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> -Shaped Connected Component of
Positive Solutions for One-
Dimensional Prescribed Mean
Curvature Equation in Minkowski
Space

[0 Ql Tiaoyan, LU Yangiong'
College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, Gansu, China

Abstract: In this work, we demonstrate that the existence of an >.-shaped connected component within the set of positive solutions for the

u'(t)

— | ———=——| =) f(u(®)),1 €(0, 1),
one-dimensional prescribed mean curvature equation in Minkowski space [1—(u'(1)) with boundary condi-

u(0)=0,u'()+ V2 u(l)=0,
tions having parameter in two cases f(0)=0 and f(0)>0 by using upper and lower solution method, where A>0 is a parameter,
fe C*([0,), R) is monotonically increasing and lim % =0, h e C'([0, 1], (0,0)) is a nonincreasing function and A(f)> 1.
u—>1 -
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0 Introduction method to prove the existence of solutions for boundary

value problem

The boundary value problem in which the boundary
conditions involve parameters is one of the most signifi-
cant problems in the mathematical theory. In 1994, Bind-
ing was the first to propose the Sturm Liouville prob-
lems with boundary conditions dependent on eigenpa-
rameters!. In 1999, Hai™ used the prior estimation

u"(O)+a@)u' (@) +f(u(@)=0,1 (0, 1),
w(0)=0,u()=4
with boundray conditions having parameters. Since then,
many different problems with parameters under bound-
ary conditions have been studied respectively by Mari-
nets et al”, and a great deal of fruitful results have been
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achieved, which can be found in Refs. [4-7]. Fonseka et
al" investigated the positive solution of the boundary
value problem with two boundary conditions having pa-
rameters by employing the upper and lower solution
method. They proved the existence and multiplicity of
the positive solutions and obtained the bifurcation dia-
gram of the above positive solutions by using the time
mapping method. Particularly, Fonseka et al discussed
the existence and multiplicity results of the steady-state
reaction diffusion equation

—u"(6)=2h(1) f (). 1 €(0, 1),

—du'(0)+u(A)u(0)=0,

u' () +u(2u)=0
via the upper and lower solution method in three cases
of £(0)=0, £(0)>0 and f(0)<0. Further, they established
a unique result for A~0 and 1> 1. In the above equa-
tion, 1> 0 is a parameter, f'e C*([0,0),R) is an increas-
ing function which is sublinear at infinity, ke
C'([0,1], (0,0)) is a nonin-creasing function with 4,:=
h (D> 0 and there exist constants d,>0, a €[0, 1] such that
h(t)< % for all #€(0, 1], and u € C(]0,x),[0,0)) is an in-
creasing function such that x(0)= 0.

The prescribed mean curvature equation addressed
in this paper is regarded as a significant problem in par-
tial differential equations and possesses extensive appli-
cations in other domains like physics and biology, such
as the shape of the human cornea™, drops of capillary
droopiness"”, micro electronic mechanical systems, and
corresponding models of large spatial gradients'"". Spe-
cifically, the Dirichlet problem with the Minkowski-
curvature operator

Vu(t)

V 1=1=Vu@))y
u(0)=0,7 € 0Q

has drawn the attention of numerous scholars. Espe-

—div =f(t,u(t).t e Q,

cially, the existence and multiplicity of positive solu-
tions for the Dirichlet problem with the one-dimensional
Minkowski-curvature operator

| O ity e,
V1=@'@)
w(0)=u)=0
have been extensively studied by employing the varia-
tional method, the upper and lower solution method, and

the time mapping method. See Refs. [12-20], where >0
is parameter, f'€ C([0,0),[0,0)) and f(u)>0(u>0). It is

obvious that the problems in the above references
merely study the positive solutions of the Dirichlet prob-
lem with the mean curvature operator in Minkowski
space in the case where the nonlinear term has a param-
eter. However, the prescribed mean curvature boundary
value problem where both the nonlinear term and the
boundary conditions have parameters must be further
considered to accurately describe the corresponding
physical phenomena.

Inspired by the above-mentioned papers, we ex-
plore the existence and multiplicity of positive solutions
for the one-dimensional prescribed mean curvature prob-
lem in Minkowski space

'

u'(t)
—| ———2—— | = k() f (u(?)), 1 (0, 1),
1—(1,{'(1))2 fu © (1)

u(0)=0,u'()+ VA u()=0,

with boundary conditions having parameter in two cases

f(0)=0 and f(0)>0 by using upper and lower solution

method, where A>0 is a parameter, f'e C*([0,),R) is
S =0, he

increasing and limli
u—1 —u

C' ([0, 1], (0,0)) is a nonincreasing function and /(f)> 1.

