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Abstract: In this article, the global attractors of 2D g-Navier-Stokes equations are obtained in the space of C;, and C), respectively. When

the external force fis sufficiently small, the studies indicate that the global attractor in C}, is equal to the global attractor in C,.
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0 Introduction

The Navier-Stokes equations (NSE) are important
in fluid mechanics and turbulence. In the last decades,
the research on the asymptotic properties of the solution
for NSE has attracted the attention of many scholars!”.
Especially in the past years, the NSE with nonlinear
damping and delay has been studied®'®, where the
damping comes from the resistance of the flow or the
friction effect. The delays denote some type of external
forces that can be applied to control one system, and
these forces can be regarded as the present state of the
system or its history.

In recent years, the research on 2D g-Navier-Stokes
equations (gNSE) has been paid more attention by schol-
ars. It is derived from 3D NSE by the vertical mean op-
erator in Ref. [17], and its form is as follows:

%—,uAu+(u-Vu)+Vp:f in Q, )
V.gu=0 in Q,

where g=g(x,,x,) is a suitable smooth real-valued func-
tion defined on (x,,x,)e Q and Q is the bounded domain
in R*. We study the 2D gNSE as a small perturbation of
the usual NSE, so we want to understand the NSE com-
pletely by studying the 2D gNSE systematically. There-
fore, the research on the gNSE has a theoretical basis
and practical significance.

There are many researches on g-Navier-Stokes
equations recently!**. In Ref. [18], the well-posedness
of solutions for gNSE was proved on R* for n=2,3. In
Ref. [19], Roh obtained the existence of the global at-
tractors of gNSE and proved that the semiflows were ro-
bust to g. Moreover, the existence of global solutions
and the global attractor of gNSE were proved, and the di-
mension of the global attractor was estimated in Ref.
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[20]. Also, the global attractor of gNSE with linear
dampness on R* were proved, and the estimation of di-
mensions was also obtained in Ref. [21]. We investi-
gated the existence of a pullback attractor for the 2D
non-autonomous gNSE on the bounded domains in Ref.
[22]. Quyet proved the existence of a pullback attractor
in V, for the process in Ref. [23]. Recently, we have dis-
cussed the uniform attractor and pullback attractor of
eNSE with damping and time delay in Refs. [24-26],
and obtained the uniform attractor and pullback attractor
using the method of the energy equation and the pull-
back condition, respectively.

It is well-known that the research of global attrac-
tors is an important problem in infinite-dimensional dy-
namical systems (IDDS). In addition, the dimension is a
very important property of the global attractor. However,
as far as we know, the global attractor of 2D autono-
mous gNSE with damping and delay has been studied
rarely. Therefore, in this article, we research global at-
tractor of the 2D autonomous gNSE, which has nonlin-
ear damping and time delay on some bounded domain
Q cR? and its usual form is as follows:

% —vAu+@ - Vu)+cluf 'u+Vp=£f(x, )+ ht,u,)
in  Q x(0, ),

V.gu=0 in Q x(0,00), @)

u(x,1)=0 on 0Q,

u(x,0)=u,(x) in Q,

where p(x,f)e R denotes the pressure and u(x, )e R* as
the velocity, v>0 and c|uf"'u are nonlinear dampings,
f=1 and ¢>0 are constants, 0<m,<g=g(x,,x,)<M,,
where g=g(x,,x,) is a real-valued smooth function. f=
f(x,1) is the external force, 2= A(t,u,) is another external
force term with time delay, u, is the function which can
be defined by u,(@)=u(t+6). VO e(-r,0),r>0 is a con-
stant.

Definition 1* Let C, =C°([-h,0LH,), C, =
C'([-h,0L V), kR x Cy —(L*(Q))’ satisfies the follow-
ing assumptions:

(@) A(0)=0;

(I) there exists L,>0, such that V&n e Cyy, [A()-
Hapl <L JE=1lle,

(IIT) there exists C, >0, such that V¢ €[0, T],u,v e C
(-r.T;H,),

[ e r= v yds< € uto)- v ds.
Definition 2" Let u,e H,, fe L*(z,T;V,), h:Rx

Cy,— (L* (Q))* satisfies (I)-(IIT).

