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Abstract: The nonlinear dynamic characteristics of a two-peak discrete chaotic system are studied. Through the study of the nonlinear dy-
namic behavior of the system, it is found that with the change of the system parameters, the system starts from a chaotic state, and then
goes through intermittent chaos, stable region, period-doubling bifurcation to a chaotic state again. The system’s critical conditions and pro-
cess to generate intermittent chaos are analyzed. The feedback control method sets linear and nonlinear controllers for the system to control
the chaos. By adjusting the value of control parameters, the intermittent chaos can be delayed or disappear, and the stability region and
period-doubling bifurcation process of the system can be expanded. Both linear controllers and nonlinear controllers have the same control
effect. The numerical simulation analysis verifies the correctness of the theoretical analysis.
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0 Introduction the chaotic system through a doubling bifurcation pro-
cess”’\. Nategh et al™ analyzed the dynamic of delayed
Chaos exists in all aspects of nature, such as chemi- discrete chaotic systems with delay. Time delay appears

[1-2] [3-4] in an additive form. By analyzing the dynamics of time-

cal engineering"*, mechanical engineering”*, and bio-

56 delay discrete chaotic systems, it is found that the sys-

logical engineering™®. Chaos is a unique motion state of

tem is neutral to bounded delays and has attractive fixed

some nonlinear systems, with unstable attractors. o . o
Namelv. the motion state of the nonlinear dvnamic svs- points in both additive and non-additive forms. Chen et
. ¥ ) Y Y al' analyzed a predator-prey discrete chaotic system.
tem is unstable and then bifurcates, and finally enters . . .
. . Using the new paradigm, central manifold theorem, and
into the chaotic state. In recent decades, chaos has been . . . .

bifurcation theory of discrete singular systems, the oc-

one of the important contents of nonlinear scientific re- currence of flipping bifurcation and Neimark Sacker bi-

search. furcation in the system was analyzed. This discrete cha-

The dynamic analysis of new discrete chaotic sys- otic system has rich dynamic characteristics. Dai et al''?

tems has become one of the research directions in non- generated a discrete chaotic system using fractal trans-
linear scientific research”?. By conducting dynamic formation. The dynamic characteristics of this discrete
analysis on discrete chaotic systems, the periodic and chaotic system were analyzed from the aspects of bifur-
chaotic solutions of the system are obtained, which enter cation, complexity, and spectral distribution characteris-
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tics. The discrete chaotic system was verified with cir-
cuits. These studies indicate that discrete chaotic sys-
tems have rich nonlinear dynamic characteristics and
can be applied in engineering, such as biotechnology"",
communication encryption!*", etc.

The chaos control of discrete chaotic systems is an-
other important direction in nonlinear scientific research.
The main contents of chaos control in discrete chaotic

1416 bifurcation

systems include synchronization control'
1718 %211 Yong et al' proposed a con-
trol method based on the backstepping design of three
controllers to study the function projection synchroniza-
tion of discrete-time chaotic systems with uncertain pa-
rameters. Zhang et al'” used a pulse controller to per-
form lag synchronization control on a discrete chaotic
system, obtaining sufficient conditions for synchroniza-
tion between the driving system and the response sys-
tem. Zhang et al'”? analyzed and controlled the
symmetry-breaking bifurcation of cubic discrete chaos,

control"™, and others!

and obtained the cause of the symmetry-breaking bifur-
cation. A controller was set for the system to make the
symmetry-breaking bifurcation disappear and the period-
doubling bifurcation recover. Din"” studied a discrete-
time predator-prey system and analyzed its dynamic
characteristics, such as boundedness, existence, and bi-
furcation. The feedback control method was used to de-
lay the generation of bifurcation and avoid chaos. Tang
et al™ used neural network control methods to control
chaos in a class of discrete chaotic systems. This method
can generate the optimal control input and effectively
make the system bounded. These studies rarely involve
the control of intermittent chaos and period-doubling bi-
furcation in discrete chaotic systems, and even less so
for two-peak discrete chaotic systems. In this paper, the
dynamic characteristics of a two-peak discrete chaotic
system are analyzed to verify the causes of intermittent
chaos. Linear and nonlinear state feedback controllers
are set up for the discrete chaotic system to control the
chaos, to delay the generation of bifurcations, and to ex-
pand the stability range of the system. The goal of chaos
control is achieved.

