for P*(κ )-linear complementarity prob‐

lem. Some numerical results have proved the feasibility and efficiency of the proposed algorithm.
Key words: full-Newton step; interior-point method; P*(κ )-linear complementarity problem; polynomial complexity

CLC number： O221

0　Introduction

In this paper, we consider the linear complementar‐

ity problem (LCP) in the standard form

ì

í

î

ïïïï

ïïïï

s =Mx + q

xs = 0
x ≥ 0s ≥ 0

 (P)

where MÎn ´ nxsqÎn and xs denotes the compo‐

nentwise product (Hadamard product) of the vectors x 

and s. The LCP has many applications in science, engi‐

neering, economics and operations research[1].

The problem (P) is called P*(κ )-LCP if M is a 

P*(κ ) matrix, i.e., there exists a constant κ ≥ 0 such that 

for every xÎn,

(1 + 4κ )∑
iÎ I+ (x)

xi (Mx)i + ∑
iÎ I- (x)

xi (Mx)i ≥ 0,

where I+ (x)= {iÎ I: xi (Mx)i ≥ 0} I- (x)= {iÎ I: xi (Mx)i <

0}I = {12n}. In particular, when κ = 0 P*(κ )-LCP 

reduces to be monotone LCP (MLCP), which includes 

linear programming (LP) and convex quadratic program‐

ming (CQP) as special cases.

To introduce our method for solving P*(κ )-LCP, we 

first review the primal-dual interior-point method (IPM), 

which has proven to be one of the most efficient IPMs. 
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The primal-dual IPM for LP was first introduced by Ko‐

jima et al in 1989[2] and extended to a wider class of 

problems such as semidefinite programming (SDP) [3], 

second order cone programming (SOCP)[4], and LCP[5]. It 

is known that the main feature of the primal-dual IPM is 

to approximately follow the central path, so the exis‐

tence of the central path is crucial. Kojima et al[6] first 

proved the existence of the central path for P*(κ )-LCP 

and generalized the primal-dual IPM for LP to P*(κ )-
LCP. The algorithm has the currently best known itera‐

tion bound for P*(κ )-LCP, namely O ((κ + 1) n L). Af‐

ter that, the quality of a variant of an IPM is measured 

by the fact whether it can be generalized to P*(κ )-LCP 

or not[7]. Lately, Wang et al[8] proposed a full-Newton 

step feasible IPM for P*(κ )-LCP. Zhang et al[9] intro‐

duced a full-Newton step IPM based on the positive-

asymptotic kernel function to solve P*(κ )-LCP, enjoying 

polynomial complexity for the small-update method, 

both of these two algorithms match the currently best 

known iteration bound. These two articles are also based 

on kernel functions to study IPM[10-11]. In general, the ma‐

jority of primal-dual IPMs search along a straight line re‐

lated to derivatives of the central path. However, the cen‐

tral path of most optimization problems are nonlinear, 

which makes it necessary to replace the center path with 

another method, namely the arc-search method. To this 

end, Yang[12] designed an arc-search IPM for LP, which 

searches for optimizers along an ellipse that is an ap‐

proximation of the central path. Shahraki and Dela‐

varkhalafi[13] also introduced a new arc-search predictor-

corrector infeasible IPM(IIPM) for symmetric cone LCP 

(SCLCP) with Cartesian P*(κ )-property. And more ex‐

tension of the arc-search IPM see Refs. [14-15].

The majority of primal-dual IPMs are based on the 

classical logarithmic barrier function. Darvay[16] pre‐

sented a new technique for identifying a class of search 

directions. The search direction of his algorithm which 

we shall call Darvay􀆳s direction in the rest of this paper, 

was introduced by using an algebraic equivalent transfor‐

mation (AET) on the nonlinear equation defining the cen‐

tral path, and then applying Newton 􀆳s method to the new 

system of equations. Based on this search direction, Dar‐

vay[16] proposed a full-Newton step primal-dual path fol‐

lowing IPM for LP. Later on, Achache[17], Wang et al[3-4,18] 

and Mansouri et al[19] extended Darvay􀆳s algorithm for LP 

to CQP, SDP, SOCP, symmetric cone programming (SCP) 

and MLCP, respectively. More recently, Asadi et al[20] pre‐

sented a polynomial IPM for the P*(κ )-horizontal linear 

complementarity problem (HLCP). The search direction 

of this algorithm made use of Darvay􀆳s direction, and the 

algorithm is quadratically convergent with polynomial it‐

eration complexity O ( )( )κ+1 n log
n
ε

) .

