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Spectral Properties of Dirac Operator
with /-Dependent Boundary Condition

[0 ZHONG Linlu, DU Gaofeng'’
College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, Gansu, China

Abstract: In this study, we mainly discuss some spectral properties of the Dirac operator with eigenparameter-dependent boundary condi-
tion. Initially, we reformulate the spectral problem into linear operator eigenparameter problem in a suitable Hilbert space, and obtain some
pivotal properties of self-adjoint operator. Subsequently, by establishing the boundary condition space and constructing the embedded map-
ping, we show that the simple eigenvalue branch of this system is not only continuous, but also smooth. We then obtain the differential ex-

pressions of the eigenvalue branch in the sense of Fréchet derivative.
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0 Introduction

Dirac operators are important models in quantum
mechanics. As a result, some conclusions about these op-
erators have been obtained (see Refs. [1-4]). As a typical
problem in the spectral theory of differential operators,
Dirac operators are closely related to Sturm-Liouville
operators, and they have many similarities in the proper-
ties and research methods of eigenvalues, see Refs. [5-
9]. In particular, in Ref. [10], Li et a/ studied the continu-
ous dependence of eigenvalue of self-adjoint Dirac sys-
tem consisting of the symmetric differential operator

BU/(x) +Q(x) e (x) =td(x),

xeJ=(a\p), —~o<a'<p'<+o, (1)

Ml(a) +NU(B) =0. 2(x) = (u,(x).us(x))". )

0 1 p(x) o(x)
where B=(_1 0), Q(X)=(a(x) Q(x)) eL,(J)

and Q(x) is real-valued Lebesgue measurable function
on J;M and N are 2x2 complex matrices such that
rank( M,N ) =2 and satisfty MEM =NEN’, where M~
denotes the complex conjugate transpose of M, E is the
second order symplectic matrix. Besides, we are also
interested in the spectral analysis of Dirac operator with
the spectral parameter in boundary condition, which has
a discrete spectrum consisting of an increasing infinite
sequence of (real, simple) eigenvalues A,, such that
A,—>t0 as n— o, see Ref. [11], and some remarkable
works have been reached, see Refs. [12-13].

From the above literature, we notice that the re-
search on problems (1)-(2) requires that the boundary
conditions satisfy MEM "= NEN . Typically, the eigen-
parameter is only present in differential equations. None-
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theless, in numerous practical applications, including
mechanics and acoustic scattering theory, it is necessary
for the spectral parameter to be featured not only within
the differential equations but also within the boundary
conditions, see Ref. [14]. Recently, inverse spectral prob-
lems for Sturm-Liouville operators with non-self-adjoint
eigenparameter-dependent boundary conditions have
been studied via matrix representations and inverse ma-
trix eigenvalue problems, see Ref. [15]. For the above
model the condition MEM =NEN" may not be satis-
fied. Therefore, we hope to get the correlation spectrum
properties of this kind of problems. For example, consid-
ering the self-adjointness of operators and the continu-
ous dependence of eigenvalues, it is necessary to discuss
the eigenvalue problem of a linear operator in a suitable
Hilbert space. To address the limitation that these bound-
ary conditions lack self-adjointness, we construct a suit-
able Banach space and an embedded mapping, and
prove the continuity of the embedded mapping. More-
over, based on the definition of Fréchet derivative, we
obtain the differentiability of eigenvalue bifurcation.

Our research plan is structured as follows. In Sec-
tion 1, we introduce a self-adjoint operator eigenvalue
problem and elucidate its critical spectral properties from
various perspectives. In Section 2 and 3, leveraging the
established continuity of the embedded mapping, we
demonstrate the differentiability of the eigenvalue branch
and present the corresponding derivative formulas.

1 Some Properties

This paper concerns eigenvalue problem of the form
LU:=BU(x)+0(x)U(x)=)U(x),

—0<a<b<+ow, 3)

Med(a) +NU(b) =0, 2(x) = (u,(x),u:() . (4)

where Q(x) =[p(x), q(x); g(x), p(x)] and every element
in Q(x) belongs to L}, (a,b), A is the spectral parameter.
Here, we require M, N to satisfy M=[a,+a,l,—(b,+
b,2);0,0], N=[0,0;c,+c, A —(d,+d,4)] and a,, b, c,,d.,
i=0,1, are real numbers satisfying o,=a,b,—b,a,>0
and o,=c,d,—d,c,<0.

