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Abstract: In this paper, we study Liouville theorem for 3D steady Q-tensor system of liquid crystal in mixed Lorentz spaces. We obtain

u=0,0=0 on the conditions that u € L2”L?"L:" (R* )N H' (R*),Q € H*(R*),p.q.r €(3,%], and i + é + % > %, which extends some

known results.
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0 Introduction

In this paper, we study the following 3D stationary Q-tensor system of liquid crystal:
u-Vu—puAu+VP=-V-(VOOVQ)-iV -(QH)+V -(QAQ - AQQ),
V-u=0, (1
u-vo+02-920-10\D=TH,
with

H=20-a@+h 0= "@V1, | ~come)

Here u e R*, P e R and

Qe Sg é{A =(aij)3><3|aij=aji7tr(A)=O}
stand for the flow velocity, the scalar pressure and the nematic tensor order parameter, respectively. The parameters 1> 0,
I''>0 and 4 € R represent the viscosity coefficient, the rotational viscosity and the nematic alignment, respectively.
The coefficients a,b,c € R with ¢>0 are constants. (VOQOVQ),;=0,0:0, 0 is the symmetric additional stress tensor.

D= %(Vu +Vu'), and Q= %(Vu —Vu'") are the symmetric and skew symmetric, respectively, where the notation T

represents the transposition of a matrix.
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When @=0, system (1) reduces to the 3D stationary Navier-Stokes system
{u -Vu—-Au+VP=0,

V-u=0. 2)

9
For system (2), a well-known result on the Liouville theorem is given by Galdi'", which concludes if u € L>(R*), then
u =0. Chae-WolIf* gave the following logarithmic improvement

: L eenn
fw|u(x)| {log 2+ 1) )} dx < oo,

9
Kozono-Terasawa-Wakasugi®® extended Galdi’s result!” to the Lorentz spaces L2 (R?*). Luo and Yin' showed that if

the solution to system (2) satisfies

1 1 1 2
u, el LL; (R), p.q,.r; €[l, o), o + 7 + P g(iZ 1,2,3), (3)

then u =0, where

|| 1t J R(L(fklfr’dxl)z dxz)qu3 %

For more Liouville theorem results of system (2), one could refer to Refs. [5-9] and references therein.
In recent years, the O-tensor system of liquid crystal (1) has received much attention. However, there are few re-

1>

Ly
g

sults on its Liouville theorem. Gong et al'” proved that if

ue L%(R3)ml-'1‘ (R*),Q € H*(R*),b*—24ac<0,
then u =0, Q=0. Later, Lai and Wu""" generalized the conditions to

ueLg'm(]R‘*)mHl(H@),QeHZ(R3),b2—24acs0. @)
On Liouville theorem for many other models, there are also numerous results (see for example Refs. [12-15]).

Inspired by the works mentioned above in this paper, we will prove that there is only the trivial solution for the
steady Q-tensor system of liquid crystal model in mixed Lorentz spaces. First of all, we recall the definition of mixed
Lorentz spaces.

Definition 1  Assume the indexes p=(p,,p,.p;) and ¢=(q,,¢,,q;) satisfying 1<p,<o0, 1<g,<o, or p,=¢q,=
o (i=1,2,3). Amixed Lorentz space L"* (R, ; L* (R, _;L™" (R, ))) is the set of functions for which the following norm
is finite:

L
L Ps
P>

9 2
‘ I 0 4,
V(N7 dr dt dt
f f f tfltzpltflf(th[zat}) 1 -2 - ’ lgpi<oov
olJol7o t, t, t,
A
“ l171,,. | :
! Ve 1
e 1) e
i P>
Su(I]) x3:sup)y {xz:stlp)’l {xl:|f(x17x2,x3)|’1} p,y} t s Pi=®
t> >0 >0

The main result of the paper is stated in the following theorem.
Theorem 1  Let (1, Q) be a smooth solution to system (1) in R®, If

ue L’X"I”“L‘jfL,’;f(RﬂﬁH‘ (R*), Qe H*(R*),p,q.7 € (3,oo:|,% + é + % > %, and b*—24ac <0,
then u=0,0=0.
Remark 1 In the case of p=g=r= % in Theorem 1, the sufficient condition coincides with (4) obtained in pre-

vious work™"". In addition, due to the following embedding (see for example Ref. [16])
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L)L @) <g<w). )

we deduce that our result extends Gong et al’s result in Ref. [10].
When @=0, we obtain the following Liouville theorem for the Navier-Stokes equations (2), which is a supple-
ment to the result of Ref. [4] (see (2)).
Corollary 1 Letu e L2”L*"L:" (R’ YN H'(R*) be a smooth solution to the Navier-Stokes equations (2) in R®. If
1 1

1 2
p-g.r e (3,00],; + 2y thenu=0.

1 Proof of Theorem 1

In this section, we give the proof of Theorem 1. To streamline the presentation, set
B, 2{x e R|x e(R,2R)}, B,={x,e R|R<|x|<2R, i=1,2,3},

‘ e
1

We firstly recall the following lemma.