A significant number of researchers employed the 

AET technique, which is based on the power function ϕ:

(ξ+¥)®R ξÎ[01). This is a monotonically increasing, 

continuously differentiable function that is applied to the 

modified nonlinear equation system, which defines the 

central path for the P*(κ )-LCP. Illés et al[21] generalized 

a whole class of AET functions and presented a unified 

complexity analysis of the IPM. Kheirfam et al[22] pro‐

posed a power function ϕ(t)= tq/2q ≥ 1 to develop a full-

Newton short-step IPM for LP based on the AET tech‐

nique.

In this paper, inspired by Darvay􀆳s work[16], we pres‐

ent a new full-Newton step IPM that generalizes Grimes 

et al 􀆳 s algorithm[23] from MLCP to P*(κ )-LCP, and ob‐

tain the similar iteration complexity O ( n (1 +

4κ ) log
n
ε ), which matches the currently best known it‐

eration bound of IPM for P*(κ )-LCP. As P*(κ )-LCP is a 

generalization of MLCP, the non-negativity of the inner 

product of the iterative direction dx and ds is lost, result‐

ing in a distinct analysis in comparison with that of 

Grimes et al􀆳s algorithm[23].

The paper is organized as follows. In Section 1, we 

first recall the class of Darvay􀆳s directions and some ba‐

sic tools in the analysis of a new full-Newton step IPM 

for P*(κ )-LCP. Section 2 consists of the modified search 

directions for P*(κ )-LCP. And we analyse the feasibility 

and convergence of the proposed algorithm and derive 

the complexity results for the algorithm in Section 3. In 

Section 4, we perform the algorithm on some numerical 

examples. Finally, the conclusion and remarks are drawn 

in Section 5.

Notations: For x = (x1x2xn )TÎn, xmin denotes 

the minimum value of the components of x, X is the di‐

agonal matrix whose diagonal elements are the coordi‐

nates of the vector x, i.e., X = diag(x). Furthermore, e de‐

notes the all-one vector of length n, and I is the index 
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set, i.e., I ={12n}. As usual, the 1-norm, 2-norm and 

infinity norm are denoted by || × ||1|| × || and || × ||¥, respec‐

tively. Given xyÎn, xy = (xi yi )1 ≤ i ≤ n   denotes their Had‐

amard product the same with the vectors x =

( xi )1 ≤ i ≤ n   , x/y = (xi /yi )1 ≤ i ≤ n   , yi ¹ 0, where xT y =∑
i = 1

n

xi yi    

is their scalar product.

1　Preliminaries and Problem 
Statement

We assume that (P) satisfies the interior-point con‐

dition (IPC), i. e., there exists a pair of vectors ( x0s0 ) 
such that s0 =Mx0 + q    s0 > 0x0 > 0.

The basic idea of primal-dual IPM is to replace the 

second equation xs = 0 of (P) by the parameterized equa‐

tion xs = μe, where μ > 0. Hence, the problem (P) leads to 

the following equations:

ì

í

î

ïïïï

ïïïï

s =Mx + q

xs = μe

x ≥ 0s ≥ 0.

(1)

Since M is a P*(κ ) matrix and (P) satisfies IPC, for 

each μ > 0, the system (1) has a unique solution denoted 

by ( x(μ)s(μ)), which is called the μ-center of (P)[6]. The 

collection of all μ-centers is referred to as the central 

path of (P). As μ approaches to zero, ( x(μ)s(μ)) con‐

verges to the optimal solution of (P). Using Newton􀆳s ap‐

proach to system (1) with a strictly feasible point ( xs), 
then the Newton direction (DxDs) at this point is deter‐

mined as the unique solution of the linear system of 

equations:

ì
í
î

Ds -MDx = 0
xDs + sDx = μe - xs.

(2)

The system (2) gives the classical Newton search 

directions for P*(κ )-LCP[24].

2　New Search Directions for P*(κ )-
LCP

In preparation for the full-Newton step IPM, we 

first recall the AET technique for P*(κ )-LCP. The AET 

technique for determining a new search direction for 

IPM involves transforming the centering equation 

xs = μe of (1) into a new equation ϕ(
xs
μ

)= ϕ(e), ϕ:+®.

