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Abstract: The boundary knot method (BKM) is a simple boundary-type meshless method. Due to the use of non-singular general solu‐
tions rather than singular fundamental solutions, BKM does not need to consider the artificial boundary.  Therefore, this method has the 
merits of purely meshless, easy to program, high solution accuracy and so on. In this paper, we investigate the effectiveness of the BKM 
for solving Helmholtz-type problems under various conditions through a series of novel numerical experiments. The results demonstrate 
that the BKM is efficient and achieves high computational accuracy for problems with smooth or continuous boundary conditions. How‐
ever, when applied to discontinuous boundary problems, the method exhibits significant numerical instability, potentially leading to sub‐
stantial deviations in the computed results. Finally, three potential improvement strategies are proposed to mitigate this limitation.
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0　Introduction

In recent years, meshless methods have made sig‐

nificant progress in the field of computational mechanics 

and engineering applications, gradually evolving into an 

important numerical tool for handling complex scientific 

computing problems. The Meshless Local Petrov-

Galerkin (MLPG) method[1-2] has attracted considerable 

attention in the academic community due to its unique 

theoretical advantages and has demonstrated excellent 

numerical performance in computational solid mechan‐

ics, fracture mechanics, and multiphysics coupling analy‐

sis. Interpolation methods based on Radial Basis Func‐

tions (RBF) [3-4] have gradually become an important 

branch of meshless methods research, thanks to their 
unique advantages in dealing with irregular geometric 
boundaries and high-dimensional space problems, pro‐
viding new solutions for the numerical simulation of 
complex engineering problems. Recently, a novel mesh‐
less backward substitution method (BSM) [5-6] has been 
proposed to address multi-point problems and time-
dependent issues.

As is known to all, meshless methods are mature in 
dealing with many boundary value problems, as demon‐
strated in recent studies[7-10]. One of the popular 
boundary-type meshless collocation methods, which was 
named the boundary knot method (BKM), was pio‐
neered by Kang and his coworkers[11].

The BKM has been applied to many problems, in‐
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cluding two-dimensional[12], three-dimensional[13] and in‐
verse problems[14-15]. For the traditional ill-conditioned in‐
terpolation matrix, the effective condition number is in‐
troduced to scale the BKM[16], and some regularization 
methods[17] are considered in dealing with direct prob‐
lems by using the BKM. An early work made an over‐
view of this method[18], and it proposed three new BKM 
methods and discussed their problems in solving the 
Helmholtz equation and future research directions.

In previous academic literatures, it is generally be‐
lieved that the BKM can provide high-precision numeri‐
cal solutions for transient heat conduction[19], convection-
diffusion problems[20], acoustic problems[21] and 
Helmholtz-type equations[22]. However, these studies of‐
ten focused on ideal boundary conditions, assuming that 
the Dirichlet and Neumann boundary conditions are 
smooth[13, 23-24]. This assumption raises a question that de‐
serves further exploration: Can the BKM still maintain 
the high accuracy of its numerical solutions under non-
smooth boundary conditions?

As a complementary endeavor, this paper will con‐
duct a series of numerical experiments across various 
boundary conditions to demonstrate the effectiveness of 
the BKM in addressing Helmholtz-type problems, while 
also identifying scenarios where it may not be appli‐
cable.

1　Problem Description

The Helmholtz-type partial differential equation 
has the following mathematical formulation

Ñ2u(X )+ λ2u(X )= 0  X = (xy)ÎΩ, (1)

where Ñ2 is the Laplacian operator, λ the wave number, 
Ω the physical domain. Eq. (1) is the so-called Helm‐
holtz equation.

To get the solution of Eq. (1), one has to give cer‐
tain boundary conditions on the physical boundary ¶Ω. 
There are three types of commonly-used boundary con‐
ditions. More specifically, the Dirichlet boundary condi‐
tions

u(X )= ū(X )  XÎ¶Ω  (2)

the Neumann boundary conditions
¶u(X )
¶n

= q̄(X )  XÎ¶Ω  (3)

and the Robin boundary conditions

u(X )+
¶u(X )
¶n

= p̄(X )  XÎ¶Ω  (4)

where ū(X ), q̄(X ), p̄(X ) are the known boundary data at 

point X. For different problems, they are characterized 
by distinct boundary conditions.

