
2025, Vol.30 No.3, 269-275

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The Global Attractor of 2D g-Navier-
Stokes Equations with Damping and 
Delay

□□  WANG Xiaoxia, JIANG Jinping, ZHANG Fukun
College of Mathematics and Computer Science, Yan′an University, Yan′an 716000, Shaanxi, China

Abstract: In this article, the global attractors of 2D g-Navier-Stokes equations are obtained in the space of CHg
 and CVg

 respectively. When 

the external force f is sufficiently small, the studies indicate that the global attractor in CHg
 is equal to the global attractor in CVg

.
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0　Introduction

The Navier-Stokes equations (NSE) are important 

in fluid mechanics and turbulence. In the last decades, 

the research on the asymptotic properties of the solution 

for NSE has attracted the attention of many scholars[1-7]. 

Especially in the past years, the NSE with nonlinear 

damping and delay has been studied[8-16], where the 

damping comes from the resistance of the flow or the 

friction effect. The delays denote some type of external 

forces that can be applied to control one system, and 

these forces can be regarded as the present state of the 

system or its history.

In recent years, the research on 2D g-Navier-Stokes 

equations (gNSE) has been paid more attention by schol‐

ars. It is derived from 3D NSE by the vertical mean op‐

erator in Ref. [17], and its form is as follows:

ì
í
î

ïï

ïïïï

¶u
¶t

- μDu + (u × Ñu)+Ñp = f in Ω 

Ñ × gu = 0 in Ω 
(1)

where g = g(x1x2 ) is a suitable smooth real-valued func‐

tion defined on (x1x2 )ÎΩ and Ω is the bounded domain 

in 2. We study the 2D gNSE as a small perturbation of 

the usual NSE, so we want to understand the NSE com‐

pletely by studying the 2D gNSE systematically. There‐

fore, the research on the gNSE has a theoretical basis 

and practical significance.

There are many researches on g-Navier-Stokes 

equations recently[18-26]. In Ref. [18], the well-posedness 

of solutions for gNSE was proved on 2 for n = 23. In 

Ref. [19], Roh obtained the existence of the global at‐

tractors of gNSE and proved that the semiflows were ro‐

bust to g. Moreover, the existence of global solutions 

and the global attractor of gNSE were proved, and the di‐
mension of the global attractor was estimated in Ref. 
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[20]. Also, the global attractor of gNSE with linear 

dampness on 2 were proved, and the estimation of di‐
mensions was also obtained in Ref. [21]. We investi‐
gated the existence of a pullback attractor for the 2D 
non-autonomous gNSE on the bounded domains in Ref. 
[22]. Quyet proved the existence of a pullback attractor 
in Vg for the process in Ref. [23]. Recently, we have dis‐
cussed the uniform attractor and pullback attractor of 
gNSE with damping and time delay in Refs. [24-26], 
and obtained the uniform attractor and pullback attractor 
using the method of the energy equation and the pull‐
back condition, respectively.

It is well-known that the research of global attrac‐
tors is an important problem in infinite-dimensional dy‐
namical systems (IDDS). In addition, the dimension is a 
very important property of the global attractor. However, 
as far as we know, the global attractor of 2D autono‐
mous gNSE with damping and delay has been studied 
rarely. Therefore, in this article, we research global at‐
tractor of the 2D autonomous gNSE, which has nonlin‐
ear damping and time delay on some bounded domain 
ΩÌ2, and its usual form is as follows:
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¶u
¶t

- νDu + (u × Ñu)+ c|u|β - 1u +Ñp = f (xt)+ h(tut )

                 in Ω ´(0¥)
Ñ × gu = 0 in Ω ´(0¥)
u(xt)= 0 on ¶Ω 
u(x0)= u0 (x) in Ω 

(2)

where p(xt)Î denotes the pressure and u(xt)Î2 as 

the velocity, ν > 0 and c|u|β - 1u are nonlinear dampings, 

β ≥ 1 and c > 0 are constants, 0 <m0 ≤ g = g(x1x2 )≤M0, 

where g = g(x1x2 ) is a real-valued smooth function. f =
f (xt) is the external force, h = h(tut ) is another external 

force term with time delay, ut is the function which can 
be defined by ut (θ)=u(t+θ). "θÎ(-r0)r>0 is a con‐

stant.
Definition 1[26]   Let CHg

=C 0 ([-h0]; Hg ), CVg
=

C 0 ([-h0]; Vg ), h: ´CHg
®(L2 (Ω))2 satisfies the follow‐

ing assumptions:
(I) h(0)= 0;

