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Abstract: Constructing permutation polynomials is a hot topic in finite fields, and permutation polynomials have many applications in dif-
ferent areas. In this paper, by using monomials on the cosets of a subgroup to characterize the permutational property of rational functions

on . ,, we construct a class of permutation quadrinomials with the form f,
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0 Introduction

Let F, be the finite field with ¢ elements. A polyno-
mial f(x)e F,[x] is called a permutation polynomial if /'
induces a bijection from F, to itself. Permutation polyno-
mials have wide applications in coding theory, cryptogra-
phy and combinatorial designs. We refer the readers to
Refs. [1-3] for more details of the recent advances.

Permutation polynomials with a few terms have at-
tracted more attention in recent years for their simple al-
gebraic forms and some special properties. There are
several classes of permutation trinomials of the form
x"h(x""") over F . constructed in recent years. Kyure-

ghyan and Zieve" described a class of permutation trino-
mials having the form x+yTr, (x“*"*) of F ., where

Tr,, is the trace function from F . to F,. We note that

this kind of permutation trinomials actually has the form

(O)=x"(1+ax"" "+ bx"" "4 cx"" ") of F ..

ra,b,c.s tu

g+3 ¢’ +3q
e == S )
xA+px V4w & 7). Zheng et al® showed a

class of permutation trinomials of the form cx—x’+x%,

3¢°+2qg-1 . .
where s= %, which can be rewritten as x(c—
Sy ATy
x 4 +x ¢4 ). In Ref. [6], the authors got sev-

eral classes of more generalized permutation trinomials

)

)). By using a similar

q+3 ik 7’ +3q
5 thlg=1 (
4 +x 4

L . ( kgD
having similar forms to x" (c+x

, 2 gy (LM
and x"(c—x * +x 4

++k+1)(g—1

idea to Ref. [6], Lavorante' constructed a few new fami-
lies of permutation trinomials with the form x" (¢ +x"" +
x"="), By using monomial functions on the cosets of a
subgroup of u,,,, Hou and Lavorante gave a general
method to construct permutation polynomials over F ..
Specially, they presented several classes of permutation
binomials and trinomials.

On the other hand, permutation quadrinomials also
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have attracted attention in recent years. Especially, con-
structing permutation quadrinomials of the form
Sranesn@=X" 1 +ax "+ bx "+ ex")eF [x] (1)

where 7,5, ¢ are integers, attracted great interest recently.
Gupa" studied several classes of permutation quadrino-
mials of the form (1) over F . with Char(F,)=3,5. Tu

et al' proposed a class of permutation quadrinomials
having the form x* (1 +ax’'+bx* "+ cx*") of F,.. In
Ref. [11], the authors investigated some permutation
quadrinomials of F,. with the case of (r,s,t,u)=(l,—
1,1,2) in (1) under some restrictive conditions. In Ref.
[12], the authors provided more classes of permutation
quadrinomials of the form (1) in characteristic two.
Lavorante! used the Hasse-Weil type theorems to prove
the necessary conditions for a polynomial in Ref. [12] to
be a permutation polynomial. Ding and Zieve" deter-
mined all permutation polynomials over F . having the
form x"h(x?""), where, for some Q which is the power of
the character of F,, the terms of A(x) have degrees
{0,1,0,0+1} and r=Q+ l(modg+1). The authors in
Ref. [15] characterized two classes of permutation
quadrinomials over F,, by using self-reciprocal polyno-
mials. In this paper, motivated by the method in Ref. [6],
we continue to construct a new class of permutation
quadrinomials of F ..

This paper is organized as follows: In Section 1, we
list some results, which will be used in our paper. In Sec-

tion 2, by using monomials of x ,, and —u,,,, we con-
= N

struct a class of permutation quadrinomials over F . of
the form x" (1 + ax"“" "+ bx"* "+ cx“@~") for some integers

7,8, tu.

1 Preliminary

The following result was discovered independently
by several authors.

Lemma 1'% Let r be a positive integer. Then
S(x)=x"h(x*"")e F .[x] is a permutation polynomial of
F .if and only if each of the following is true:

(1) ged(r.g—D=1,

(2) x"h(x)""" permutes g + 1-th roots of unity ., .

Specially, by using Lemma 1, constructing permuta-
tion polynomials of the form x"A(x?"") over F . translates
to finding permutations having the form x"A(x)*"" on the
set of ¢ + 1-th roots of unity x, . ,. For x € u,. ,, one has

YR
W

where /7(x) denotes the polynomial obtained A(x) by

X h(x)" '=x

raising every coefficient to the g-th power. Thus to show
that x"A(x*"") permutes F ., the point is to prove that the
h(x™")
h(x)
Let djg+ 1 with d>2 be a positive integer and & be

rational function x” permutes ., .

a primitive d-th root of unity. We make some denota-
tions: S,=px,., and §,=¢'S, for 1<i<d-1. It is easy to
T

d-1
imply that u,.,= | JS;and ;" S;=D for 0<i#j<d-1.

i=0
For g(x)e F[x], if g(x) is a monomial on each sub-
set of 4, ,, then by using the piecewise method, we can
easily determine the permutational property of g(x) on
i, in the following lemma.