Now we give a search direction based on Darvay 􀆳s 

method for P*(κ )-LCP. We consider the power function 

   ϕ:+® which is monotonically increasing, continu‐

ously differentiable, and suppose that the invertible func‐

tion ϕ-1 exists. The system (1) can be written equiva‐

lently in the following form

ì

í

î

ï
ïï
ï

ï
ïï
ï

s =Mx + q

ϕ(
xs
μ

)= ϕ(e)

x ≥ 0s ≥ 0.

(3)

The natural way to define the search direction is to 

follow Newton 􀆳s approach and linearize the system (3), 

which leads to the following system

ì

í

î

ï
ïï
ï

ï
ïï
ï

Ds -MDx = 0
s
μ
ϕ'(

xs
μ

)Dx +
x
μ
ϕ'(

xs
μ

)Ds = ϕ(e)- ϕ(
xs
μ

)

x ≥ 0s ≥ 0.

(4)

Since M is a P*(κ ) matrix, this system uniquely de‐

fines the search directions Dx and Ds. Then the new iter‐

ates are given by
x+: = x +Dx       s+: = s +Ds.

By introducing the scaled search directions

v: =
xs
μ
dx: =

vDx
x

ds: =
vDs

s
d: =

x
s
 (5)

we can rewrite the system (4) as the following scaled 

Newton-system

ì
í
î

ds - M̄dx = 0
dx + ds = pv

(6)

where pv: =
ϕ(e)- ϕ(v2 )

vϕ'(v2 )
 and M̄: =DMDD: = diag(d). We 

observe that ϕ(t)= t yields pv = v-1 - v[7], which coincides 

with the classical Newton direction. Moreover, when ϕ(t) 

equals t  and t - t , then pv corresponds to 2(e - v)[16] 

and 
2(v - v2 )

2v - e
[25], respectively. Now let􀆳s take ϕ(t)= t5/2[22-23] 

based on Darvay 􀆳s method, and we propose a new full-

Newton IPM based on a novel appropriate search direc‐

tion for P*(κ )-LCP. For the analysis of the algorithm, we 

define a norm-based proximity measure δ(v) to the cen‐

tral path as follows:

δ(v): = δ(xs ; μ): =
5
2

||pv|| = ||v-4 - v|| (7)

where
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pv =
2
5

(v-4 - v). (8)

Clearly,
δ(v)= 0Û v = eÛ xs = μe.

Let qv = dx - ds it is easy to obtain

dx =
pv + qv

2
ds =

pv - qv

2
and    dxds =

p2
v - q2

v

4
.

It is worthwhile to point out that the scaled search 

directions dx and ds are not orthogonal and dx
Tdx is not 

always non-negative, which results in difficulties in the 

analysis of the algorithm for P*(κ )-LCP. In Section 3, 

some new techniques are used to solve this problem.

Moreover, by using (5), (6), (8), system (4) becomes

ì
í
î

ïï

ïïïï

Ds -MDx = 0

sDx + xDs =
2μ
5

(v-3 - v2 ).
(9)

Furthermore, we define the τ-neighborhood of the 

central path as follows:

N(τμ)= {(xs):x > 0 s =Mx + q > 0:δ(xs ; μ)≤ τ},(10)

where τ is a threshold and μ > 0.

Now we establish the full-Newton step IPM for 

P*(κ )-LCP. Let􀆳s assume that the algorithm starts with a 

strictly feasible pair ( x0s0 ) and μ0 =
x0

T s0

n
 such that 

δ(x0s0 ; μ0 )≤ τ. By using Newton􀆳s method, we can con‐

struct a new pair ( xs) which is 'close' to ( x ( μ) s ( μ) ). 
Then μ is reduced by the factor (1 - θ ) with 0 < θ < 1. 

This process is repeated until μ is small enough, i.e., nμ ≤
ε. Finally, an ε-approximate solution of (P) can be found 

through the following Algorithm 1.

3　Analysis of the Algorithm

In this section, we first examine the feasibility of 

Algorithm 1 by establishing several technical lemmas. 

Subsequently, we provide a proof for the local quadratic 

convergence of a full-Newton step to the central path. Fi‐

nally, we determine the polynomial iteration complexity 

of the algorithm.