(II) there exists Lg > 0, such that "ξηÎCHg
|h(ξ)-

h(η)|≤ Lg||ξ - η||CHg

;

(III) there exists Cg > 0, such that "tÎ[0T]uvÎC

(-rT; Hg ),

∫
0

t

|h(us )- h(vs )|ds ≤Cg∫
-r

t

|u(s)- v(s)|2 ds.

Definition 2[26] Let u0ÎHg fÎ L2 (τT; V 'g ), h: ´

CHg
®(L2 (Ω))2 satisfies (I)-(III).

For any τÎu Î L¥ (τT ; Vg )Ç L2 (τT ; Vg )Ç Lβ + 1

(τT; Lβ + 1 (τT; Lβ + 1 (Ω)), "T > τ is called a weak solution 

of (2) if it fulfills
d
dt

u(t)+ νAgu(t)+B(u(t))+ c|u|β - 1u + νR(u(t))

= f (xt)+ h(tut )  on D'(τ+¥ ; V 'g )， u(τ)= u0.

Theorem 1[26] Let β ≥ 1 fÎ L2 (τT; V 'g ), h: ´
CHg

®(L2 (Ω))2 satisfies (I) - (III), then for every uτÎVg, 

equation (2) has the only weak solution u(t)= u(t ; τuτ )Î
L¥ (τT; Vg )Ç L2 (τT; Vg )Ç Lβ + 1 (τT; Lβ + 1 (Ω)), and u(t) 

continuously depends on the initial value in Vg.
The main results of this article are as follows:
Lemma 1  For any ϕÎHg fÎ(L2 (Ω))2, let h:

CHg
®(L2 (Ω))2 and satisfy (I) - (III), then Sτ ={ϕÎCHg

:

||ϕ||CHg

≤ τk = τ|f|
λ - Lg

} is positive invariant set of S(t), 

where τ is a constant and τ > 1.
Lemma 2  For any ϕÎHg fÎ(L2 (Ω))2, let h:

CHg
®(L2 (Ω))2 and satisfy (I) - (III), then S ={ϕÎCHg

:

||ϕ||CHg

≤ k =
|f|

λ - Lg

} is a global absorbed set of S(t) in CHg
.

Lemma 3  For any ϕÎHg fÎ(L2 (Ω))2, let h:

CHg
®(L2 (Ω))2 and satisfy (I) - (III), and |Ñg|2

¥ <
λ1m2

0

4
, 

then Γ ={ϕÎCVg
:||ϕ||CVg

≤ ρ} is a global absorbed set of 

S(t) in CVg
, where ρ is a given constant.

Theorem 2  For any ϕÎHgfÎ(L2 (Ω))2, let h:

CHg
®(L2 (Ω))2 and satisfy (I)-(III), then equation (2) pos‐

sesses a global attractor A0 in CHg
, which is compact and 

connected in CHg
, and it attracts any bounded set in CHg

.

Theorem 3  Let fÎHg, then the semigroup S(t) 

corresponding to equation (2) has a global attractor A1 in 
CVg

 satisfying

1) A1 is compact in CVg
;

2) S(t)A1 =A1;

3) For any bounded subset B1 of CVg
,

lim
t®¥

distVg
(s(t)B1A1 )= lim

t®¥
sup
ξ®B1

distVg
(S(t)ξA1 )= 0.

Lemma 4  Let fÎHg and f be sufficiently small, 

B is bounded subset in Hg. Let u(t)= S(t)u0 be a corre‐

sponding solution to equation (2), u0ÎB, then there ex‐
ist t0 and constant M > 0, such that ||u(t)|| = ||S(t)u0|| ≤
M"u0ÎBÌHg"t ≥ t0.