From the conclusion of Ref. [15], it follows that
problem (1) has a positive solution u if and only if the
problem

monotonically

(0= 70 = (O VIO f (). 1 (0, 1,
u(0)=0,u' )+ VA u(l)=0

has a positive solution, and |u'| <1, ||u | <1.

@

Let ¢:(—1,1)>R is monotone increasing homeo-

morphism defined by ¢(s)= s , then ¢(0)=0 and
1-s?
¢ ()= ® _ is also monotone increasing homeomor-
1+s?

phism and bounded. Let us consider the eigenvalue prob-
lem
—u"(t)=2u(t),t €(0, 1),
{ u(0)=0,u'()+ V2 u(1)=0. @)
Based on the results of Ref. [6], the problem (3) has prin-
cipal eigenvalue 4,>0, and the eigencurve B, (1) is Lip-
schitz continuous, strictly decreasing and convex. Fur-
ther }1_1}2 A,=Ap, Where 4,,>0 is the principal eigenvalue
of
—u"(t)=A,pu(?), t €(0, 1),
u(0)=0=u(l).

Throughout the paper we will assume that f satisfies:
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(C) f'(0)=1;(C,) f"(s)<0,5s €[0,5") for some ¢* > 0.
Leta>0,b>0and M~ >0. Define

48/ /@)

min S % |
|vi . f(@ " f(b)

where v, is the solution of the problem
—vi(O=h1).1 (0, 1),
1” 0)=0,v,()+ V4 v, (1)=0.
First, we state the main results for the case: f(0)=0.
Assume (C,) and f(0)=0 hold. Then

problem (1) has no positive solution for A~0 and has at

L(a,b)=

“)

Theorem 1

least one positive solution for A>4,. Further, if there exist
a>0,b>0,M >0 such that a €(0, b), M *>2b, L(a,b)<1 and

147b >2,. Then problem (1) has at least three positive
o))
. 4b . a 8M”
solutions for A € -1 miny————, % .
() ) [v.l. @

Theorem 2  Assume (C,),(C,) and f(0)=0 hold.

e

() f10)=0

Then problem (1) has least one positive solution u, for
A> 2, such that| u, | —0.

Next, we state the main results for case: /(0)> 0.

Theorem 3  Assume f(0)> 0. Then problem (1) as
at least one positive solution for A>0. Further, if there
exist a>0, b>0 and M">0 such that a €(0,b), M~ >2b
and L(a,b)< 1. Then (1) has at least three positive solu-

) a sM[|
|vi ], f@ )

tions for A 1

o )f )
Note that the connected component of positive solu-
tions of (1) is the ¥ shaped under the assumptions of
Theorem 1 or Theorem 3. Figure 1(a) illustrated the
main results of Theorem 1, Fig.1 (b) illustrated the main
results of Theorem 3. The rest of the paper is organized
as follows. In Section 1, we introduce some lemmas
needed to prove the main theorems. In Section 2, we use
the time-mapping method to prove that problem (1) has
at least one positive solution when f(u)=u,h(t)=1,
which will help to construct the subsolution of (1). In
Section 3, we give proofs of the main results. In Section

4, we show some examples.

e

(b) (0)>0

Fig. 1 Bifurcation diagram for problem (1)

1 Preliminaries

Let C,[0,1]= {u € C'[0, 1][(0)=0}, it is not hard to
verify that C, [0, 1] endowed with the norm ||u | = |u|_+
[u'| is Banach space.

We donote by P,Q: C[0,1]— C[0,1], and the con-
defined by Pu(t)=u'(0),

tinuous projects

1
Qu(t)= f u(t)dt, t €(0, 1) and define the continuous linear
0

operator H:C[0. 11> CJ[0. 11, Hu(h)= [ u(s)ds, 1€(0. D).
0

Integration of both sides of the equation in problem (1)
from 0 to # implies that

W w0
JI-@@r 1= )

i.e.

2] M) s)s,

Ha' )=’ O)~ [ 1) f ).