3.1　Feasibility Analysis of the Algorithm

Lemma 1  The solution (dxds) of linear system 

(6) satisfies

ì

í

î

ï

ï

ï
ïï
ï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

||dxds||1 ≤ 1
25 ( )2 + 4κ δ2

||dxds|| ≤ 1
25 ( )2 + 4κ ( )1 + 4κ δ2

||dxds||¥ ≤ 1
25 ( )1 + 4κ δ2

dx
Tds ≤ 2

25
δ2

(11)

where δ = δ(v): = δ(xs ; μ)μ > 0.

Proof  From Ref. [26], the solution (DxDs) of lin‐

ear system 
ì
í
î

ïï

ïïïï

Ds -MDx = 0

sDx + xDs =
2μ
5

(v-3 - v2 )
 satisfies the follow‐

ing relations:

||DxDs||1 ≤ ( 1
2
+ κ ) ||

a

xs
||2

||DxDs|| ≤ ( )1
4
+ κ ( )1

2
+ κ ||

a

xs
||2

||DxDs||¥ ≤ ( 1
4
+ κ ) ||

a

xs
||2

where a =
2μ
5

(v-3 - v2 ), therefore, by

||
a

xs
||2 =

1
μ ( 2μ

5 ) 2

||v-4 - v||2 =
4

25
μ||v-4 - v||2 =

4
25

μδ2

we can deduce that

||DxDs||1 ≤ 4
25 ( 1

2
+ κ ) μδ2

||DxDs|| ≤ 4
25 ( )1

4
+ κ ( )1

2
+ κ μδ2

||DxDs||¥ ≤ 4
25 ( 1

4
+ κ ) μδ2.

By 
v2DxDs

xs
=
DxDs
μ

= dxds, we get the first three in‐

equalities of (11). From (6), one get

Algorithm 1: A full-Newton step IPM for P*(κ )-LCP based on a 

new AET technique

Input:

 A threshold parameter 0 < τ < 1;

 an accuracy parameter ε > 0;

 barrier update parameter 0 < θ < 1;

 a strictly feasible ( x0s0 ) and μ0 =
x0

T s0

n
 such that 

δ(x0s0 ; μ0 )≤ τ.
begin

 x: = x0s: = s0 ; μ: = μ0 ;

 while nμ ≥ ε do

 begin

 
( xs): = ( xs) + (DxDs);

μ: = (1 - θ ) μ
 end

end
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 pv

2
= (dx + ds) T(dx + ds)
=  dx

2
+  ds

2
+ 2d T

x ds ≥ 2d T
x ds

and according to (7), we have ||pv||
2 =

4
25
δ2, hence, we 

obtain the last inequality.

Lemma 2  The full-Newton step is strictly fea‐

sible, i. e. x+ = x +Dx > 0 and s+ = s +Ds > 0, provided 

that δ <
5

1 + 4κ
.

Proof  Let αÎ[01] and ( xs) be a strictly feasible 

point for (P), then using (5), we get
x (α) s (α) = ( x + αDx ) (s + αDs)
= xs + α ( xDs + sDx ) + α2DxDs

= μ ((1 - α) v2 + α (v2 + vpv + αdxds ) )    . (12)

Due to (11) in Lemma 1 and (7) with δ <
5

1 + 4κ
, 

it follows that
v2 + vpv + αdxds ≥ v2 + vpv - α||dxds||¥e

                                                                             ≥ v2 + vpv -
1

25
α(1 + 4κ)δ2e

                                                                            = v2 + v ×
2
5

(v-4 - v)-
1

25
α(1 + 4κ)δ2e

                                                                            ≥ 3
5

v2 +
2
5

v-3 - e.

Now following from (12), for all 0 ≤ α ≤ 1, we have 

x(α)s(α)> 0 if 
3
5

v2 +
2
5

v-3 - e ≥ 0. Here, we consider the 

function h(t)=
3
5

t2 +
2
5

t-3 - 1       t > 0. It is easy to see that 

h(t) obtains a minimum at t = 1. Therefore, for all t > 0, 

h(t)≥ h(1)= 0, hence
3
5

v2 +
2
5

v-3 - e ≥ 0. (13)

Thus x(α)s(α)> 0 for αÎ[01]. Since x > 0 and s > 0, 

we obtain x(α)> 0 and s(α)> 0 for all αÎ[01]. Then, by 

continuity the vectors x(1)= x+ > 0 and s(1)= s+ > 0, i. e., 

the full-Newton step is strictly feasible. This completes 

the proof.

For convenience, we denote v+ =
x+s+

μ
.