Foranyre Rue L*(t,T; V)N L*(t,T; V)N L'*!
(¢, T; L7 (r, T; L' (Q)), VT>17 is called a weak solution
of (2) if it fulfills

% u(t)+vA u(t)+ Bu(t))+ clul’ ' u+ vR(u(t))

=f(x.t)+h(t,u,) on D'(z,+0; V), u(z)=u,
Theorem 1°° Let g=1, feL’(¢T;V,), hRx
Cy,—(L*(Q))* satisfies (I)-(III), then for every u. €V,
equation (2) has the only weak solution u(?)=u(t; 7, u, )<
LT, V)NL (. T V )NL (o, T; L' (Q)), and u(f)
continuously depends on the initial value in V..
The main results of this article are as follows:
Lemma 1 For any ¢ e H,, fe(L*(Q)’, let h:
Cy,—(L*(Q))* and satisfy (I) - (IlI), then S.={¢ e Cy:

Iplle, < k= AT_VL } is positive invariant set of S(),
g

where 7 is a constant and 7> 1.
Lemma 2  For any ¢ < H,, fe(L*(Q)’, let h:
Cy,—>(L*(Q)* and satisty (I) - (III), then S={pe C,:

lglle, <k= ] mL }is a global absorbed set of S(¢) in C), .
-L, .
Lemma 3  For any ¢<cH,, fe(L*(Q), let h:

2

C,, —(L*(Q)) and satisfy (I) - (II), and Ve[’ < %,

then I'={¢ € C,:[|¢|l, <p} is a global absorbed set of
S(#)in C,, where p is a given constant.

Theorem 2  For any ¢ € H,.fe(L*(Q)), let h:
Cy, —>(L*(Q))* and satisfy (I)-(I1I), then equation (2) pos-
sesses a global attractor 4, in C,;, which is compact and
connected in Cy,, and it attracts any bounded set in C), .
Let fe H,,
corresponding to equation (2) has a global attractor 4, in

Theorem 3 then the semigroup S(¢)
C, satisfying
1) 4, is compact in C, ;
2)SHA,=A;
3) For any bounded subset B, of C,,
}Lrg dist, (s()B,.4,)= }Lrg gug dist, (S()&A4,)=0.

Lemma 4 Let fe H, and f be sufficiently small,
B is bounded subset in H,. Let u(f)=S(t)u, be a corre-
sponding solution to equation (2), u, € B, then there ex-
ist ¢, and constant M >0, such that [|u(?)]|=]S(®)u,l <
M,Yu,e BCH,Vtz1,

Theorem 4  Let f€ H, and fbe sufficiently small,
then 4,=4,, where 4, and A4, denote global attractors in
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Cy, and C,, respectively.

This article is organized as follows. In Section 1,
we give some results on the classical theory of the
global attractor. In Section 2, we obtain the global attrac-
tor of 2D gNSE with damping and time delay. In Section
3, we give some relevant conclusions.

1 Preliminaries

We define L*(g)=(L*(Q)) and H, (g)=(H. @),
the inner product of L*(g) is (u,v)= f u-vgdx and inner

Q

2
product of H,(g) is ((u,v))= f Vu, - Vv,gdx, corre-
1

QJ=
sponding norm is |-|=(,-)" and ||-||=((,)"* respec-
tively.

Let M={ve(D(Q))*V-gv=0 in Q} and D(Q)
is the space of C” functions that have compact support
contained in QcR® H, is the closure of M in L*(g)
which is endowed with the inner product and norm of
L*(g), V, is the closure of M in H (g) endowed with the
inner product and norm of H, (g).

Let 4,>0, we have

[#oars | [Vorear voem@. @
then ) ’
uf < /,{Ll||u||2, Vuel, %
The g-Laplacian operator is defined as follows:

g

The first formula in (2) can be expressed as follows:

% —vAgu+v% NVu+u, Vu+clul ' u+Vp=f+ht,u,). (5)

The g-orthogonal projection is defined by P,:
L*(g)— H, and g-Stokes operator is defined by A,u=

—Pg(é (V-(gVu))). Applying the projection P, to (2), for
Vv eV, V>0, we obtain
% (u, V) +v((u, v))+ b, (u, u, v)+ c(ul’™'u, v)+ v(Ru, v)
= (fov) + (htu,).v), (6)
u(0)=u,, (7
2 ov;
where b:V xV xV,—»Rand b, (u, v, w)= Efu,- afx’w,gd)@

ij=1
Ru =Pg[é (Vg-Vul, VueV, We define G(u)=P, F(u)

and F(u)=cluf’"'u, then the formulations (6) and (7) are
equivalent to the following equations

%+vAgu+Bu+G(u)+vRu=f+h, (8)
u(0)=u,, ©)
where 4.V, —V,, for Yu,veV, we have <Agu, v> =
((w,v)). Bu)=B(u,u)=P,(u-V)u is a bilinear operator,
and B:V,x V,— V,/with <B(u, V), w> =b,(u,v,w), Vu,v,w
el,
Foranyu,veD(4, ), we have |B(u, v)|<Clu|"*|4 ,u|"*||]}
where C denotes positive constant. From Refs. [10,17,
19, 27], we have the following inequality:

4,91
9], < Clll(1 +In~ IT(pllz)l/z’ VpeD(4,). (10)
1
|B(uv V)| < |(” : V)V| < |u|L‘(Q)|VV|’ (1 1)
A ul
B < Alla +1n 2y 1)
A
V o0
1B < lullul [Ral; < Sl vuev,.(3)
my4,

Definition 3*® Let M be a complete metric space,
a parameter family S(¢),#>0 of maps S(t).M —> M,t>0 is
called C° semigroup if

1) S(0) is the identity map on M,

2) S(t+5)=S#)S(s) for all t,s =0,

3) the function S(f)x is continuous at each point
(t,x)€[0,0)x M.

Definition 4** Let S(¢),>0 be a C° semigroup in
a complete metric space M.

A subset B, of M is called an absorbing set in M, if
for any bounded subset B of M, there exists some ¢, =0,
such that S(#)Bc B,, forall t>1¢,.

Definition 5% Let S(¢),=0 be a C° semigroup in
a complete metric space M.

A subset 4 of M is called a global attractor for the
semigroup if 4 is compact and enjoys the following
properties:

1) A is an invariant set, i.e., S(t)4 =4 for any t=0;

2) A attracts all bounded sets of M. That is, for any
bounded subset B of M, t— «,d(S(¢)B,A)— 0, where
d(B, A) is the semidistance of two sets B and 4 : d(B,4)=
sup inAf d(x,y).

xeB VE

Theorem 5°* If S(¢) is dissipative and B is a com-
pact absorbing set, then there exists a global attractor 4 =

w(B)=JS@®)B.

t=0

2 Proofs of the Main Results

In this section, we will obtain the global attractors
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of 2D gNSE in C;, and C,, respectively.
Proof of Lemma 1

du +vA u+Bu)+ G(u)+vRu=f+h(t,u,)

Taking the inner product of

dt
with u, we have
é d(|1t| +v||ul]* + (Bu, u) +(G(u), u)+ v(Ru, u)
=(fu)+(h(t u,),u),
that is
2
dliu\ +2(G(w), )=2(f, u)—2v(Ru, u)—2v|[u|+ 2(h(u, u, ), u).
Since 2(G(u), u)=2c|ul’"'|uf =2clul}1} > 0(f = 1,¢>0),
L <2+ 291Ru 2]l + 20,
<2w«qﬂ+vxauJD—ZWh4F+2v' A
Vgl
<2l G+ e =207, (= S,
0
Let A=vi, (1—| ‘Vg|m) then
dluf .
d 2 <2+ e, ).
For any #>0, by the Growall inequality, we obtain
P <12, e +2 [ e Ju(s§O+ (s, ds
0
A ‘ Llullc,
<l e 2 e (- Mgy
e 0 A A

For V¢>0, in the following we will prove [jul|., <7k
when |||, <7k.

We do this by contradiction. Suppose there exists
t,>0, such that |u(z,, x)| = k. When < ¢,, we have |u(z, x) <
7k, that is, for any 0 <z<t,, we have |u(z, x) < 7k.

It can be obtained from the above formula that for
any ¢= 0, we deduce

e xf < ke 427 [ e 4 Mg,
L.k
Let k= I isk=—"—+ m Then
i-L, p
L.k L
|u(z, x)|2<12k(i + ﬂ)e ]ﬂ 2 f e ds
A 0
e _
2k( g U{[) Z/J ( Ifl‘)Qﬂ, —2/1[, /1 1
L k 7. il }
_ 2 g VN2, g VlNg Ao
=7°k( f +/1)e +rk( i +/1)(1 e )
<1:(r—1)km I//j =k’

This is a contradiction, so S, is a positive invariant
set.

Proof of Lemma 2 For any ¢ € C,,, there exists

721, such that ¢ € .. From Lemma 1, we have |u(Z, x) <

k, so there exists o> 0, such that lim sup |u| =
1— 0
For arbitrarily small &> 0, there exists #,>0, such
that [u| <(o+¢),t=1,.
For >0, for the above ¢ and k, we have 7>0 and

ere o2 | e + Maose.
T

/1

Hence, as t=T+1,,
. =T t L If[
2 2 a2k —2)(t—s) g Ul
uP<lglz, e +20 [ [ e N e, + s
! L
<e+2Mo+e) f e (*gH””cH,“‘ %)ds
Iy

<6+(O’+6)[ L, (0'+8)+ =

Let £— 0, then Jf[ ) therefore o<k=

- i
i-L, i-L,

absorbed set of the semigroup S(¢) in C), .

that is, limsup |u|<k= so S is the global

Proof of Lemma 3  Taking the inner product of

(8) with 4,u,
1 d ||u||2+v|A ul + b(u, u, A ,u)+(G(u), A ,u)+ v(Ru, A ,u)

—(fA u)+(h(t,u,), A,u).