We first consider a linear operator eigenvalue prob-
lem derived from spectral problems (3)-(4). The inner
product in the Hilbert space H=L,(a,b)®L,(a, b)DC’
associated with

(0.Z) = [ 007,09+ 1,007, () dv
- 1 -

——UZit+ — Uz,
0 0,

for U=(u, (x),u,(x),us5,u,)’, Z=(z,(x), z,(x),z;,z,)" € H.
Define the operator £ acting in H so that
Bt (x)+ Q(x)lAx)

byu,(@)—a,u, (a)

dyu, (b)—cou, (b)

LU=

with the domain
D(L)={UeH:

u,,u, € AC[a, b] and satisfy boundary condition (4),

LUe L,(a,b)®L,(a,b), u;=a,u,(a)—b,u,(a)e C,

u,=cu, (b)—d,u,(b)e C}.

Here AC[a,b] denotes the set of absolutely continuous
and complex-valued functions on [a, b].

By immediate verification, we conclude that the
problems (3)-(4) are equivalent to linear operator eigen-
value problem LU =AU. We now focus on discussing
the properties of linear operator £ as follows.

Theorem 1

Proof In order to prove that the operator L is
self-adjoint, we first need to prove that the domain of
operator £ is dense in H. Suppose U=
(u, (x),u, (x),u;,u,)" € H and U is orthogonal to Y=
1 (), »2 (), y5, y.)' € DL). We  will prove U=
(0,0,0,0)". Since Cy®C;D{0}D{0} =D(L), for arbi-
trary V=, (x),v,(x),0,0) € C;®C;D{0}D{0}, we

have (U, V) = fh(ul(x)\_/l (X)+u, (x) %, (x)) dx=0. Since

L is a self-adjoint operator in H.

Cy is dense in L, (a, b), we have u, (x)=u,(x)=0, so U=
0, 0, u;, u,)". For any ¥, through the inner product in

I - I - . . .
H, we get<U, Y> = Uiy, ;u3y3:O. Since Y is arbi-
1 0

trary, we have u,=u,=0. Hence U=(0,0,0,0)".

Secondly, we need to show that the operator L is
symmetric. Let U=(u, (x), u,(x), u;, u,)". For any V=
W, (x), v, (x), vs,v,)" € D(L), then
(LUV) ULV ) =, (b)us (B)~ 7, (B, (B)

+u, (a)‘72 (a)_ u, (a)‘jl (a)_ O_L (bouz (a) —a,u, (a))\73
By O+ (by7a(@)—a,7, @y
- o% (do¥> (0) - co7, (DY)t )

By the boundary condition (4), we have

Uio (bo¥ (@) ay 7, (@)is — Ui (botts (@)~ o, (@)7,

— @ (@)~ 7. @ (), ©)
(s (0) ot O~ — (v (), B
=, (7. (0) ¥, By ), ™

Consequently, combining (5)-(7), we obtain
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(LUV)=(U.LV),
which implies that operator £ is symmetric.
Since £ is symmetric, it suffices to prove that for
any Y and some Z e D(L"), U € H satisfying (LY, Z) =
(Y,U), then ZeD(L) and LZ=U, where Z=

(2, @22 (0. 2z5.2,) U= (w, (0w (W) )
that Z satisfies following conditions:

(1) z,(x)e AC[a,b], i=1,2;

(i) z;=a,z, (@)= b,z,(a), z,=c¢,z,(b)—d,z,(b);

(iil) uy=b,z,(@)—a,z,(a), uy=d,z,(b)—c,z, (b);

(v) L(z,2,) =(u,u,)".
Indeed, the above conditions imply that D(L") < D(L).

Step 1  For arbitrary V=(v, (x),v,(x),0,0)" € C;®
Cr®{0}®{0}, there is (LV,Z ) = (V, U ). Moreover, we
arrive at

fi(vl )z, (x)+v,(x)z, (x)) dx

It means

b

= [ i, )+ v, (0, () i,
Namely, {(LV,Z) ={V,U). Since L is symmetric, com-
bined with ¥'= (v, (x).v,(x).0.0) € C;OC; {0} ®{0},
we can obtain (LV,Z)=(V,LZ) =(V,U). In view of
the classical theory of differential operators, (i) and (iv)
hold.

Step 2 According (iv) and the relation (LY,Z) =
(Y,U), we have

(BL+ QU Z) - Gi (boy: (@)— oy, (@),
v Ui oy (B)— oy, (D)2,

=(V. B2+ Q(n) 2 - Jio V2, + Gi ViZa
In light of
(BU+ QU Z — (Y, B2+ Q(x) 2
=z,(b)y,(b)-z,(b)y, (b)+y, (a)z,(a) -y, (a)z, (a).

Furthermore, one has

1 1 1 _
;ly4z4_ ;oy323 + ;0 (boy,(a)—ayy, (a))z,

- gi (dyy, (0)-coy, (D)),
=z (b)yz (b) -z, (b)% (b) +y,(a)z, (a)_J/Z (a)z, (a). (8)

Using Naimark’ s patching lemma''®, there exists a

Y= (y, @)y, (x).y5.y,) € D(L) such that
11 (0)=y,(0)=0, y,(@)==a,, y,(a)==D,.
Then by (8), we have z,=a,z,(a)—b,z,(a). Similarly,
we get
»(@=y,(@)=0, y,(b)=c,, y,(b)=d..