Applying ¢! to the above equation, we get that
u'(t)= ¢ [¢u' (0)— 2. f ;h(s) F(u(s))ds]. Furthermore, we
integrate the above equation from 0 to 7, it follows that

u= [ ') [ Ko\ fds. (5)
Combining u'(1)+ V4 u(1)=0, we obtain that u'(0) satis-

fies
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#1800 O) 7 [ W) fo)dst+ VI [ ¢ [ 0)

i () ()] ds =0, 6)
which yields that
¢~ [$(Pu(®)— 2Q(h() f (u(©)))]
+\/2 O[¢™" (p(Pu@)— AH (h(z) f (u(1)))]= 0. (7
Lemma 1 For 4 e C[0, 1], there is a unique y:=
w'(0) such that ¢! [¢(y)—AQ(h(@) fw(®O)]+ V7 O[¢™ ($()
—AH (h(?) f (u(2))))]=0 and y is continuous.
Proof For any given A>0, define the function g:
(-1, D> Ras follows:
g()=¢"[¢(y)— 20(h(®) f (u(®)))]
+ V4 O™ ($(y)— AH (h(0) f (u(@))]
There are y,,7, €(—1, 1) such that
g(y)= min g(y)=—1- V4 <0,

g(:)= min g(y)=1+ V2 >0,

then there exists y €(y,,7, ) such that g(y)=0.

Next we prove uniqueness of y. Let y.,7" (=L, 1)
such that g(7.)=g(y")=0, hence there exists f,e(0,1)
such that

¢ [¢(r- )= A0(h(1,) [ (u(t, )))]
+ V2 Ol¢™ (B )~ AH (1) / (ut, )]
=¢"'[¢(")—2Q(h(t, ) [ (u(t, )]
+ VA0l ()~ AH (h(to) (e )]
Since ¢ and Q is bijection, y.=y". Finally, from the con-
tinuity of %, ¢ and ¢', we can conclude that y is continu-
ous.

Lemma 2 u € C,[0, 1] being a solution to problem

(1) is equivalent to u € C, [0, 1] being a fixed point of
Ay () : = He™ [¢§(Pu)— AH (hf (w))]-

Proof It follows from Lemma 1 that there exists
a unique u'(0) such that (7) holds, so the operator equa-
tion of problem (1) is 4,(u) : = Hp ™' [¢p(Pu)— 1H (hf (w))]. It
is obvious that ¢: (-1, 1)—> R, hence its inverse mapping
¢ is a bounded operator, and it follows from (5)
that | <1.

Next, we introduce definitions of a (strict) subsolu-
tion and a (strict) supersolution of problem (1) and estab-
lish the upper and lower solution theorem that is used to
prove existence and multiplicity results of (1).

By a supersolution of the problem (1) we define
a e C*(0,1)n C'[0, 1] that satisfies

!

<A(E) f(a(?)), t €(0, 1),

_ o'(1)
V1@ @) (®)
a(0)<0,a'()+ V2 a(1)<O0.
By a supersolution of the problem (1), we define
B e C*(0, )N C'[0, 1] that satisfies

_( 20
V1=(B'0)
B0)=0,8'()+ V4 B(1)=0.

By a strict subsolution (supersolution) of (1) we mean a

!

= h .t (0, 1),
) 0 f(B@),1 (0, 1) )

subsolution (supersolution) which is not a solution of (1).
Lemma3 LetM>0andv,v,e C'[0,1]such that
d(vHe C'[0,11G=1,2). If
(@1 O)'+ My, (1) <S=(p(v; (1))'+ My, (1), Vi (0, 1),(10)
and v, (0)=0, v, (0)=0, then v, (£)< v, (¢).
Proof  Suppose on the contrary that there exists
t.€(0,1) such that max Vi@O=v,(O)=v, )=V, (. )>0,

then v; (¢.)=v;(t.), and there exists a sequence {tk} >t
on (0,¢.) such that v (¢,)—v.(¢,)=0. The fact that ¢ is
monotone increasing homeomorphism implies that
P01 ()= Vi (1.))= ¢(v3 (1)) = d(v; (1.)).
By the definition of the derivative we get that
(CCAUS) RN CCAY) e )
This together with (10) and (11) concludes that 0<
M@, ()=, )@ (). = (@(v; (1)< 0, which is
contradictory. Therefore, v, (f)< v, (¢) for all ¢ €(0, 1).

Corollary 1 Let v,,v, e C'[0,1] such that ¢(v,)e
C'[0.1]G=1,2). If —g(i(®)'<—((v;(@))" for any
t €(0, 1), then v, (£)< v, (¢).