C
Pl
\4

w\m

Since |b(u,u, A, u)<c, |u| llul|[|A ul< —|A uf +

<Y
4
27ct
4
o8
(G(u), A ) < cluf™'ull4 ul< c(% + §|Agu|2 ).
((fAu)+ (s u, ), A u) < |4 ul(f]+ A u,))

V 4
< g+ (fF+ Lillulz, ).

where ¢| =

V(Ru, A )| < vIRu| - |4 u| < 1|Agu|2 +2v|Rul

v Vel
< §|Agu|z+2v mery |l .
Then
d 2 2
a||u|| +2v|4 ,ul

<-2b(u,u, A u)—Z(G(u) A u)=2v(Ru, A u)+2(h(t,u, ), A, u)

v c|u| cv v
S+ 2+ B g )
4vVgl.
U P A+ »
cv clu*  2c;
SO+ S uf + 2v + 1|u|2||M||4
4VIVgI

°°|| P+

Ly, />

we have
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Clul 4VIVgI

d o0
EHMHZHI(V— SPlluff < [ual

2c|
+ 5 lufulf + (Jf[“rL [z, )- (14)

For any ¢ € C s from Lemma 1, there exists 7> 0,

such that ¢ € S, that is, for any ¢=0, we have |u|<7k.
From (8) and |4,uf’ <A4,[|u|f,

d " cv
S s
#2al(f+ i )
V ®© m
<21 = T E Y+ Y+
o Vel chyn
<-2v(1 A2 4 Nl + 9,

where 6= % (th)? + 22k (|f] + L k).

2
lmO let _1 |Vg|oc

For any n>1, as |Vg|’ < ,let m=1- -
4 moA,

<=2vm||u|}} + 6.

ch,,
4°

Multiply the above equatlon inttot+ht=t,+h),
then we have

t+h t+h
| %Ws—zvmf ul[*ds +Sh,

t+h
2vm [ lulf ds <[uf + o,

t+h 2
$0 f || ds < |u|2:m§h 2]\€/m + 2?}}1 . From (14) we
ch, 4|Vgl: clu 2c
0bta1n—|\u||2+ (1—7— | g' MulP<s—— ' ' llul [l
2
Ci' 4|Vg| >0, that is

+*GﬂZ+L§||uHi,,), as -
v g 2 ;
2

Vg2 < /11:10, where 1,=1, -

mula we obtain
c|u| 2c
|| I[F< = (JfF+L§||u||§,,g)-

Accordmg to the umform Gronwall lemma, we have

From the above for-

2

5 lublulf+

||u||2<(% +a2)exp(a] ), Vit +T+h,

' 25
where a,= 26;‘ ka,, a (J]‘[Z Lk )+ ch(rk) a,=
% 2v
k* N oh
2vm  2vim’

Fixed 4, then B=B(0,p) is absorbed set in V. If B,
is any bounded set in B, then V¢>t,+T7+h, we obtain
S({t)B,c B.

Proof of Theorem 2 From Lemmas 1-3, we have
a bounded absorbing set of (2) in C,, and embedded

C,—>Cy is compact. From the classical existence theo-

rem of attractors, a global attractor of the equation (2) is
proved in Cj,.

The proof of Theorem 3 is similar to that of Theo-
rem 2. Here we omit the detailed proof.

Proof of Lemma 4  Using u, to take inner product

with % + VA u+Bu+G(u)+vRu=f+h(t,u,), we have

(%,u,)+v(Agu,u,)+(Bu,u,)+(G(u),ut)+v(Ru’ u,)
=(fiu)+(ht,u,)u,).
Then [u,['+ ——|Vu|2+(Bu u)+(G@), u, )+ v(Ru,u,)
=(fu)+(ht,u, ) u) So