3.2　Convergence Analysis of the Algorithm

Lemma 3  If δ <
5

1 + 4κ
, then v+

min ≥
1
5

25 - ( )1 + 4κ δ2 .

Proof  By setting α = 1 in (12), (13) and Lemma 

1, one has

v+
2 = v2 + vpv + dxds

=
3
5

v2 +
2
5

v-3 + dxds

≥ e + dxds≥ e - ||dxds||¥e

≥ ( )1 -
1 + 4κ

25
δ2 e

=
1

25 ( )25 - ( )1 + 4κ δ2 e

hence v+
min ≥ 1

5
25 - ( )1 + 4κ δ2 . This completes the 

proof.

Next, we prove that the iteration of the proximity 

measure is locally quadratically convergent.

Lemma 4  Let δ <
5

1 + 4κ
 and ( xs) be a 

strictly feasible point for (P). Then
δ+: = δ(v+ ): = δ(x+s+; μ)

≤ ( 25
25 - ( )1 + 4κ δ2

+
625

( )25 - ( )1 + 4κ δ2
2

)+
5

5 + 25 - ( )1 + 4κ δ2
γ ( )κδ 

where γ ( )κδ = ( )3
5
+

1
25 ( )1 + 4κ ( )2 + 4κ δ2.

Furthermore, if δ <
1

4 ( )1 + 4κ
, then δ+≤ 32

319 (15 +

( )1 + 4κ ( )2 + 4κ ) δ2, which shows the quadratic con‐

vergence of the proximity measure.

Proof  We have δ+ =  v+ -4 - v+ =








e - v+ 5

v+ 4
=









 







( )e - v+ 2 ( )e + v+ + v+ 2 + v+ 3 + v+ 4

(e + v+ )v+ 4
.

Consider the function

f (t)=
1 + t + t2 + t3 + t4

(1 + t)t4
=

1
t2
+

1
t4
+

1
1 + t

t > 0.

Therefore, we can get

δ+ =  f (v+ )(e - v+ 2 ) ≤  f (v+ )
¥
 e - v+ 2 .

There is no difficulty to check that the function f (t) 

is continuous, monotone decreasing and positive on 

(0+¥). Hence,

0 < | f ((v+ )i ) | = f ((v+ )i )≤ f (v+
min )≤ f ( )1

5
25 - (1 + 4κ)δ2 .

Consequently
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 f ( )v+

¥
= f ( 1

5
25 - ( )1 + 4κ δ2 )

=
25

25 - ( )1 + 4κ δ2
+

625

( )25 - ( )1 + 4κ δ2
2

+
5

5 + 25 - ( )1 + 4κ δ2
×

Next, setting α = 1 in (12), and from (8), we have

 e - v+
2 =  e - (v2 + vpv + dxds )

=






e -

3
5

v2 -
2
5

v-3 - dxds

≤ 





e -

3
5

v2 -
2
5

v-3 + ||dxds||.

Recalling the proof of Lemma 4 in Ref. [23], we 

have






e -

3
5

v2 -
2
5

v-3 ≤ 3
5
δ2,

and together with (11), we obtain

 e - v+
2 ≤ 






e -

3
5

v2 -
2
5

v-3 +  dxds

                                          ≤ ( 3
5
+

1
25 ( )2 + 4κ ( )1 + 4κ ) δ2.

This implies that

δ+≤ ( 25
25 - ( )1 + 4κ δ2

+
625

( )25 - ( )1 + 4κ δ2
2

+
5

5 + 25 - ( )1 + 4κ δ2 ) γ ( )κδ .

Letting δ <
1

4 ( )1 + 4κ
, by Lemma 3, v+

min ≥
1
5

25 -
1

16 ( )1 + 4κ
≥ 1

5
25 -

1
16

, we have

 f (v+ )
¥
≤ f ( 1

5
25 -

1
16 ) = 800

319
.

So we can get

δ+≤ 32
319 (15 + ( )1 + 4κ ( )2 + 4κ ) δ2,

which shows the quadratic convergence of the proximity 

measure. This completes the proof.

The next lemma shows the influence of a full-

Newton step on the duality gap and gives an upper 

bound for it.

Lemma 5  If δ: = δ(xs ; μ)<
1

4 ( )1 + 4κ
, then after 

a full-Newton step, the duality gap satisfies

(x+ )T s+≤ 2μn. (14)

Proof  Due to (5) and (7), we have

v+ 2 = v2 + vpv + dxds =
3
5

v2 +
2
5

v-3 + dxds.