Moreover, z,=c,z, (b)—d, z, (b). Therefore, (ii) holds. We
can prove (iii) by using the similar method, hence we

omit the details. The proofis completed.

Corollary 1  The following assertions are true:

1) The two vector eigenfunctions corresponding to
different eigenvalues of 4, and A, are orthogonal in the
following sense

b
[ 0 0z, 0+ 07 () - uzs Luz=0
a O-O O-l

2) All eigenvalues of the operator £ are real, and all
vector-eigenfunctions are real-valued.
Theorem 2"

creasing sequence {/1,,,} ]
e

There exists an unboundedly de-

of negative eigenvalues and

an unboundedly increasing sequence {in}il of nonnega-

tive eigenvalues of the boundary value problems (3)-(4):
—004— o <A <AL <A <A <A< <A, < e <> 00,

Let @&(x,1)=(¢,(x,4), §,(x,1))" and WP(x,1)=
(v, (x,A),w,(x,4))" be the fundamental solutions of (3),
which satisfy the initial condition

¢ (@ )=y, (a)=1. ¢,(a. )=y (a.2)=0.

Then, @(x, 1) and ¥(x, 1) are linearly independent and en-
tire functions of .

Denote
x, A X, A
AA(X,A)ZZ(%( )y ))
$.(x.2)  w,(x.2)
Lemma 1 1 e C is an eigenvalue of (3)-(4) if and

only if A(2)=det[ M, +N, A, (b)] =0.
Proof By using similar methods in Ref. [10], we
can obtain the assertion holds.

2 Continuous Dependence of
Eigenvalues and Eigenfunction

Denote R= [ao,al;bo,bl], G= [co,cl;do,dl]. We

introduce Banach space
B:=L,(a,b)®L, (a,b)y®M,,,(C)OM,,,(C)
equipped with the norm
b
1K 1:= | @l +la)dx+ | RY,+ |G,

For any K=(p(x).¢(x).R, G)e B, where ||| denotes the
matrix normal. Let’ s construct a boundary condition
space Q= {K € B: the coefficient in (3)-(4), and ¢,>
0, 0,<0 hold}. Then Q is a closed subset of 5 and inher-
its its topology B.
Let K=(p,4. R, G)e Q, and A(K) be
an eigenvalue of spectral problems (3)-(4). Then for any
sufficiently small £>0, there exists >0 such that if
u K-K H <9, the spectral problems (3)-(4) have exactly

Theorem 3

one eigenvalue satisfying |A(K)—A(K)| <e.
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Proof It is well known that A(K) is eigenvalue of (3)-(4) if and only if Lemma 1 holds. It is obvious that A(A(K))
is not constant with regard to 4 since 4 is isolated eigenvalue. Furthermore, for any K € Q, A(A(K)) is an entire function

of /. Hence, there exists ¢ > 0 such that A(1)#0 for 1 € { AeC:li—AK) 28}. By the well known theorem on continuity
of the roots of an equation as a function of parameters, see Ref. [17], the assertion holds.

The normalized eigenfunction U= (u1 (x), u, (x), 5, u4)T of spectral problems (3)-(4) is defined as follows:

O.0) = [ @ 00+, i, () e~ Lt L=,

1

Theorem 4 Let A(K) is an eigenvalue of operator £ with K € Q and (w1 (x), w, (%), w3,w4)T € H is a normal-

ized eigenvector for A(K). Then there exists a normalized eigenvector (v1 (x), v, (x), v3,v4)T e H for A(K) with K € Q

such that
(v, (), v, ()= (W, (x), W, (X)), Vs> W3, vy W,

as K— K both uniformly on [a,b].
Proof We know that A(K) is simple. Let (u1 (x, K), u, (x,K), u3,u4)T be a normalized eigenvector of operator L.

Then in view of inner product in the Hilbert space H, we have

b _ I |
H (y (%), 1y (), s, u,)' H = f (i, +uy1y) dx — —wsuy+ —uyi, =1
a Oy g

and A(K) is the corresponding eigenvalue. Theorem 3 means that there exists /1(1%) such that /1(12) —>AUK) as K—K.