Theorem 4  Let fÎHg and f be sufficiently small, 

then A0 =A1, where A0 and A1 denote global attractors in 
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CHg
 and CVg

, respectively.

This article is organized as follows. In Section 1, 
we give some results on the classical theory of the 
global attractor. In Section 2, we obtain the global attrac‐
tor of 2D gNSE with damping and time delay. In Section 
3, we give some relevant conclusions.

1　Preliminaries

We define L2 (g)= (L2 (Ω))2 and H 1
0 (g)= (H 1

0 (Ω))2, 

the inner product of L2 (g) is (uv)= ∫
Ω

u × vgdx and inner 

product of H 1
0 (g) is ((uv))= ∫

Ω

∑
j = 1

2

Ñuj × Ñvj gdx, corre‐

sponding norm is | × | = (××)1/2 and || × || = ((××))1/2 respec‐

tively.
Let M ={vÎ(D(Ω))2:Ñ × gv = 0 in Ω} and D(Ω) 

is the space of C¥ functions that have compact support 
contained in ΩÌ2. Hg is the closure of M in L 2 (g) 

which is endowed with the inner product and norm of 
L 2 (g), Vg is the closure of M in H 1

0 (g) endowed with the 

inner product and norm of H 1
0 (g).

Let λ1 > 0, we have∫
Ω

ϕ2 gdx ≤ 1
λ1
∫
Ω

|Ñϕ|2 gdx "ϕÎH 1
0 (Ω), (3)

then

|u|2 ≤ 1
λ1

||u||2 "uÎVg. (4)

The g-Laplacian operator is defined as follows:

-Dgu =-
(Ñ × gÑ)u

g
=-Du -

1
g
Ñg × Ñu.

The first formula in (2) can be expressed as follows:
¶u
¶t

-νDgu+ν
Ñg
g

×Ñu+(uÑ)u+c|u|β-1u+Ñp=f+h(tut ). (5)

The g-orthogonal projection is defined by Pg:
L2 (g)®Hg and g-Stokes operator is defined by Agu =

-Pg (
1
g

(Ñ ×(gÑu))). Applying the projection Pg to (2), for 

"vÎVg"t > 0, we obtain
d
dt

(uv)+ ν((uv))+ bg (uuv)+ c(|u|β - 1uv)+ ν(Ruv)

= fv + h(tut )v  (6)

u(0)= u0 (7)

where bg:Vg´Vg´Vg® and bg (uvw)=∑
ij=1

2 ∫ui

¶vj

¶x
wj gdx, 

Ru =Pg [
1
g

(Ñg × Ñ)u], "uÎVg. We define G(u)=Pg F(u) 

and F(u)= c|u|β - 1u, then the formulations (6) and (7) are 

equivalent to the following equations

du
dt

+ νAgu +Bu +G(u)+ νRu = f + h (8)

u(0)= u0, (9)

where Ag:Vg®V 'g, for "uvÎVg, we have Aguv =

((uv)). B(u)=B(uu)=Pg (u × Ñ)u is a bilinear operator, 

and B:Vg ´ Vg ® V 'g with B(uv)w = bg (uvw)"uvw

ÎVg.
For any uvÎD(Ag ) , we have |B(uv)|≤C|u|1/2|Agu|1/2||v||, 

where C denotes positive constant. From Refs. [10, 17,
19, 27], we have the following inequality:

|φ|L¥ (Ω)2 ≤C||φ||(1 + ln
|Agφ|2

λ1||φ||2
)1/2 "φÎD(Ag ) (10)

|B(uv)|≤ |(u × Ñ)v| ≤ |u|L¥ (Ω)|Ñv| (11)

|B(uv)|≤C||u||||v||(1 + ln
|Agu|2

λ1||u||2
)1/2 (12)

||B(u)||V 'g ≤ c|u|||u|| ||Ru||V 'g ≤ |Ñg|¥
m0λ

1/2
1

||u|| "uÎVg .(13)

Definition 3[28]  Let M be a complete metric space, 
a parameter family S(t)t ≥ 0 of maps S(t):M®Mt ≥ 0 is 

called C 0 semigroup if
1) S(0) is the identity map on M,

2) S(t + s)= S(t)S(s) for all ts ≥ 0,

3) the function S(t)x is continuous at each point 

(tx)Î[0¥)´M.