Lemma 4 Let o and f be a subsolution and a su-
persolution of (1), respectively, such that a<p, then (1)
has a solution u € C*(0, )™ C'[0, 1] such that u €[a, B].

Proof Let y: R—> R be the continuous function
which is defined by

1), u(t)< o),
J(w)= 1 u@®), a(®)< u(t)< ().
PO). u(t)> p(2),
and define F: [0, I]x R—> R by F(t, u)=—Ah() f (x(u)). Ob-
viously, F is continuous and bounded.
Next we consider the auxiliary problem
(@' (0))'= F (& u(0)) + u(t) =y (u(®))., 1 €(0, 1),
u(0)=0,u'()+ V2 u(l)=0.
First, the problem (12) has at least one solution u by the
Schauder fixed theorem. Next, we only show that a(f)<
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u(t)<p(), t €(0, 1), so u is a solution of (1).
Suppose on the contrary that there exists 7 e(0, 1)
such that max [a(t)—u(®)]=o(t)—u()>0. Because

o'(1)—u'(1)=0, there exist two sequence {t,} €[7—&,1)
and {Zk} €[, t+¢) such that a'(¢,)—u'(t,)=0 and o'( 7, )—
u'(1,)<0. Without loss of generality, it follows from
a'(t,)—u'(t,)=0 that o'(t,)=u'(¢,). By ¢ is an increasing
homeomorphism, we get that ¢(a'(¢, )= d(u'(z,)).
Since ¢(a'(1))=d(u'( 1)), then
Yo ()= §a' () _ ¢ (@)= ' (1))
t—1 t—t
which implies (¢(a'( )))'<((u'(1)))"
Moreover, o is a subsolution of (1), it yields that
(@@’ ()'<(@@' (1) =F(tu(t)+u(t)+a()
<F(t,u(1))==Ah(0) f (u(@)))==2h(0) f (D)) <(§(a'(1)))"
This is a contradiction, thus a(f)<u(¢). In addition, by the
similar arguments, it follows that u(f)<f(¢). Therefore

(. <1),

u €la, f]is a solution of problem (1).

Lemma 5 Let o, and S, be a subsolution and su-
persolution of (1) respectively such that a, <f,. Let a, and
[, be a strict subsoltion and a strict supersolution of (1) re-
spectively satisfying a,, 5, €[a,,5,] and a,< f,. Then (1)
has at least three solutions u, u, and u,, where u, €[a,,f, ]
u, €la,, i Jand u; €la,, B, \a,. B, 1V[az. B, ]).

Proof Let e e C?[0, 1] denote the the unique posi-

tive solution of
’

—(e'(t) ) =110, ),
V1=
e(0)=e()=0.

Let I=[o.p,] I,=[o.B,) Li=[a,.p,] C.[0,1]=
{u e C[0, 1]|—te<u< te}. It is not difficult to verify that
C, [0, 1] endowed with the norm || | =inf {r>0|-te<u<
te} is Banach space, then [, /I, and I, are non-empty
closed convex subsets of Banach space C,[0,1]. In the
following, we will prove that 4,(u): C, [0, 1]— C, [0, 1] is
completely continuous and strongly increasing.

In fact, /, and 7, are disjoint subsets of /. The map
A, (u) is restricted to /. Since A,(u) is increasing and a,,
[, are subsolution and supersolution of (1) respectively
(a,<p,), we have that a, <A, (a,)<A4,(p,)<p, i e.
A,w)c 1. Similarly, 4,(,)cl,,k=1,2. Since B, is a
strict supersolution of (2), we have that 4,(5,)<p,. By
Ref. [21], Corollary 6.2, 4,(u) has a maximal fixed point

inu, €/, and a, <u,<p,. Similarly, 4,(u) has a minimal

fixed point in u, e/, and a,<u,<f},, because a, is a
strict subsoluton of (1).
Notice that

(P (O)'+ Mu, (1) <=($(S; (1)'+ M, (£)(M > 0),
it follows from Lemma 3 that u, <f,, hence there exists
a constant ¢, >0 such that £, —u, = c,e(f). Similarly there
exists a constant ¢, > 0 such that u, — a, = ¢,e(f). Define

J=1n {ze C.L0. 0|z | <t k=1.2}

then J,c [, is open set, k=1,2. Hence /, has non-empty
interior. Let J, be the largest open set in /,, which con-
tain u, such that 4,(u) has no fixed point in /,\J,. Finally
by Ref. [22], Lemma 3.8, A4,(u) has a third fixed point
uy € IN(1, U I,). Therefore, problem (1) has at least three

solutions u, €[a,,f,], u,<€la,,f,] and u,e<la,,f ]\

([a). 8, ]V[as, B ]

2 The Autonomous Case of

f@)=u, h(H)=1
We consider the quasilinear problem

- (”(t)) =Ju(?),t €(0, 1),
VI=@')y
u(0)=0,u'()+ VA u(1)=0,

where 4> 0 is a parameter.