The paper is arranged as follows: In Section 1, the
dynamic characteristics of the two-peak discrete chaotic
system are analyzed to obtain the system motion pro-
cess. In Section 2, the conditions of intermittent chaos
are analyzed, and the motion process of intermittent
chaos is expounded. In Section 3, linear controllers and
nonlinear controllers are set to the system to delay or

eliminate chaos. Finally, Section 4 summarizes this pa-
per.

1 Two-Peak Discrete Chaotic
System

When a discrete chaotic system exhibits two cha-
otic states, this discrete chaotic system is called a two-
peak discrete chaotic system. Two-peak discrete chaotic
systems are generally composed of high-power chaotic
systems, and their coefficients can be determined by spe-
cific conditions. The nonlinear dynamic model of a two-
peak discrete chaotic system is as follows:

Xa=f(x.a,) (i=4). (1)

We can write the general iteration of (1) as follows:

x,.,=—12.5ax*+25ax* - 12.5(a+ Dx*+ 12.5x, (2)
where a > 0.

By taking the system parameter a as the bifurcation
parameter, bifurcation can be obtained by numerical cal-
culation of system formula (2) when the initial value x,=
0.6, as shown in Fig. 1.
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Fig. 1 Bifurcation diagram

From Fig. 1, we can see the system state movement
process. The system starts from a chaotic state, goes
through intermittent chaos, a stable state, period-
doubling bifurcation, and then goes through a transient
stable state, and finally enters an intermittent chaotic
state again. The two-peak discrete chaotic system is that
within the range of the system parameters, the system ap-
pears the secondary chaotic state in the process of mo-
tion. This bifurcation diagram just verifies this definition.

To better understand the nonlinear dynamic behav-
ior of two-peak discrete chaotic systems, we draw the
Lyapunov exponent spectrum of two-peak discrete cha-
otic systems, as shown in Fig. 2.

It can be seen from Fig. 2 that the shape of the Ly-
apunov exponent spectrum changes with the change of
system parameter a. When a € (0,3.25), the system (2) is
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Fig.2 Lyapunov exponents of the system (2)

in intermittent chaos. There are periodic windows in the
process. When a e (3.25,3.467), the system enters a
stable state and is in one period. When a=3.467, the sys-
tem enters the period-doubling bifurcation state, one pe-
riod is divided into two periods. When a € (3.467,3.578),
the system continues to be in the period-doubling bifurca-
tion state, which is divided into four periods from two pe-
riods and eight periods from four periods. When
a € (3.578,4), the system enters a chaotic state.

The motion process of the two-peak discrete cha-
otic system (2) can also be seen from the waveform of

state, then to a stable periodic solution, and finally to an
unstable state. The waveform is shown in Fig. 3.

2 Intermittent Chaos

Period doubling bifurcation is one of the ways in
which the system enters chaos. When the system exhib-
its chaotic formation, the system is unstable and lacks
periodic solutions. The system is in a chaotic state. The
critical condition for the system to generate intermittent
chaos is the system parameter value when the system an-
gular line is tangent to the two-peak discrete chaotic sys-
tem (2). According to the reasoning of the tangent equa-
tion in equation (2), when the tangent equation passes
through the origin and the slope k=1(0#=45°), the cha-
otic system is in a critical state, and the tangent point is a
fixed point. At this time, the system parameter a value is
a critical condition. From the condition of the fixed
point, we get

f(x.a)=1. 3)

When the two-peak discrete chaotic system (2) is

tangent to the angular line, there is x,,, =x,. Namely,

the system. The system from an unstable state to a stable —12.5ax* +25ax* - 12.5(a+ 1)x+ 11.5=0. (@)
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Fig.3 Waveform diagram
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By solving equations (3) and (4), we can get the it-
erative algebraic value x and system parameters of the
chaotic system (2) when it is tangent to the diagonal
line. The quadratic function relationship of iteration
value x and system parameters a is:

1 _
Z(l+a+ Va—-3208 Va-03117 ) (5)

We substitute the two conditions of equation (5)

Xi2=

back to equation (4) to obtain the critical values of a two-
peak discrete chaotic system. The critical values are a,=
3.32 and a,=3.764. The calculated critical values are the
same as the occurrence of intermittent chaos in the bifur-
cation diagram in Fig. 1.