Definition 4[28]  Let S(t)t ≥ 0 be a C 0 semigroup in 

a complete metric space M.
A subset B0 of M is called an absorbing set in M, if 

for any bounded subset B of M, there exists some t1 ≥ 0, 
such that S(t)BÌB0, for all t ≥ t1.

Definition 5[28]  Let S(t)t ≥ 0 be a C 0 semigroup in 

a complete metric space M.
A subset A of M is called a global attractor for the 

semigroup if A is compact and enjoys the following 
properties:

1) A is an invariant set, i.e., S(t)A =A for any t ≥ 0;

2) A attracts all bounded sets of M. That is, for any 
bounded subset B of M, t®¥d(S(t)BA)® 0where 

d(BA) is the semidistance of two sets B and A : d(BA)=
sup
xÎB

inf
yÎA

d(xy).

Theorem 5[28]  If S(t) is dissipative and B is a com‐

pact absorbing set, then there exists a global attractor A =
ω(B)= ∪

t ≥ 0

S(t)B.

2　Proofs of the Main Results

In this section, we will obtain the global attractors 
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of 2D gNSE in CHg
 and CVg

 respectively.

Proof of Lemma 1  Taking the inner product of
du
dt

+ νAgu +B(u)+G(u)+ νRu = f + h(tut )

with u, we have
1
2

d|u|2

dt
+ ν||u||2 + (Buu)+ (G(u)u)+ ν(Ruu)

= ( fu)+ (h(tut )u),

that is
d|u|2

dt
+2(G(u)u)=2( fu)-2ν(Ruu)-2ν||u||2+2(h(uut )u) .

Since 2(G(u)u)=2c|u|β- 1|u|2= 2c|u|β+ 1
β+ 1> 0(β≥ 1c> 0),

d|u|2

dt
≤ 2|f| × |u| + 2ν|Ru| × |u| - 2ν||u||2 + 2|h(tut )| × |u|

≤ 2|u| ×(|f| + |h(tut )|)- 2ν||u||2 + 2ν
|Ñg|¥
m0λ

1/2
1

||u||2

≤ 2|u| ×(|f| + |h(tut )|)- 2νλ1 (1 - |
|Ñg|¥
m0λ

1/2
1

)|u|2.

Let λ = νλ1 (1 - |
|Ñg|¥
m0λ

1/2
1

), then 

d|u|2

dt
+ 2λ|u|2 ≤ 2|u|(|f| + |h(tut )|).

For any t ≥ 0, by the Growall inequality, we obtain 

|u|2 ≤ ||ϕ||2
CHg

e-2λt + 2 ∫
0

t

e-2λ(t - s) [|u(s)|(|f| + |h(sus )|]ds

≤ ||ϕ||2
CHg

e-2λt + 2λ ∫
0

t

e-2λ(t - s) [
Lg||us||CHg

λ
+

|f|
λ

]|u(s)|ds.

For "t ≥ 0, in the following we will prove ||u||CHg

< τk 

when ||ϕ||CHg

< τk.

We do this by contradiction. Suppose there exists 
t1 > 0, such that |u(t1x)| = τk. When t < t1, we have |u(tx)| <
τk, that is, for any 0 ≤ t ≤ t1, we have |u(tx)|≤ τk.

It can be obtained from the above formula that for 
any t ≥ 0, we deduce

|u(t1x)|2 ≤ τ 2k 2e-2λt1 + 2λ ∫
0

t1

e-2λ(t1 - s) τk(
Lgτk
λ

+
|f|
λ

)ds.