(13)

Multiplying the differential equation in (13) by u'(¢)
and integrating from 0 to ¢, we get that —(1 —(u’'(¢))* )’%:
AF(u(t))+ C, where F(s)= f ;zdz. From Ref. [8], Lemma
2.3, there exists £, €(0, 1) such that u(t,)=p=|u| . Now
we choose t=1,in (13) and yield

W)=\ 1-(1+UF(p)-Fw))*,t0.1,), (14)

W (O)=— /1= +AF(p)-F@)* .t €(t, ). (15)
Let u(1)=m >0, further integration from 0 to ¢, for (14)
and integration from ¢, to 1 for (15), it follows that

J'ﬂ du =t,, (16)
0 \/1 (1 +MF(p)-Fu)))*
jm du =t,— 1. (17)

1=+ MF ()~ Fw)”
We obtain by combining (16) and (17) that

j" du N
V1= +AF(p)-Fw)~
[ du -1, (18)

n \/ 1 -1+ AF(p)—F(u))*>
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Finally, from boundary value u'(1)+ VA u(l)=0 and (15), we can get
G,(m):=(1+MF(p)— F(m)>+im>—1=0. (19)
Let A be a fixed value and p €(0, 1). By (19), it is easy to compute that

%fq =2im|1+ 1 7 |>0.me.p), 20
(1+%(p2—m2))

2
m=nm(p)e(0, p) such that (19) holds.

2
further G, (0)= (1 + 4 p2) -1<0, G,(p)=4p*>0, so it follows from the intermediate value theorem that there exists

Lemma 6 For any fixed p €(0, 1), lin(} % = V2 for m (0, p).
P

2
Proof By (19), we get that G, (n)=0. It is easy to compute that
aGé/fm) _ N ac;ngm) — 247 [1 1+ %(pz—n? ))3}.
(144 -i)
< \2 ~
Thus lim(m) = lim rii(p)= lim ! L e tim ™ = v2
=0\ p p—0 p—0 [1 +(1 + %(pz_n’;l’Z))]—?& 2 p=0 P 2

Definition 1 For any given p €(0, 1), we define a map

T, (p)= j du N f ’ du
"=+ UF(p)-F))y> "/ 1= +AF(p)— Fu))”

called the time map of problem (13).

2D

In fact, the existence of a solution to problem (13) is equivalent to the existence of a solution to 7, ,,(p)=1, see
Refs. [19, 23].

Theorem 4  For any given p €(0, 1), there exists 1, =4, (p, m) satisfying (18) and (19) such that problem (13) has
at least one positive solution for any 4> 4,.

Proof Clearly, for any fixed 1> 0, there exists m =ni(p) such that G, (m)=0. Now, let m=m in (21), we show that

’ du
i (P)= =1. (22)
f O 1=+ AF(p)- Fu)> f " 1=+ AF(p)—~ Fw))*
oT,.(p)  ~, 1
——— =—m'(p)

<0, me(0,p),and T, ; (0)=0<1,
2 J1 —(1 T+ I(F(p)— F ()~

! du
) n (1) f J’ > 1
CVI=A+AFO-F@)™ 1= +AF1)-Fw))”

Therefore, there exist p €(0, 1) and m=ni(p), such that 7', ; (p)=1 holds. Then problem (13) has at least one positive solution.