Then one gets

x+s+ = μ (v2 + vpv + dxds )

= μ

æ

è

ç

ç

ç
çç
ç
ç

ç
e +

25
4

pv
2 ×

3
5

v2 +
2
5

v-3 - e

( )v-4 - v
2

+ dxds

ö

ø

÷

÷

÷
÷÷
÷
÷

÷

                         ≤ μ (e +
25
4

pv
2 + dxds) .

Since, after some reductions, 

3
5

vi
2 +

2
5

vi
-3 - 1

( )vi
-4 - vi

2
<

3
5
< 1 for all i, see details in Lemma 4 of Ref. [23]. Then 

from the last inequality of (11) and (7), we get (x+ )T s+ =

eT( x+s+) ≤ μ (n +
25
4

||pv||
2 +

2
25
δ2 ) ≤ μ (n + 2δ2 ).

Using δ <
1

4 ( )1 + 4κ
< 1, and n + 2 ≤ 2n n ≥ 2, we 

may obtain ( x+) T
s+≤ 2μn. This completes the proof.

In the next theorem, we analyse the effect of a full-

Newton step on the proximity measure by updating the 

parameter μ by a factor (1 - θ ).
Theorem 1  Let δ <

1
4 ( )1 + 4κ

 and μ+ = (1 - θ ) μ, 

where 0 < θ < 1, then δ ( x+s+; μ+) < 5 2n θ

1 - θ
+ δ+.

Furthermore, if θ =
1

36 2n ( )1 + 4κ
 and n ≥ 2, then 

we have δ ( x+s+; μ+) < 1
4 ( )1 + 4κ

.

Proof  By 
x+s+

μ+
=

1

1- θ
v+ and δ+ =  v+ -4- v+ , 

one get

δ ( x+s+; μ+) =












 








( )x+s+

( )1 - θ μ

-4

-
x+s+

( )1 - θ μ

=








 









( )1 - θ 2
v+ -4 -

1

1 - θ
v+

=








 









( )1 - θ 2
v+ -4 - ( )1 - θ 2

v+ + ( )1 - θ 2
v+ -

1

1 - θ
v+ .

Using the triangular inequality, we get
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δ ( x+s+; μ+) ≤ 
 ( )1 - θ 2

v+ -4 - ( )1 - θ 2
v+

+








 









( )1 - θ 2
v+ -

1

1 - θ
v+

= (1 - θ ) 2
δ+ +

|

|

|
||
|
|
||

|

|
||
|
|
|
( )1 - θ 2 -

1

1 - θ
||v+||

≤ δ+ + |

|

|
||
|
|
||

|

|
||
|
|
|
( )1 - θ 2 -

1

1 - θ
||v+||

= δ+ +
1

1 - θ
|
|

|
| ( )1 - θ 3 - 1 - θ ||v+||

= δ+ +
|

|

|
||
|
|
||

|

|
||
|
|
| ( )1 - θ 5 - 1

( )1 - θ 3 + 1 - θ
||v+||

= δ+ +
|

|

|
||
|
|
||

|

|
||
|
|
| -θ ( )θ4 - 5θ3 + 10θ2 - 10θ + 5

( )1 - θ 3 + 1 - θ
||v+||.

Given that 
1

( )1 - θ 3 + 1 - θ
≤ 1

1 - θ
 and 0 < θ4 -

5θ3 + 10θ2 - 10θ + 5 ≤ 5, "θÎ (01), and also based on 

inequality (14) in Lemma 5, we have ||v+|| ≤ 2n . There‐

fore, it can be concluded that

δ ( x+s+; μ+) < 5 2n θ

1 - θ
+ δ+"θÎ (01)   .

Using Lemma 4, δ <
1

4 ( )1 + 4κ
, δ+≤ 32

319 (15 +

( )1 + 4κ ( )2 + 4κ ) δ2, we obtain the following inequal‐

ity

δ ( x+s+; μ+) ≤ 32
319 (15 +

3
2
+ 4κ ) 1

16 ( )1 + 4κ
2
+

5 2n θ

1 - θ

                                                               ≤ 33 + 8κ

319 ( )1 + 4κ
2
+

5 2n θ

1 - θ
.

By θ =
1

36 2n ( )1 + 4κ
 n ≥ 2, one get θ <

1
72

. 