Let k =
|f|

λ - Lg

, there is k =
Lgk
λ

+
|f|
λ

. Then

|u(tx)|2≤τ 2k(
Lgk
λ

+
|f|
λ

)e-2λt1+τk(
τkLg

λ
+

|f|
λ

)2λe-2λt1∫
0

t1

e2λs ds

          ≤ τ 2k(
Lgk
λ

+
|f|
λ

)e-2λt1 + τk(
τkLg

λ
+

|f|
λ

)2λe-2λt1
e2λt1 - 1

2λ

  = τ 2k(
Lgk
λ

+
|f|
λ

)e-2λt1 + τk(
τkLg

λ
+

|f|
λ

)(1 - e-2λt1 )

   ≤ τ(τ - 1)k
|f|
λ
+ τk(

τkLg

λ
+

|f|
λ

)= τ 2k 2.

This is a contradiction, so Sτ is a positive invariant 
set.

Proof of Lemma 2  For any ϕÎCHg
, there exists 

τ ≥ 1, such that ϕÎ Sτ. From Lemma 1, we have |u(tx)|≤
τk, so there exists σ > 0, such that lim

t®¥
sup |u| = σ.

For arbitrarily small ε > 0, there exists t2 ≥ 0, such 
that |u| ≤(σ + ε)t ≥ t2.

For λ > 0, for the above ε and k, we have T > 0 and 

τ 2k 2e-2λT + 2λ ∫
T

¥

e-2λs τk(
Lgτk
λ

+
|f|
λ

)ds ≤ ε.
Hence, as t ≥ T + t2,

|u|2≤ ||ϕ||2
CHg

e-2λt+2λ{∫
0

t-T

+ ∫
t-T

t

}e-2λ(t-s)|u(s)|(
Lg

λ
||u||CHg

+
|f|
λ

)ds 

     ≤ ε + 2λ(σ + ε) ∫
t - T

t

e-2λ(t - s) (
Lg

λ
||u||CHg

+
|f|
λ

)ds

     ≤ ε + (σ + ε)[
Lg

λ
(σ + ε)+

|f|
λ

].

Let ε® 0, then σ 2 = σ(
σLg

λ
+

|f|
λ

), therefore σ ≤ k =

|f|
λ - Lg

, that is, lim
t®¥

sup |u| ≤ k =
|f|

λ - Lg

, so S is the global 

absorbed set of the semigroup S(t) in CHg
.

Proof of Lemma 3  Taking the inner product of 
(8) with Agu, 
1
2

d
dt

||u||2 + ν|Agu|2 + b(uuAgu)+ (G(u)Agu)+ ν(RuAgu) 

= ( fAgu)+ (h(tut )Agu).

Since |b(uuAgu)|≤ c1|u|
1
2 ||u|||Agu|

2
3≤ ν

4
|Agu|2 +

c'1
ν3

|u|2||u||4 

where c'1 =
27c4

1

4
,

|(G(u)Agu)|≤ c|u|β - 1|u||Agu|≤ c(
|u|2β

2ν
+
ν
2

|Agu|2 ).

|( fAgu)+ (h(tut )Agu)|≤ |Agu|(|f| + |h(tut )|)

≤ ν
8

|Agu|2 +
4
ν

(|f|2 + L2
g||u||2

CHg

).

ν|(RuAgu)|≤ ν|Ru| × |Agu| ≤ ν
8

|Agu|2 + 2ν|Ru|2

≤ ν
8

|Agu|2 + 2ν
|Ñg|2

¥

m2
0λ1

||u||2.

Then 
d
dt

||u||2+2ν|Agu|2

≤-2b(uuAgu)-2(G(u)Agu)-2ν(RuAgu)+2(h(tut )Agu)

 ≤ ν
2

|Agu|2 +
2c'1
ν3

|u|2||u||4 +
c|u|2β

2ν
+

cν
2

|Agu|2 +
ν
4

|Agu|2   

    +
4ν|Ñg|2

¥

m2
0λ1

||u||2+
ν
4

|Agu|2 +
8
ν

(|f|2 + L2
g||u||2

LHg

)

 ≤(ν +
cν
2

)|Agu|2 +
c|u|2β

2ν
+

2c'1
ν3

|u|2||u||4

+
4ν|Ñg|2

¥

m2
0λ1

||u||2 +
8
ν

(|f|2 + L2
g||u||2

LHg

),

we have 
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d
dt

||u||2 + λ1 (ν -
cν
2

)||u||2 ≤ c|u|2β

2ν
+

4ν|Ñg|2
¥

m2
0

||u||2

+
2c'1
ν3

|u|2||u||4 +
8
ν

(|f|2 + L2
g||u||2

LHg

). (14)

For any ϕÎCHg
, from Lemma 1, there exists τ > 0, 

such that ϕÎ Sτ, that is, for any ε ≥ 0, we have |u| ≤ τk. 