It is easy to compute that

Finally, we discuss the range of value of 1 when a positive solution exists for problem (13). The fact together with

(18) concludes that
1=1lim| [ du +[ du )
NI+ AF () - F@)? 7 1=+ AF(p)— Fw) ™

~ lim j" 1+ A(F(p)—F(w) dl”ﬁ 1+ A(F(p)—F(w) du)
"+ AF(p) - Fw)y -1 A+ AF(p)- Fu))' - 1

p—0°

j, 2 2 2, 2 2
1+ 5(p°—u 1+ 5(p°—u
fﬂ 2 ) du + ’ 2 ) du

Aoy R ey i)

= lim
p—0"
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1 1 i 2 _ 2 1 1 i 2_ 2
i f I+ 5 =(py )p aes [ I+ 5 =(py )p
(= P+ —(prY) A (0= (o0 A = (pr))
1 1 i 2 _ 2 1 1 2
- lim f + 5 (p =(p7)°) & +5 4 (0 ~(pr)") &
Bp-pey+ii-e) 5 B popeyin-o)

1 bl : 1 1 3=n
— J dr + dr| = N
Villovi-¢ 2y 1-7° Vi
Therefore, hm Mp, m)= in =1,

Next, we show that hm Mp,n)=c. From the definition of ¢(u), we get that lim —— =0. Hence, there exists

lim 5
0 €(0, 1) for any &> 0 such that u<ed(u), v1-o<u<1 and it follows that

Fp)— F(u)= fsds<gf S gee Pz
iz T o e i

This together with (18) implies that

lzf” du : +J: du

V1= +AF(p) - Fw)” V1= +AF(p) - Fw)”

- J”’ du
o Tl (- Fa)?
> du
" 1l - (VT + 1= )]
_ fl 1+26p* (=2 )( 1=(p0)’ + /1-p*) i
0 i { 2(1-7%) . Jep*(1-7)?
V1=(p) + /1-p wl—(pr)lwl—w

1
Therefore, we yield that for ¢ >0 small enough as p — 17, hm VAp,m) = lim —— f ! dr: o, i.e. lim A(p, m)=oo.
p—>1

In consequence, the problem (13) has at least one positive solution for any i >/11.
Remark 1 In the case of 4(f)=1, f(u)=u, the principal eigenvalue of problem
—u"(t)=Au(t),t €(0, 1),
u(0)=0,u' )+ V2 u(1)=0

— 1%, and the corresponding eigenfunction is B, (1)=sin — 3n t,t<(0,1).

has eigenvalue 4, = 4

9
16
3 The Proof of Main Results

Proof of Theorem 1  We first show the nonexistence for A~ 0. Let o, be the principal eigenvalue and w,>0 be
the corresponding normalized eigenfunction of
—w)O)=(A+o)ht)w, ().t (0, 1),
®,(0)=0,0;()+ V2 o,(1)=0.
We note that g, >0 for <4, and g, <0 for 1> 4,, the detail see Ref. [24]. Supppose on the contrary that u, be a positive
solution of (1) for A~ 0. Note that there exists k,> 0 such that 1 (s)< k,s for s €[0, «0), and
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0= [ o, o) ds= [ Moo, (o+0,) -4, o, (0~} ds
> f h(s)[(/1+al)—ik0(1—(uj)z)%]u,,a)xdsz | S+ 0, ) Ay 0, d. (23)

Clearly, it is easy to see that /A >4 for 2~ 0. Thus there exists constant m >0 (independent of 4 ) such that 0 <m /4 —

A<o,. Besides, by (23), it follows that (1 +¢,)— 1k, <0, i.e. % >0, This is a contradiction, hence (1) has no positive so-
lution for A=~ 0.

Next, we show that the existence of positive solution of (1) for A>1,. Let f, =m,e,, where ¢, is solution of
’

_(“(f)) =h(0), 1 (0, 1),
1-@'(t))

u(0)=0,u'(N)+ VA u(1)=0

and 1<m,< — ! Then | — ml||e,,| >0and I —mje’s>0.
mm{”eh o e, |w}
Since 11n11 {(_) =0, for all £> 0, there exists 0 <J <1 such that f( ) <g, 1 =0 <u< 1. Furthermore, choosing &=
" , we have that
Al I
f(ml"eh " ) m, .
= , l.e. A ' . 24
l—m/l“eh i} < i(l—m/t e, ||w) 1.€ f(m)."e/ ||w)<m/1 ( )

Next, we prove that f, is an upper solution to problem (1). By m,>1 and (24), we conclude that

’

_ B __ " _ m,e; - m,e; =m,h(t)= A (m,e, Yh(t)=Af (B,)h().
\/1_7’81,2) (l_ 1’2)% (1_mgeh2)2 (1—8,'12)% ‘ 25h 1

In addition, we get that £, (0)=0 and £, (I)+ /A B, (1)=0, thus S, is a supersolution.