The governing equation (1) and boundary condi‐
tions (2)-(4) lead to boundary value problems. This can 
be solved by using numerical methods.

2　The Boundary Knot Method 
(BKM)

The basic theory of the BKM is the same as the 
other collocation numerical methods. More specifically, 
the numerical solution for u(X ) is given by a linear com‐

bination of radial basis functions which is expressed by

u͂(X )=∑
j = 1

N

cjG(λrj ), (5)

where N is the number of boundary collocation knots, 
and cj ( j = 12N) are the unknown coefficients, r =
 X - Y  is the Euclidean norm distance between points 

X and Y. The non-singular general solutions of Helm‐
holtz equations are written as

G(λr)=
ì
í
î

ïï

ïïïï

J0 (λr)    rÎ2
sin(λr)

r
 rÎ3

(6)

with J0 denoting the Bessel function of the first kind.  
By collocating the Dirichlet boundary conditions on the 
boundary collocation knots, i. e., substitute Eq. (5) into 
Eq. (2), we have

∑
j = 1

N

cjG(λrij )= ū(Xi )      XiÎ¶Ω. (7)

The same procedure can be applied to the Neumann 
boundary conditions and the Robin boundary conditions. 
Equation (7) can be directly solved by using the backs‐
lash operation in MATLAB.

3　Numerical Experiments

3.1　Case 1

As is known to all, the traditional way to construct 
numerical solutions is using a function which satisfies 
the government equation and the corresponding bound‐
ary conditions. Here, we consider the exact solution u =
sin x cos y in a circular domain with radius r = 1 with 

only the Dirichlet boundary conditions. The number of 
boundary collocation knots is set to N = 50 and the num‐
ber of tested knots is set to N t = 8 385. The node distribu‐
tion used in our BKM implementation is presented in 
Fig. 1. Since Cases 2 and 3 employ identical nodal con‐
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figurations, they are not displayed separately to avoid re‐

dundancy.

Figure 2 presents the comparative methodological 

solutions for Case 1, along with the corresponding error 

distributions interspersed among these approaches. Fig‐

ure 2(a), (b) and (c) provide the picture of exact solu‐

tion, BKM numerical solution and partial differential 

equation (PDE) toolbox solution from MATLAB tool‐

box, respectively. We can see that the three types of solu‐

tions are almost the same. Upon closer inspection, it can 

be seen that the three different solution types show a 

striking consistency, indicating a high degree of agree‐

ment between their respective results. This result high‐

lights the robustness of the adopted BKM and PDE tool‐

box methods, as they produce almost indistinguishable 

results.

To see the differences, we consider error distribu‐

tion between each two solutions against the test points 

which are shown in Fig. 2(d)-(f), respectively. It should 

be noted that the average error between the BKM nu‐

merical solution and the PDE toolbox solution is Ēerr =
5.45 ´ 10-2. The average error between the exact solution 

and the PDE toolbox solution is also Ēerr = 5.45 ´ 10-2. 

The average error between the exact solution and the 

BKM numerical solution is Ēerr = 1.26 ´ 10-9. This result 

indicates that the numerical solution obtained from the 

BKM exhibits greater accuracy in comparison to the so‐

lution derived from the PDE toolbox in MATLAB.

3.2　Case 2

Here, the boundary data function is chosen as u =
x2 y3 in a circular domain with only the Dirichlet bound‐

ary conditions. We note that there is no exact solution 

for this case. The boundary collocation number is N = 50 

Fig. 2　Solutions and error distribution between each two solutions for Case 1 

(a) the exact solution u1; (b) the BKM numerical solution u2; (c) the PDE toolbox solution u3; (d) the error distribution Eu3 - u2
 between u3 and u2 against the 

test points; (e) the error distribution Eu3 - u1
 between u3 and u1 against the test points; (f) the error distribution Eu2 - u1

 between u2 and u1 against the test points.

Fig. 1　Tested node distribution for Case 1, which is 

consistently maintained for all test cases
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and the tested knot number is N t = 8 385.