Next, we analyze the dynamic characteristics of in-
termittent chaos. The local bifurcation of the system (2)
is shown in Fig. 4.
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Fig. 4 Local bifurcation diagram

In Fig. 4, the evacuation area with fewer values in
the chaotic area is an intermittent chaotic process. In the
process of numerical iteration, the number of iterations
around the fixed point is far greater than that of the inter-
mittent chaotic process, then there are two chaotic re-
gions: evacuation and dense. It can be seen from the fig-
ure that when the system parameter a gradually in-
creases, the evacuation area gradually decreases, the nu-
merical range of the intermittent chaotic process gradu-
ally narrows, and the iterative process becomes shorter.
This shows that the distance between f (x’,a,) and the an-
gular line (0=45°) is getting closer and closer. Finally,
f (x"n,ai) is tangent to the angular line (0=45°), and the
system changes from intermittent chaos to a stable fixed
point.

The local Lyapunov exponents of the system (2) are
shown in Fig. 5. From the figure, we can see that there
are two chaotic windows in intermittent chaos, which in-
dicates that the process of intermittent chaos also in-
cludes chaos and periodic motion. The motion process

of the system starts from intermittent chaos to period-
doubling bifurcation. Figure 6 shows the fine structure
of the window chaotic behavior.
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Fig. 5 Local Lyapunov exponents
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Fig. 6 Fine structure of window chaotic behavior

3 Chaos Control

One of the purposes of chaos control is to change
the position where chaos occurs so that the position
where chaos occurs is delayed or advanced. We set lin-
ear controllers and nonlinear controllers for system (2)
to change the position of intermittent chaos.

3.1 Linear Controllers

Set linear controllers for the system (2) without
changing the system equilibrium point. The controlled
system is as follows:

X, =—12.5ax*+25ax’ - 12.5(a + D)x* + 12.5x + k, x (6)
where £, is the control parameter.

According to the critical condition of intermittent
chaos, we can get

S(x)=1

X

(7

ne1 =Xy
Through detailed calculation, we can get the rela-
tionship between the system parameter a and the control
parameter k,:
25ax’® —25(a+ 1)x*+34.5x+ 3k, =0. ®)
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Set k,=0.1, then a;=3.393 and a,=4.092. Similar
to the system (2), the positions of intermittent chaos are
delayed.
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Fig. 7 Bifurcation diagram of the system (6) when k,=0.1
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Fig. 8 Lyapunov exponents of the system (6) when k,=0.1

From the bifurcation diagram (Fig. 7) and Lyapu-
nov exponential diagram (Fig. 8) of the system (6), we
can see that the dynamic characteristics of the system
have changed. The experience time of intermittent chaos
of the system becomes shorter, and the critical point
from intermittent chaos to a stable state is delayed from
3.32 to 3.39. When a=3.627, the system is divided into
two periodic states from one periodic state, and then into
four periodic states, until it enters a chaotic state. When
a=3.765, the system jumps, and the system goes from
chaos to stability. When @ =4.092, the system jumps into
intermittent chaos. Under the effect of the control param-
eter k,, intermittent chaos becomes narrower with the in-
crease of system parameter a.

Set k£, =0.5, the intermittent chaos of the system (6)
is disappeared. The motion process of the system is in a
stable state. After the period-doubling bifurcation, it fi-
nally enters a chaotic state, as shown in Fig. 9.