Moreover, 
1

1 - θ
<

6 2

71
, hence we have

δ ( x+s+; μ+) ≤ 33 + 8κ

319 ( )1 + 4κ
2
+

5 2

6 71

1

( )1 + 4κ

≤ 33 + 8κ +
7
50

× 319 ( )1 + 4κ

319 ( )1 + 4κ
2

   

=
( )2 +

7
50

× 319 ( )1 + 4κ + 31

319 ( )1 + 4κ
2

≤ 1
150 ( )1 + 4κ

+
7

50
1

( )1 + 4κ
+

1
10 ( )1 + 4κ

=
37

150 ( )1 + 4κ
<

1
4 ( )1 + 4κ

.

This completes the proof of the theorem.

3.3　Complexity Analysis of the Algorithm

In the previous subsections, we have found that if 
at the start of an iteration, the iteration satisfies 

δ ( xs ; μ) ≤ τ with τ =
1

4 ( )1 + 4κ
, then after a full-

Newton feasibility step, with θ as defined in Theorem 1, 
the iteration is strictly feasible and satisfies 

δ ( x+s+; μ+) < 1
4 ( )1 + 4κ

. Following this, we conclude 

this section by giving the iteration bound for Algo‐
rithm 1.

Lemma 6  Suppose that the pair ( x0s0 ) is strictly 

feasible, μ0 =
x0

T s0

n
 and δ ( x0s0 ; μ0 ) < 1

4 ( )1 + 4κ
. More‐

over, let ( xksk ) be the point obtained after k iterations. 

Then the inequality (xk )T sk≤ ε holds for k ≥ é
ê
êêêê ù

ú
úúúú1

θ
log

2nμ0

ε
.

Proof  Due to μk = (1 - θ ) μk - 1 = (1 - θ ) k
μ0, then 

by (14) in Lemma 5, ( xk ) T
sk ≤ 2nμk = (1 - θ ) k

2nμ0.

Hence (xk )T sk < ε holds, if (1 - θ ) k
2nμ0 ≤ ε, taking 

logarithms, one get k log (1 - θ ) ≤ log ε - log 2nμ0.

Using inequality -log (1 - θ ) ≥ θ   0 < θ < 1, we ob‐

tain kθ ≥ log 2nμ0 - log ε = log
2nμ0

ε
.

This proves the lemma.

Theorem 2  Let θ =
1

36 2n ( )1 + 4κ
n ≥ 2 and 

τ =
1

4 ( )1 + 4κ
, where μ0 =

1
2

. Then Algorithm 1 requires 

at most O ( n (1 + 4κ ) log
n
ε ) iterations that yield an ε-

approximate solution of the P*(κ )-LCP in (P).

Proof  Using defaults θ =
1

36 2n ( )1 + 4κ
n ≥ 2 

and μ0 =
1
2

, then the desired result follows directly from 

Lemma 6.

4　Numerical Results

In this section, we present some preliminary nu‐
merical results to assess the performance of the Algo‐
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rithm 1. These results are compared with those obtained 
by the classical algorithm where the sum of the scaled di‐
rections dxds equals v-1 - v. The implementations are 
performed by using MATLAB 2014a on an Intel Core i5 
processor (2.60 GHz) with 16 GB of RAM.We consider 
the following examples.

The first is a P*(κ )-LCP with κ =
1
4

, and the last 

three are monotone LCPs, a significant subclass of 
P*(κ )-LCPs. For all experiments, we maintained a preci‐

sion parameter of ε = 10-4, and in Example 1, we set the 

parameters θ=
1

2´36 2n
 and τ=0.125 for Algorithm 1, 

with corresponding parameters θ =
4
9
´ 15

600 n
,τ =

4
9
´

15
96

 for the classical algorithm[21]. However, in Ex‐

ample 2 and Example 3, we set the parameters θ =
1

36 2n
 and τ = 0.25 for Algorithm 1, while θ = 15

600 n
,

τ = 15
96

 for the classical algorithm[21]. The results of the 

three numerical experiments are summarized in Table 1.

Example 1 [27]

M = é
ë
êêêê ù

û
úúúú0 1

-2 0
 q = é

ë
êêêê ù

û
úúúú2

3
 x0 =

é
ë
êêêê ù

û
úúúú0.4

0.45
.