A

|10
L

: L7 (Rl 2R)
SR :

L (Rixs2R)

Lemma 17 Let f(Q)=1 —6w, QeS;, then 0<pQ)<1.

or
Proof We consider a smooth cut-off function ¢ € C(R) such that
1, <1,
()= { 0. 2.

For each R >0, defining
82 (=) 9 H( ) X=(x. 5,3, )€ R,

then, one has
1, |x|<R,

$e(X)= {0, X|>2R.
Moreover, there is a constant C independent of R such that [V¥¢ | < % for £ €{0,1,2,3}.

Multiplying the first equation and the second equation of (1) by u(x)@, (x) and —H (x)@, (x), respectively, we know
i[ VuPg(oderT [ HP g (x)dx
R} R}

= [ w-vorags, x| (@0-0@:804,(xax- | - VQ):[aQw(Qz - u®) 1) +cQ|Q2}¢R(x)dx

+JR1(‘QQ_Q‘Q):|:aQ+b(Q2— tr(3Q )

1) + cQ|Q|2}¢R (x4 ] |QID:Hg, (x)dx— | V-(VOOVQ) g, (x)ix
#2 [ WHV@ g, (o) [ (@AQ-AQQNV(w g, (oix+ [ Slufu- Vi, (ode+ [ Pu-Ve, 0+ SluPag, odx

= 21,.. (6)

Firstly, since @ is symmetric and £ is skew symmetric, we deduce /,=0. For [, +1,1,+ [ and I+ [, using Holder
inequality, we obtain

141,= | uVQ:AQp, (e~ [ V (VOOVQ): ug, (x)dx

- [ @verves, - | @ vorngs - [ u-v3|vels,ax= [ JIvelu-ve,ax
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[w,.
1

27(8)
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, | w ]
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L7 (8:)

Len=| (2000004, (x)dx - J _V(VQOVQ)- uy (x)dx=- J (@A~ AQQ)uOV, (x)dx
1ol H o]

vel,, L1961,

C
< ﬁu Vo "L“(B.)” L ”L‘(B‘)

LF.‘(Bz)

[1ul,

B
H g
L;;' (B,)

’ Li7(By)

Lo+ 1==2 [ |QDHg, (e)x+1 | |QUHV (g, (x)x = f 1QHu @ Vg, (x)ix

[1et, | || | oy
" L7 (B,)
1

Fft
< N m g, e,
sl

C
< ?gnli

LZ(B,)" Q ||L’ (B,)

For 7, and /,, along the same line, we have

2
1= @(u.vgy{agw o- "2, +cQ|Q2}¢R(x)dx=— | 080-2001u0V, (x)ax
C
<z(+lel., 1ol ) | 1ul.. \ lel...., H
LIG) 5 173,
(et :
<CR [1wi,. o) | Vel .0
ol R Vil
3
1= [ Swruvo,coaes S| | 1l }\W‘)
* LBy IR PN
z NE 3
e N ] e
%ol o,

For I,,, note that
AP=-divdivu @ u+VQOVQ+1|Q|H+ QAQ - AQQ).
Let P=P, + P, such that AP, =—divdiv(f, ) and AP, =—divdiv(f, ), where
fi2uQu, [,2VOOVQ+1|Q|H+QAQ-AQQ.
In view of the conditions u € L2 LI L (R*) and Q@ € H*(R?), we obtain that

(7

®)

)

(10)

(11)
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fel2 L7027 (), fe L (R).
By Calderron-Zygmund theorem, it follows that
P el LY LY (R, Pye L (R).
Then,
=| Pu-v BlupAg,(x)dx= | Pou-V,(x)dx+ | Pou-Vé()dx+ | E|uPAg,(x)dx
I,= u-Vg,(x)+ D |l Ag (x)dx = UV (x)dx + 2V (x)dx + ) |l Ag  (x)
R} R} R} R}

<ol e | ‘ |vacs >“
Bl s, I
175 ,)
C .
ol b ] v . .
2 s, SO Pl
’ LS
2
C .
+F } "ulLl;l’ Lo A¢(§) L,%z' ‘,
AN ol L
VNS
<CR~ Geid) “ ||,,||L, h \|v¢||w
L7 (By) ?"(B;)
cort il N Jull,. ‘ 112, ‘ H
RLVICN) Li‘ Py
LS
2
. (3+3 3
wor e “ Jull. ‘ H (12)
L?: L8, L“’ﬁ%bl L
SR VS
Therefore, when R — oo, we can obtain /,— 0 (i=1, ---, 10). Thanks to the Sobolev embedding, we have
"u L"(]RJ)SC" v” ||L2(]R“)’
then u =0 and H=0. By the definition of H, we observe
tri
-20=-a0+40'~ ") 1, 1-c0u(@) (13)

Taking the inner product of the equation (13) with Q¢ (x), and by Lemma 1, one yields
| 90 gurax= | 10F AP dx= [ [alQF b tr(Q )+ clOf I, ) dx

C fgpaw [ (1520

T )IQI b1 v 1 [ QP> 0 (R o)
which combined with || 0 HL <o, concludes @ =0. The proof of Theorem 1 is completed.
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