2, v dige, ¢ duf
Py gV pr1 di

<ICE )N+ VIR, w, )|+ (Bus u, )] + (At u, ), w,)|

< luf+iP+
V\Vgl

1
ZIM,I2+CIMIIIMHZIAgu|

— = e+ IutIZ+L§||u(f)||2c,,,

0

where c is any constant. Therefore

1 d ¢ duf!
' f+ o gVl + Bl dr
vV "
<P+ el + 2 L= g' () + Lo,
Thus
L1 v|Vg|m)| o v g, it
22 i Zdt p+1  dt

v[Vgl,
<|fP + clulljulP|4 ul + o ([l + LE[ue, -
, :

Since ¢>0,5=1, as |Vgl, is sufficiently small, we

make y:% Wvel. >0, that is |Vg]., <2— we get
0
VuP < 214 V| g|w) 242
2dz| uf’ < [fF + clull|ulP14 ul + ([l + Lellu@c,,
v|Vgl 4,
<P +(§ + B el + L, . (15)

where Hu||2</11|Agu|2,u € D(A4,). Using A,u to take inner

product with % +vA u+Bu+ G(u)+vRu=f+h(t,u,),

we obtain l—||u||2+v|A ul + b(u, u, A ,u) +(G(u), A u)+
(G(u), A u)<

v
c f|u|/H |ua]|A juldx < cluf~ul|A ju| < §|Agu|2 +clul”.

V(Ru, A u)=(f, A,u)+(h(t,u,),A,u). Since
Therefore

d

aHqu +2v|A uf

=2(f,A,u)—2b(u, u, A ,u)—2(G(u), A ,u)— 2v(Ru, A ,u)
+2(h(t,u, ), A u)
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2 v
< ;Iﬂz+ le IA uf’ + IHIZHMII4 IAgul2

2v| glw
+2cluf’ + Ml ul + glAgulz+ ;L§||u(t)||i-,,“
. \

2 %
7]]{[2 + 7|Ag
| 2V,
m(

Tv 2c
P+ A f + 2+ = fuf

2
Al + — Lillu@c, -

_ 2vA?|vg| 2 2¢

So-S P +v( VA uf < S+ S

0
2
el + 2€fu” + - Lillu(@), » then

1 2vi*|Vgl., )
g - Ay
2

< =P+

, 2—;p02p14+2cp02”+%L§k2.

Integrating both sides of [#, #+ 1], when Vg, is suffi-
1 2vA?|Vgl,
—

ciently small, let m=
m,

>0, that is |Vg|, <

we have

11/2’
2 (! 2¢ 2
mjt |4 uf ds< ;f, [/ ds+ 7p02p14+2cp02ﬂ+ ;Lz,kz

2

2c 2
= ;W+ 7p02p14+2cp02/'+ ;L;kz.

Then
t+1 2
f |Agu|2 ds< 7( Iﬂz 7/)0 p 2+ = szz)

2
ZS* iy g
From (15), we have dt|Vu| Vf2+v(4+

V\Vgl Ay

WLy g b+ L epipte 2 Lk

Integrating both sides of [£,z+ 1], [Vu(t+ D < %W+

i(j V|Vg| 2 )f A ufds+ = cpop,+%L;k2<2m2+
2(% + V'Zﬂz’l L2 S —p0p1+2cpgﬁ+ 2L2k2)+
2epipt + ‘2) L>k*. Taking a constant M =2|ff + 2(% +
v\v2g|0,1 1 (2W+ L Papi2epit 2 L Lk )+ 2epipi+

2

C L3R, then [V + 1P <M.

Proof of Theorem 4 Obviously 4,c4,, V¢ e A4,,
from Theorem 3, for any ¢,=n, we have {b,}c A, and
Snyb,=¢ Vt,>0, since b, € A,=S(t, )4, so {c,}A,,
we have S(#,)c,=b,. As 4, is compact in C,,, by Lemma
4 and f is sufficiently small, we obtain that {S(z,)c,=
b,[t,>t,} is a bounded subset in C,, therefore &=

lim S(n)b, € A,. For £ is arbitrary, we have 4, c 4, then

n—»o©

A,=4,

3 Conclusion

In this article, we study how to control the nonlin-
ear dampness cluf’"'u and time delay A(z,u,) to obtain the
global attractor of the 2D gNSE on a bounded domain.
We find that the global absorbing sets exist in C;;, when
moi 172

Vgl..> 2

C, .
1+ ﬁ), and exist in C, when 0<[Vg|, <
1

12
mol (v—C,). We obtain the global attractor by the

compact embedding method and find that the attractor
has an asymptotic smoothing effect. The conclusions of
this paper will further promote the research of NSE. It is
necessary to study gNSE systematically. In the future,
we may consider the global attractor 2D gNSE with
damping and delay on the unbounded domain.
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