From (8) and |Agu|2 ≤ λm||u||2, 
d
dt

|u|2 ≤-2ν(1 -
|Ñg|¥
m0λ

1/2
1

)||u||2 +
c

2ν
|u|2β +

cν
2

|Agu|2

     +2|u|(|f| + |h(tut )|)

≤-2ν(1 -
|Ñg|¥
m0λ

1/2
1

)||u||2 +
cνλm

2
||u||2 + δ

≤-2ν(1 -
|Ñg|¥
m0λ

1/2
1

-
cλm

4
)||u||2 + δ,

where δ =
c
2ν

(τk)2β + 2τk(|f| + Lgτk).

For any n > τ, as |Ñg|2
¥ <

λ1m2
0

4
, let m = 1 -

|Ñg|¥
m0λ

1/2
1

-

cλm

4
, obviously m > 0, then 

d
dt

|u|2 ≤-2νm||u||2 + δ.

Multiply the above equation in t to t + h(t ≥ t2 + h), 

then we have

∫
t

t + h d
dt

|u|2 ≤-2νm ∫
t

t + h

||u||2ds + δh

2νm ∫
t

t + h

||u||2 ds ≤ |u|2 + δh

so ∫
t

t + h

||u||2 ds ≤ |u|2 + δh
2νm

≤ k 2

2νm
+

δh
2νm

. From (14) we 

obtain 
d
dt

||u||2+ν(λ1-
cλ1

2
-

4|Ñg|2
¥

m2
0

)||u||2≤ c|u|2β

2ν
+

2c'1
ν3

|u| 2||u||4

+
8
ν

(|f|2 + L2
g||u||2

LHg

), as λ1 -
cλ1

2
-

4|Ñg|2
¥

m2
0

> 0, that is 

|Ñg|2
¥ <

λ͂1m2
0

4
, where λ͂1 = λ1 -

cλ1

2
. From the above for‐

mula, we obtain 
d
dt

||u||2 ≤ c|u|2β

2ν
+

2c'1
ν3

|u|2||u||4 +
8
ν

(|f|2 + L2
g||u||2

LHg

).

According to the uniform Gronwall lemma, we have

||u||2 ≤(
a3

h
+ a2 )exp(a1 ) "t ≥ t2 + T + h 

where a1 =
2c'1
ν3

k 2a3, a2=
8h
ν

(|f|2+L2
gk 2 )+

ch(τk)2β

2ν
, a3 =

k 2

2νm
+

δh
2νm

.

Fixed h, then B =B(0ρ) is absorbed set in Vg. If B0 

is any bounded set in B, then "t ≥ t2 + T + h, we obtain 
S(t)B0ÌB.

Proof of Theorem 2  From Lemmas 1-3, we have 
a bounded absorbing set of (2) in CHg

, and embedded 

CVg
®CHg

 is compact. From the classical existence theo‐

rem of attractors, a global attractor of the equation (2) is 

proved in CHg
.

The proof of Theorem 3 is similar to that of Theo‐

rem 2. Here we omit the detailed proof.

Proof of Lemma 4  Using ut to take inner product 

with 
du
dt

+ νAgu+Bu+G(u)+ νRu= f+ h(tut ) we have

(
du
dt

ut )+ ν(Aguut )+ (Buut )+ (G(u)ut )+ ν(Ruut )

= ( fut )+ (h(tut )ut ).