1w _,

Let a,=¢v with £>0, where v is positive solution of (13) according to Theorem 4. Since f'(0)=1, hm

f()

Therefore, for any &> 0, there exists 0 >0 such that 1 —¢< < 1+e&. Hence, for ¢~ 0, we have that

’

_(a{) :_( ev' ) Al —v" )7 < Aevh(t) < Af (ev)h(D).
= 1-g*v"? (I-¢ er)z

Obviously a, (0)=0 and a,’(1)+ V4 &, (1)=0, thus «, is a subsolution of (2). Now choosing £~ 0 to ensure that 4, > a,.

By Lemma 1 there exists a positive solution u, €[a,, 5, | for A>4,.

Finally, we establish the multiplicity result of positive solution of (1). Let m", M~ (0, #) such that f'is strictly in-

creasing on [m", M " ]. We first construct a strict subsolution of the Dirichlet problem

’

u'(t) >
—|——Z | =2h() f(u()). t €(0, 1),
( 1—(u'(t))2)

u(0)=u(1)=0.

(25)

Define f'e C ([0, x0), R) satisfying

f.u<m’,
S@,uzm’,

where f (u) is defined such that the function f (u) is strictly increasing on [m", M "] and f (u)<f(u). Fort e[O,%], let

fu)= {
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1-q —(é)ﬂ)é,0<z<§,

g)= i

<t<
1,E<t >

and g(t)=g(1 —1), ¢ e[%, 1], where 0 <, 6 < 1. By computing, we get that

5/1(’)#_1(1— (t)#)ﬁ] 0<t<&
c= ] <€ z

1
0,é<t< 5 .
Assume that there exists a constant b €[m", M ") such that M~ >2b, and define z(¢)=bg(¢). Since | g (t)| <
%. Define a. on [%, 1] to be the solution of
N L CONEN
VI=(e )y (26)

[ 1 _

and extend . on [O,%] such that a. (f)=a. (1 — ), where a. (f) has a maximum value at 7= % and is symmetric about =
%, see Ref. [17].

Claim o. (t)e(z(H), M "), t €(0, 1).

Based on the claim, it follows that

o= (o) Y f(2) <Al = (@) ) Fla) <A1 =@ Y ) ht) (@ ().

Since a. (0)=a. (1)=0, a’(1)+ V2 a.(I)=a’ (1)< 0. Therefore, a. is a strict subsolution. Now, we prove the claim is

true. First, we show that a. (t)> z(¢), t €[0, 1].

Define t=1(&): = f “(1=(a (5)))¥ds, then 0<7(&)< 1. Recall that (26). Integration from ¢ to % with r€(0.1) and

noting that o! 1 =0, we obtain that
2

at =1 [ (=@ O ) FeoMs >4 1@ Tbe@)s=4®) [ =@ 6)) ds=1 e el0.el @7)

. Since 1> L, we can choose 0 <y, d<1 such that 1> M

«(3) /) o)/ ®)

11
472

. Hence for all te[O,i

Now we choose &= 4 2

N

ai(t)>/1f(b)1(i) > 4oy = %

o (t)=/lf(l —(al(s)) )%_f(z(s))ds >0=z'(f). i.e. a: (£)>z'(¢) for all ¢ E[O,%).

>z'(¢). Clearly, z(t)=b, z'(t)=0 for all t €[ ). We obtain that
Since a. (0)=z(0)=0, we have a. (f)>z(¢) for all ¢ €0, %). By symmetry of the solution of (26), a. (#)> z(¢) for all # €[0, 1].
1
Next, we show that || O || <M " Recall that ! ()=4 f (I—(as (s)) )% F(z(s))ds, (0, %). Integrating from 0 to ¢, we have
‘ % t 3~ 1
a0 [ Gf (-al@) Fe@dnds 1<0.5).
yields

Furthermore, ( )</1f(b) f f (1~(a! (2))" P deds= Af ®) M—(b). This together with A< oM

f (®)

|| Ol "w <M. Hence v(t)< a.(t)< M for t €(0, 1). Moreover a. is a strict subsolution of problem (1).
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Let a, be the first interation of a., then a, be the soluton to the problem
| ) fes )0 0.1,
V1=(a @)
o, (0)=0,0;(D+ V4 o ()=0.

! ’

Then — % =2h(t) f (o )> Ah(2) f(2)=— B — By Corollary 1, we have that a,> a.. Hence, it is not
V1=(a)) V1=(@l)

difficult to verfy that a, is a strict subsolution of (1).