3.2 Nonlinear Controller

The wavelet function is an important nonlinear con-
troller. Wavelet functions have oscillatory properties. As
the independent variable continues to extend in the posi-
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Fig. 9 Bifurcation diagram of the system (6) when k,=0.5

tive and negative directions, the wavelet function rapidly
decays. As a controller for chaotic systems, wavelet
functions can suppress the chaotic behavior of the sys-
tem. Due to the non or thogonality and scale function of
the Metican wavelet function, it has good localization
properties in both the time and frequency domains,
while satisfying the requirement of zero infinite integra-
tion on all real number intervals. Therefore, the metric
wavelet function is chosen as the nonlinear controller of
the system.

The mathematical expression for the metric wavelet
function is

2 e ®
p(x) (ﬁn )(1 e 2. ©)
To obtain more control results, the coefficients of
the wavelet function are set to the gain coefficient k,. By
adjusting the value of the gain coefficient k,, chaos con-
trol of the system (1) is achieved.
The controlled system is as follows:

xp0= (12,50~ 1250+ D +25ax’~ 12500 (12 )e
(10)

where £, is the control parameter.

According to equation (7), the relationship between
the system parameter a and the control parameter &, is
obtained.

ﬁ
2

ke [12.5 —(25+25a)x+ (75a—-50)x" +(12.5a+ 62.5)x° +
(12.5-150a)x*+(75a - 12.5)x’ + 25ax° - 12.5ax7} =1(11)
Set k,=0.2, the bifurcation diagram and Lyapunov
exponential diagram of the system are shown in Fig. 10
and Fig. 11.
From Fig. 10 and Fig. 11, it can be seen that the in-
termittent chaos of the system (10) is disappeared. The

controlled system only has one process of transitioning
from period-doubling bifurcation to chaos. The system
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Fig.10 Bifurcation diagram of the system (10) when k,=0.2
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Fig.11 Lyapunov exponents of the system (10) when k,=0.2

has two chaotic processes, only one of which enters
chaos through period-doubling bifurcation. When a>
—0.906, the system is in a stable state. When a =-0.906,
the system has period-doubling bifurcation. The system
is divided into two periodic states from one periodic
state, and then into four periodic states, eight periodic
states, until enters a chaotic state. Under the action of a
nonlinear controller, the system transitions from two
complex chaotic processes to a process of transitioning
from period-doubling bifurcation to chaos. The direction
of the period-doubling bifurcation of the controlled sys-
tem changes, becoming an inverted bifurcation. The criti-
cal value of bifurcation is less than 0, and the occurrence
of chaos is delayed, expanding the stability range of the
system.

Set k,=0.5, the system has returned to the state of
two chaotic processes, but there has been no occurrence
of intermittent chaos. The bifurcation diagram and Ly-
apunov exponential diagram of the system are shown in
Fig. 12 and Fig. 13.

From Fig. 12 and Fig. 13, it can be seen that the dy-
namic characteristics of the controlled system (10) are
the same as those of the original system (2). Just under
the action of the controller, the stability range of the sys-
tem changes from (3.328,3,46) to (1.997,3.007). The

Fig.13 Lyapunov exponents of the system (10) when k,=0.5

stable range has been expanded. Meanwhile, the inter-
mittent chaos of the system (10) transforms into a pro-
cess of period-doubling bifurcation and entering chaos.

From the above analysis, it can be seen that wavelet
functions serving as nonlinear controllers for discrete
chaotic systems have good convergence. By adjusting
the control parameters of the controller, the stable range
of the system can be greatly expanded. Meanwhile, this
nonlinear controller can transform complex paroxysmal
chaotic processes into a simple process of transitioning
from multiplicative bifurcation to chaos. The purpose of
chaos control is realized.

4 Conclusion

In our work, the dynamic characteristics of a two-
peak discrete chaotic system are studied. The conditions
and process of intermittent chaos are analyzed. We set
linear controller and nonlinear controller to control the
chaos of the system and change the dynamic characteris-
tics of the system. By adjusting the value of control pa-
rameters, the position of intermittent chaos in the system
changes and can be delayed or disappear. Simulation
analysis verifies the correctness of the theoretical analy-
sis.
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