The BKM numerical solution, the PDE toolbox so‐

lution from MATLAB toolbox and the error distribution 

are shown in Fig. 3(a) - (c), respectively. By comparing 

Fig. 3(a) and Fig. 3(b), it is evident that the two results 

are largely consistent with one another. This observation 

underscores the robustness of both the BKM and the 

PDE toolbox methods in this particular context, indicat‐

ing their reliability in producing similar outcomes under 

the given conditions.

Furthermore, the error distributions between the 

two solutions against the test points are shown in Fig.3

(c), where the average errors between the BKM numeri‐

cal solution and the PDE solution is Ēerr = 5.58 ´ 10-3. We 

can see that the result is similar to that of the previous 

Case 1.

3.3　Case 3

The third case considered boundary data function 

u = 1 on the top semicircle and u =-1 for the rest semi‐

circle in a circular domain with only the Dirichlet bound‐

ary conditions. The solution from BKM, PDE toolbox 

and the error distribution are shown in Fig. 4(a) - (c), 

where the average errors Ēerr = 2.94. We can see that the 

PDE toolbox solution is very different with the BKM so‐

lution.

Upon comparative analysis of the solutions derived 

from the PDE toolbox and the BKM method, a signifi‐

cant divergence is observed. This discrepancy suggests 

that the accuracy of the BKM solution may be compro‐

mised in the context of the present case, implying poten‐

tial limitations in its applicability, the BKM numerical 

solution may be not accurate for this case.

The limitations of BKM in modeling discontinuous 

boundaries can be addressed through three principal en‐

hancements: 1) development of hybrid BKM/level-set al‐

gorithms[25-26] for improved interface tracking. 2) imple‐

mentation of directionally-optimized basis functions for 

enhanced discontinuity resolution[27-28]. 3) application of 

the Tikhonov-type regularization techniques[17,29] to en‐

sure numerical stability.

Fig. 4　Solutions and error distribution between the two solutions for Case 3 

(a) the BKM numerical solution u2; (b) the PDE toolbox solution u3; (c) the error distribution Eu3 - u2
 between u3 and u2 against the test points.

Fig. 3　Solutions and error distribution between the two solutions for Case 2

(a) the BKM numerical solution u2; (b) the PDE toolbox solution u3; (c) the error distribution Eu3 - u2
 between u3 and u2 against the test points.
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4　Conclusion

In this paper, we reassess the efficacy of employing 
the BKM for solving Helmholtz-type problems by con‐
ducting numerical experiments that involve solving 
equations with various boundary conditions. It is shown 
that the BKM is effective for problems featuring smooth 
or continuous boundary conditions. However, it reveals 
that the BKM may fail when applied to problems with 
discontinuous boundary conditions. These findings re‐
veal important limitations in the method􀆳s current formu‐
lation while simultaneously identifying promising re‐
search directions. Specifically, future work will focus on 
two key extensions: (1) adapting the BKM framework to 
handle fractional derivative problems, and (2) develop‐
ing improved formulations for discontinuous boundary 
conditions. These directions represent critical next steps 
in advancing the method 􀆳 s capabilities and constitute a 
primary focus of our ongoing research.
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边界节点法求解边界节点法求解Helmholtz型方程的数值算例研究型方程的数值算例研究

马培兰， 孟楠

郑州商学院 通识教育中心， 河南 郑州 451200

摘要摘要：：边界节点法是一种简单的边界型无网格方法。由于采用非奇异通解而不是奇异基本解，无需考虑人工边

界的问题，因此边界节点法具有纯无网格、易于编程、求解精度高等优点。本文通过一系列新的数值实验，研

究了边界节点法在不同条件下求解Helmholtz型问题的有效性。研究结果表明，对于具有光滑或连续边界条件

的问题，边界节点法有效且具有较高的计算精度。然而，在处理不连续边界问题时，该方法存在明显的数值不

稳定性，计算结果可能出现显著偏差。最后，针对这一局限性，提出了三个可能的改进方向。

关键词关键词：：边界节点法；无网格方法；非奇异通解；Helmholtz型方程

□

288