Finally, we construct a strict supersolution for 4 € ( ) where a €(0,b) is a constant. Let £,: =

. (a)

(e[ v
ﬂ, where v, is defined by (4). Then

i,
. h t !/ 3 ’ 3
—pi= Tv (”) >2h(t) f(a)> A1 =(B3)" ) h(®) f(a)> AL =(B3) ) h(®) f (B>).
On the other hand, f, satisifies £,(0)=0 and £.(1)+ VA f3, (1)— T vh 1)+ V2 v,(1)]=0. Therefore f3, is a strict
supersolution for 1 € 4b , a . Further, we can choose é~0 and 0 <a <1 such that a, <a,<f, and
l (b "Vh ”wf(a)
o4 )7

a,<p,<p,. Since|a, | =b>a=|p,

Proof of Theorem 2 By (C,), there exists A">0 such that f"(s)<—A" for s~0. Let f,:=0d,w, where J,=

20,
" )4 min w

te(0,1)

Taylor’s seriesf(ﬁ1 )=£(0)+1"(0)3, + % B2=p,+ @ B,2 Cel0,B,], it concludes that
1A= (BDP YOS (B)=6, (h+ 0, o, ~ AL~ (8] ) (o) [fm + L2 60, )Z]

_» 0,% 8. Therefore (1) has at least three positive solutions from Lemma 5.

. It follows that §,>0 and J,>0(A—4,") from ¢,<0, 0,—> 01l —>4,") and mlnw ,— 0(A—>47). By the

0,6t 0, X =B Vo, ~20 (80| 50, + L3 60,7 |

> 8,0, — (1Y V2 h(t) |:al + 4405, min wl] ~0.
Therefore, /);1 is a supersolution of (1) for A>4, and H ﬁl H —> 0(4 > 4}). Let a,=¢ev be as in the proof of Theorem 1.

Choosmg e£~0, we can note that a, <f,. By Lemma 2, there exists a positive solution u; €[« ,b’ ] for A>4, and A= 4,
D

Proof of Theorem 3  First of all, we show the existence of positive solution for A>0. Clearly, a=0 is a strict

subsoluion of (1). Let f=m,e, be as in the proof of Theorem 1, then is a supersolution of (1). Further, by Lemma 1,
there exists u, €[a, f]. Next, the proof of multiplicity is similar to that of Theorem 1, we omit it.

4 Examples

Example 1 Let us consider the following problem

’

MO 3t pu) 0, 1)
( V1= @) )

u(0)=0,u' )+ V2 u(l)=0,

(28)
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where
7
(1—s)cos((s— —)n) s €[0,7-),
20
= ;
(1 =s)sin((s — Dm), s €[ 5~ 20° ]
It is obvious that £(0)=0. Moreover, we note that f(s) satisfies (C, ), (C,) and hm f ( ) =0.Lets=s,= then 7 (s )
0
10 Let a=s, and 1> 2s,, then we can choose b, (s, = ) such that _ < —. Letv, be as in (4). It is easy to com-
27 2 1 6 '
(/B
pute that v, ()= M —% %, t€(0,1). Then we obtain that H Vi, <2 Hence 14b a <1
31+ V7) (/) [vi], /@
! 4b, . a 8M, .\
Next, let M, = 7 Then —1 — <min o[ Therefore, problem (28) has at least three positive solu-
(o) |l @7
tions for 1 40, i 4 8M by Theorem 1.

,min Lo
(pre) (] @) 70

Example 2 Let us consider the following problem

_ u'()
V1= @y

u(0)=0,u'()+ V2 u(1)=0,

where

=236 2 f(u(t), 1 €(0, 1),

(29)

(555 +S)X1~9)In@s).5 €[0.55).

J)=

(260 +5)(1 —s)ln(e' - 1), se[zo,l)

It is obvious that £(0)> 0. Moreover, we note that f(s) satisfies (C, ), (C,) and lim {(—_Sl =0. The following is similar to
s> 1

Example 1, so we omit it.
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32 1L T T ] Minkowski %5 i i — Ak 44 PRI 82 | | /Ty

u'(t) =) f(u@®), te( 1),

u(©0)=0, u'()+ V1 ul)=0,

1E £(0)=0 Fl £(0)> 0 PIFMETE T IEMEE S AGEE /> L AAAErE, Hd, >0 338, feC*([0, o), B HJHIH
s ERT P 1imM:o, heC'([0, 1], (0, oo)) =PRI PREL H. h()>1.
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