Lemma 2° Let % be a positive integer and
A;ep,., for0<i<d-1.Forg(x)e F [x], if
g(x)=A,x", forx € S.

Then g(x) permutes x,,, if and only if each of the
following is true:

(1) ged(r,, qjll )=1,for0<i<d—1;
(2) A;x,"#A4,x," forx, € S;and x; € S,.

Lemma 2 provides an approach to study the permu-
h(x™")
h(x)
the subsets S.. In Refs. [4,5,7], the authors used the case
d=2 in Lemma 2 to construct a few classes of permuta-

tational property of x” on u,,, via monomials on

tion trinomials of F .. By using the cases d=3, the au-

thors obtained several kinds of permutation trinomials of
F .in Refs. [16,18].

2 Main Results

Motivated by the method in Ref. [6], we character-
ize several classes of permutation quadrinomials over F .

in this section.

Theorem 1 Let g be a prime power with

+1
g=1(mod8), and a,b,c € F . satisfy (a+b+ c)qT: 1 and

g+1

(b—c—a) ? =1. Let r be a positive integer and £ be an

. 2 gy | L g
even integer. Then f(x)=x"(1 +ax * +bx ¢
(3q2+5q
+cx 4

k1) g1

') permutes F . if and only if ged(r,q-
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qg+1
T2
It follows from Lemma 1 that f(x) per-

=1 and gcd(2r-2k-1

Proof
mutes F . if and only if ged(r,g—1)=1 and g(x)=x"(1+

)=1.

ax" 4 bt 4 o tht )q—]
g+3  3q+5
T4 VT g

In the following, we claim that if gcd(r,g—1)=1,

permutes u,,,, Wwhere u=

then g(x) permutes u,,, if and only if ged(2r—2k—
qg+1
1 =1.
S )
We divide u,,, into two subsets x,., and —, ., and
i 7

consider the following cases. For x in x,,,, it is easy to
N

check that x*=x"=x"*'=x'". One has g(x)=x"(1+(a+

b+co)x )t

Since g =1 (mod 8), we have that q; ! is odd. Then
q+1

by (a+b+c) * =1, we deduce that the equation 1+ (a+

b+c)x"**=0 has no roots in u . ,. Furthermore,
2
k+u

x
R
1Ha+b+c)' x™* " (a+b+c)*
r b q -r—k—u .
B bt e

g+l
By using (a+b+c¢) 2 =1, g(x) can be simplified as
1 r—k—u : 1 2
Tibict " Since xeu% can be written as y* for
qg+1

2

Y€, and 2u=1(mod ), thus g(x) can be rewrit-
2

1
ten as———— 2r—2k—1
a+b+cy

For x in —,.,, one has x"=—-x"=x"*'=x'"". Then
2
g(x):xr (l +axu+k+bxv+k+quv+l+k)q,1
=x" (l +(a—b+c)xu+k)q,].

qg+1
2
g+1

odd, thus u+k is odd. Then by (b—c-a)? =1, we
know that 1 +(a—b+c)x""*#0 forx e—pu,,,. Thus
e

Since g=1(mod8), we have that u and are

et

(a—b+c)’
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Since (a—b+c)'=

1
¢, then g(x)= ———x" " For x e— there exists
’ 8) a-b+c ,u%l,

2r—2k—1

v €u,., such that x can be presented by —)*. Then g(x)=
I
1
-b

a —Cy

and _ e—u

1
Note that ————
ote tha e,u% —bic

at+b+c zl
Then it follows from Lemma 2 that g(x) permutes y, ., if
q+1

2

and only if ged(2r—2k—1, )=1. Namely, the claim

is true.
Therefore, we can conclude that f(x) permutes F . if

and only if ged(r,¢—1)=1 and ged(2r—2k—1, q; ! )=1.

We complete the proof of Theorem 1.
Similarly, we can get the following results, and we
omit their detailed proofs.

Theorem 2 Let g be a prime power with

+1
g=1(mod8), and a,b,c € F . satisfy (a+b+c)qT:1 and

g+l
(b—a+c) > =1. Let r be a positive integer and £ be an
+3 3g+5

even integer. Then f(x)=x"(1 + ax T D L S e
243,

sex© N permutes F if and only if ged (7, g — 1)=

I and ged@r—2k— 1,951y

2

Theorem 3 Let g be a prime power with

a+1
g=1(mod8), and a,b,c € F . satisfy (a+b+c) > =1 and
g+1

(b—a—-c) 2 =1. Let r be a positive integer and k be an

. . (2 - EE39 4 gy
even integer. Then f(x)=x"(1+ax * ' +bx *
3¢’ +5¢
(——— +k+D(g-1) . .
+cx 4 ) permutes F. if and only if ged(r,g—

1)=1 and ged (2 — 2k - 1,%): 1.

Theorem 4 Let ¢ be a prime power with

+1
g=1(mod8), and a,b,c €F . satisfy (a+b+c)q7:1 and

q+1

(a+b—-c) 2 =1. Let r be a positive integer and £ be an

3445 o 39 e
even integer. Then f(x)=x"(1 dax @ gyt e
3q2+5q ket _ . .
fox 4 ”) permutes F . if and only if ged(r,qg—1)
=1 and ged (2r—2k— 1,‘1%1): 1.
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