Denote the boundary conditions matrix as follows

a, MK)+a, —(b,MK)+b,) 0 0
(M’-’N*)(K):( 0 0 cdK)e, —(dlz(K)+do))'
Then (M,,N,)K)—(M,,N,)K) as K—K. Besides, there exists (ul(x,[%),uz(x,lg),%(I%),u4(lg))Tsatisfying the
(1, (e K.t (. K.y (R, (B))

(M,, N, XK) for A(K) and = 1. Therefore, we obtain

(u, (K, u,y (x, K) = (u, (5, K), u, (x, K)), s (K)—> us (K), uy (K)— u, (K)
as K — K both uniformly on [a,b]. Let
() (5 K, 1 (x, K), uy (K, w1, (K))T
(ul (x,l%), U, (x,]%), u, (k), u, (I%))T

v, (x), v, (X), V5, v, )T =

2

(ul (x’ K)» u, (x, K)’ U, (K)7 U, (K))T
| (e, (e KO 10, (5, K, (K (K) ||

(W, (x), w, (x), Wy, w, )" = ‘

Then the desired assertion holds. The proof is completed.

3 Differentiability of Eigenvalue

In this section, we will prove that the simple eigenvalue branch is differentiable for all parameters and obtain the
differential expression for all parameter in the sense of Fréchet derivative.

Definition 1" A map 7 from an open set D of the Banach space E, into the Banach space E, is Fréchet differ-
entiable at a point x, € D if there exists a bounded linear operator d7; (s): £, — E, such that in some neighborhood of
the x, ,

| 7o +9)- T(xo)=d7; () | =o(lls ) as s—0.

Theorem 5 Let A(K) be an eigenvalue for the operator £ for K € Q and (u, (x), u, (x),u;,u, )" be a normalized ei-

genvector of A(K). Then A is Fréchet differentiable with respect to all parameters in K. Specifically, the derivative for-

mulas of 4 are given as follows:
Result 1  Fix all components of K except the boundary matrix R and let A(R)=A(K) denote the eigenvalue. Then
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it, (a)
dip (T)=(~u, (@).u,(a)) [ I-R(R+ T)‘](u (a))

for all T, where det(R+ T)=det R=0,

Result 2 Fix all components of K except the boundary matrix G and let A(G)=A(K) denote the eigenvalue. Then
i, ()
u, (b)
Result 3  Fix all components of K except p or ¢ and let A(p)=A(K) or A(qg)=A(K) denote the eigenvalue. Then

dAe(T)=(u, (b),—u, (b)) [ I- G(G+ T)" ]( ) for all T, where det(G+ T)=det G=0,.

b
di, (s)= f 2Re(u, i, )s dx, or

b
a4, ()= [ 2Re(u,it,)s dv. s € L, (a.b).
Result 4 Fix all components of K except @, and let (Q)=A(K) denote the eigenvalue. Then
b
diy(P)= | 2 PUdx, where P e M,..,(R)

such that Q + P is symmetric and every element in Q + P belong to L, (@, b).
Proof 1) Let AR+ T), (v,(x),v,(x),v;,v,)" denote the eigenvalue and corresponding normalize eigenvector. Di-

rect computation yields

MR+T)V=B(V)+QV, )
MR)U=BU + QU (10)
By (9)-(10) and integration by parts, we obtain
[/I(R + T)—A(R)]fb ViUdx=—v, (b)u, (b)+ v, (b)u, (b)+u, (a)v, (a)—u, (a)v, (a). (11)
Let
R+T=|2 7 )
b, b,

By (4), we have

AR+ T) AR 0,5, =0, @)1 @) ( o= aoby il - “'5"))(?(“)):(%<a>,—uz(a>>[—R<R+T>‘](?(“)).(12)
O0\b,by—b,b, byd,—b,d, \V1(@) vi(a)
Using the similar method, we can obtain
[A(R+T)- A(R)] U V=, b, (b)— v, (b)u, (). (13)

Combining (11)-(13), we have
’ 1 1 i, (a)
MR+T)- AR Udx— —u,v,+ —u,v, | =(— , I-RR+T)" .
[AR+T)-1( )]Ua Vadde— uvir } (~u, @)1, @) [ T-R(R+T) ](ﬁl (a))
Let T— 0, then the desired Result 1 can be obtained by Theorem 4.
2) Using the similar method, we can obtain Result 2.
3) Fix all components of K except p (the situation for ¢ is similar). For s € L, (a, b). (v, (x), v, (x),v;,v,)" denote ei-
genvalue and corresponding normalized eigenvector. Let
~ px)+s(x)  q(x)
O(x)= )
q(x)  p(x)+s(x)

By (9) and (10), we have
[Mp+5)-Ap)] f VU dx=-v, (b)u, (b)+ v, (B)u, (b)+u, (a)v, (@)~ u, (a)v, (a)— f ) V(Q-0)fdx.
By (4), we obtain [ A(p+5)— x(p)] usvs =1, (@), (@)—u, (a)v, (a).

Slmllarly,[/l(p+s) i(p)} u4v4—v (byu, (b)—v, (b)u, (b).

Hence
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u(p+s>—z<p>]f:de=szz)(f) g)(

Then the desired Result 3 can be obtained.
4) In the same way, we can obtain Result 4. The proof is completed.
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