Example 2 [23]

M =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú6 6 4 3 2
8 21 14 10 12
4 14 13 5 9
4 10 5 6 5
3 12 8 4 10

 q =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-20.5
-64.5
-44.5
-29.5
-36.5

, x0 =

é

ë

ê

ê

ê

ê
êêê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú
úúú
ú

ú

ú

ú

ú1
1
1
1
1

.

Example 3 [28]

M =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú1 2 2  2
2 5 6  6
2 6 9  10

    
2 6 10  4n - 3

, q =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú-1
-1


-1
-1

, x0 =

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú1
1


1
1

.

In Table 1, "Iter" and "Time/s" denote the number 

of iterations and the CPU running time in seconds for 

these two algorithms, respectively. The result of Ex‐

ample 1 shows that Algorithm 1 has a better perfor‐

mance for P*(κ )-LCP compared with the classical algo‐

rithm. And by Example 2 and Example 3, it shows that 

Algorithm 1 requires fewer iterations but has longer run‐

ning times for P*(0)-LCP. In particular, the number of it‐

erations grows slowly as the problem size increases. 

This behaviour suggests that the proposed algorithm of‐

fers improved performance for large-scaled P*(κ )-LCPs.

To further verify the feasibility and efficiency of 

the proposed algorithm, we perform a series of random 

numerical experiments as follows. The results of the test 

are summarized in Table 2.

Example 4

Using MATLAB 2014a, we randomly generate a 

matrix MÎn ´ n with row full rank and vectors 

qx0s0În, where x0s0 are all one vectors. For this ex‐

ample, we take θ = 0.1 τ = 0.25. Thus we obtain a corre‐

sponding test problem.

Table 2 shows the comparison between Algorithm 1 

and the classical algorithm in terms of the number of it‐

erations and CPU running time as the problem size n 

changes. From Table 2, in most cases, our algorithm 

uses fewer iterations and much less time to solve these 

problems, compared with the classical algorithm. It can 

be concluded that the algorithm proposed here is fea‐

sible and effective.

Table 1　The numerical results of the P*(κ )-LCP for different 

sizes

Example

1

2

3

n

2

5

10

30

50

100

200

Algorithm 1

Iter

16.77

13.62

31.50

64.97

90.40

140.10

213.80

Time/s

0.020 033

0.019 876

0.047 023

0.137 520

0.377 841

1.363 244

5.843 457

The classical 

algorithm

Iter

52.44

35.03

67.10

167.07

232.50

361.06

556.21

Time/s

0.040 574

0.027 927

0.062 011

0.202 666

0.349 451

0.910 573

2.415 462

Table 2　The numerical results for Example 4

n

6

10

20

50

100

200

Algorithm 1

Iter

105

110

116

125

132

138

Time/s

0.040 413

0.046 426

0.063 813

0.498 586

1.318 302

5.433 027

The classical algorithm

Iter

157

165

174

250

264

276

Time/s

0.042 985

0.050 492

0.063 443

0.577 449

1.649 825

3.364 832
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5　Conclusion

In this study, we introduce and analyse a full-

Newton step IPM for solving the P*(κ )-LCP, based on a 

novel AET technique, which provides a new search di‐

rection for (P). The polynomial complexity of the algo‐

rithm is established, which coincides with the best-

known iteration bound of currently feasible IPMs for 

P*(κ )-LCP. Elementary numerical results indicate the 

practical feasibility and efficiency of the proposed 

method. For future research, our efforts may focus on 

the design of infeasible IPM inspired by the AET tech‐

nique discussed here, and on conducting more compre‐

hensive numerical experiments for P*(κ )-LCP where κ 

is not equal to 0.
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基于新搜索方向求解基于新搜索方向求解P* (κ)-线性互补问题的全牛顿步内点算法线性互补问题的全牛顿步内点算法

王莉 1，张明望 1，2†

1. 安徽信息工程学院 数学教研室，安徽 芜湖 241000

2. 三峡大学 理学院，湖北 宜昌 443002

摘要摘要：：为了求解P*( )κ -线性互补问题，本文提出了一种基于新搜索方向的全牛顿内点算法。此算法是 Grimes 算法

的扩展。研究证明，该算法的迭代次数为O ( )n ( )1 + 4κ log
n
ε

，与已知的求解P*( )κ -线性互补问题的最佳迭代

复杂度一致。一些数值结果证明了所提出的算法的可行性和有效性。

关键词关键词：：全牛顿步；内点算法；P*(κ )-线性互补问题；多项式复杂性
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