Then |ut|
2+

ν
2

d
dt

|Ñu|2+(Buut )+(G(u)ut )+ ν(Ruut )

= ( fut )+ (h(tut )ut ). So 

|ut|
2 +

ν
2

d
dt

|Ñu|2 +
c

β + 1
d|u|β + 1

dt

≤ |( fut )| + ν|(Ruut )| + |(Buut )| + |(h(tut )ut )|

≤ 1
4

|ut|
2 + |f|2 +

1
4

|ut|
2 + c|u|||u||2|Agu|

+
ν|Ñg|¥

m0

||u|||ut| +
1
4

|ut|
2 + L2

g||u(t)||2
CHg



where c is any constant. Therefore 
1
4

|ut|
2 +

ν
2

d
dt

|Ñu|2 +
c

β + 1
d|u|β + 1

dt

≤ |f|2 + c|u|||u||2|Agu| +
ν|Ñg|¥
2m0

(||u||2 + |ut|
2 )+L2

g||u(t)||2
CHg

.

Thus 
1
2

(
1
2
-
ν|Ñg|¥

m0

)|ut|
2 +

ν
2

d
dt

|Ñu|2 +
c

β + 1
d|u|β + 1

dt

≤ |f|2 + c|u|||u||2|Agu| +
ν|Ñg|¥
2m0

||u||2 + L2
g||u(t)||2

CHg

. 

Since c > 0β ≥ 1, as |Ñg|¥ is sufficiently small, we 

make γ =
1
2
-
ν|Ñg|¥

m0

> 0, that is |Ñg|¥ <
m0

2ν
, we get

ν
2

d
dt

|Ñu|2 ≤ |f|2 + c|u|||u||2|Agu| +
ν|Ñg|¥
2m0

||u||2 + L2
g||u(t)||2

CHg

≤ |f|2 + (
c
4
+
ν|Ñg|¥λ1

2m0

)|Agu|2 + c|u|2||u||4 + L2
g||u(t)||2

CHg

 (15)

where ||u||2 ≤ λ1|Agu|2uÎD(Ag ). Using Agu to take inner 

product with 
du
dt

+ νAgu +Bu +G(u)+ νRu = f + h(tut ), 

we obtain 
1
2

d
dt

||u||2 + ν|Agu|2 + b(uuAgu)+ (G(u)Agu)+

ν(RuAgu)= ( fAgu)+ (h(tut )Agu). Since (G(u)Agu)≤
c ∫|u|β - 1 |u||Agu|dx ≤ c|u|β - 1|u||Agu| ≤ ν

8
|Agu|2 + c|u|2β. 

Therefore 
d
dt

||u||2 + 2ν|Agu|2

= 2( fAgu)- 2b(uuAgu)- 2(G(u)Agu)- 2ν(RuAgu)

+2(h(tut )Agu)
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≤ 2
ν

|f|2 +
ν
2

|Agu|2 +
ν
2

|Agu|2 +
2c
ν

|u|2||u||4 +
ν
4

|Agu|2

+2c|u|2β +
2ν|Ñg|¥

m0

||u|||Agu| +
ν
2

|Agu|2 +
2
ν

L2
g||u(t)||2

CHg

≤ 2
ν

|f|2 +
ν
2

|Agu|2 +
7ν
2

|Agu|2 + 2c|u|2β +
2c
ν

|u|2||u||4

+
2νλ1/2

1 |Ñg|¥
m0

|Agu|2 +
2
ν

L2
g||u(t)||2

CHg

.

So 
d
dt

||u||2 + ν(
1
4
-

2νλ1/2
1 |Ñg|¥
m0

)|Agu|2 ≤ 2
ν

|f|2 +
2c
ν

|u|2

||u||4 + 2c|u|2β +
2
ν

L2
g||u(t)||2

CHg

, then 

ν(
1
4
-

2νλ1/2
1 |Ñg|¥
m0

)|Agu|2

≤ 2
ν

|f|2 +
2c
ν
ρ0

2 ρ1
4 + 2cρ0

2β +
2
ν

L2
gk 2.

Integrating both sides of [tt + 1], when |Ñg|¥ is suffi‐

ciently small, let m =
1
4
-

2νλ1/2
1 |Ñg|¥
m0

> 0, that is |Ñg|¥ <

m0

8λ1/2
1

, we have 

m ∫
t

t+1

|Agu|2ds≤ 2
ν ∫ t

t+1

|f|2 ds+
2c
ν
ρ0

2 ρ1
4+2cρ0

2β+
2
ν

L2
gk 2

                  =
2
ν

|f|2 +
2c
ν
ρ0

2 ρ1
4 + 2cρ0

2β +
2
ν

L2
gk 2.

Then 

∫
t

t + 1

|Agu|2ds ≤ 1
m

(
2
ν

|f|2 +
2c
ν
ρ0

2 ρ1
4 + 2cρ0

2β +
2
ν

L2
gk 2 ).

From (15), we have 
d
dt

|Ñu|2 ≤ 2
ν

|f|2 +
2
ν

(
c
4
+

ν|Ñg|¥λ1

2m0

)|Agu|2 +
2
ν

cρ2
0 ρ

4
1 +

2
ν

L2
gk 2.

Integrating both sides of [tt + 1], |Ñu(t + 1)|2 ≤ 2
ν

|f|2 +

2
ν

(
c
4
+
ν|Ñg|¥λ1

2m0

) ∫
t

t + 1

|Agu|2ds +
2
ν

cρ2
0 ρ

4
1 +

2
ν

L2
gk 2≤ 2|f|2 +

2(
c
4
+
ν|Ñg|¥λ1

2m0

)
1
m

(
2
ν

|f|2 +
2c
ν
ρ2

0 ρ
4
1 + 2cρ2β

0 +
2
ν

L2
gk 2 )+

2cρ2
0 ρ

4
1 +

2
ν

L2
gk 2. Taking a constant M = 2|f|2 + 2(

c
4
+

ν|Ñg|¥λ1

2m0

)
1
m

(
2
ν

|f|2+
2c
ν
ρ2

0 ρ
4
1+2cρ2β

0 +
2
ν

L2
gk 2 )+2cρ2

0 ρ
4
1+

2
ν

L2
gk 2, then |Ñ(u + 1)|2 ≤M.

Proof of Theorem 4  Obviously A0ÌA1, "ξÎA0, 

from Theorem 3, for any tn = n, we have {bn }ÌA0 and 

S(n)bn = ξ. "t1 > 0, since bnÎA0 = S(t1 )A0, so {cn }ÌA0, 

we have S(t1 )cn = bn. As A0 is compact in CHg
, by Lemma 

4 and f is sufficiently small, we obtain that {S(t1 )cn =
bn|t1 ≥ t0 } is a bounded subset in CVg

, therefore ξ =

lim
n®¥

S(n)bnÎA1. For ξ is arbitrary, we have A1ÌA0, then 

A1 =A0.

3　Conclusion

In this article, we study how to control the nonlin‐
ear dampness c|u|β - 1u and time delay h(tut ) to obtain the 

global attractor of the 2D gNSE on a bounded domain. 
We find that the global absorbing sets exist in CHg

 when 

|Ñg|¥ >
m0λ

1/2
1

2
(1 +

Cg

νλ1

), and exist in CVg
 when 0 < |Ñg|¥ <

m0λ
1/2
0

2
(ν -Cg ). We obtain the global attractor by the 

compact embedding method and find that the attractor 
has an asymptotic smoothing effect. The conclusions of 
this paper will further promote the research of NSE. It is 
necessary to study gNSE systematically. In the future, 
we may consider the global attractor 2D gNSE with 
damping and delay on the unbounded domain.
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含阻尼和时滞项的二维含阻尼和时滞项的二维g-Navier-Stokes方程的全局吸引子方程的全局吸引子

王小霞，姜金平，张富坤

延安大学 数学与计算机科学学院，陕西 延安 716000

摘要摘要：：本文在空间CHg
和空间CVg

上分别得到了二维g-Navier-Stokes 方程的全局吸引子。研究结果表明，当外力

项 f充分小时，在CHg
和CVg

上得到的全局吸引子是相等的。

关键词关键词：：全局吸引子；g-Navier-Stokes方程；阻尼；时滞
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