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Orbit Codes over Finite Chain Rings
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Abstract: In this paper, we first generalize the constant dimension and orbit codes over finite fields to the constant rank
and orbit codes over finite chain rings. Then we provide a relationship between constant rank codes over finite chain
rings and constant dimension codes over the residue fields. In particular, we prove that an orbit submodule code over a
finite chain ring is a constant rank code. Finally, for special finite chain ring IF, +y[F , we define a Gray map & from

(IFﬁyIF,,)” to IF}, and by using cyclic codes over F, +yF,, we obtain a method of constructing an optimum distance

constant dimension code over F.
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0 Introduction

Random linear network coding, first introduced in
Ref. [1], is a strong tool for effective data transmission
over noisy and lossy networks. It was proved in Ref.
[1] that the information rate of a network can be im-
proved by using coding at the nodes of the network, in-
stead of simply routing the received inputs. An alge-
braic approach to random network coding was pro-
vided by Koetter and Kschischang in Ref. [2]. They
proposed transmitting information by means of the sub-
spaces of finite fields F; and defined subspace codes as
a class of codes well suited for error correction. In the
case that all the codewords in a subspace code have the
same dimension, the subspace code is said to be a con-
stant dimension subspace code. The theory of constant

dimension subspace code has received a lot of attention
in recent years (see Refs. [3-9]). As we know, the ap-
proach of constructing good constant dimension sub-
space codes is an interesting research field. In Ref. [9],
Trautmann et al introduced the concept of orbit codes
as subspace codes obtained from the action of sub-
groups of the general linear group GL(n, ) on the set of
subspaces of IF;. When the acting group is cyclic, the
code is called a cyclic orbit code. Because of the sim-
plicity of their algebraic structure and the existence of
efficient encoding/decoding algorithms, this family of
codes has attracted great interest. Gluesing-Luerssen
and Lehmann® presented a detailed study of cyclic or-
bit codes based on the stabilizer subfield. Later,
Gluesing-Luerssen et al'* investigated the structure of
the distance distribution for cyclic orbit codes, which
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are subspace codes generated by the action of [F; on an
F -subspace U of IF;. Ref. [10] gave a systematic con-
struction of subspace codes using subspace polynomi-
als. By using Ben-Sasson’ s idea, Chen et al® also pro-
vided some constructions of cyclic subspace codes. Roth
et al'" and Zhang et al"™ generalized and improved their
result, so that one can obtain larger codes for fixed pa-
rameters and increase the density of some possible pa-
rameters.

Linear codes over finite rings have played a very
important role in the theory of error correcting codes and
practice (see Refs. [13-19]). On the one hand, by means
of linear codes over finite rings, one can obtain good lin-
ear codes over finite fields (see Refs. [20-22]). On the
other hand, new quantum codes and entanglement-
assisted quantum codes can be obtained from linear
codes over finite rings (see Refs. [23-27]).

Inspired by these works, in this paper, we first
generalize subspace codes over finite fields to submod-
ule codes over finite chain rings, and generalize con-
stant dimension codes over finite fields to constant
rank codes over finite chain rings. Under suitable con-
ditions, we give a characterization of the constant rank
codes over finite chain rings. We give a sufficient con-
dition for which an orbit submodule code over a finite
chain ring is a constant rank code.

This paper is organized as follows. In Section 1,
we recall the necessary background materials of linear
codes over finite chain rings. In Section 2, we first gen-
eralize the constant dimension codes over finite fields
to constant rank codes over finite chain rings. Then,
we give a relationship between constant rank codes
over finite chain rings and constant dimension codes
over the residue fields. By means of this relationship,
we obtain a method to construct constant rank codes
over finite chain rings. In Section 3, we collect con-
cepts of orbit codes over finite fields, which are gener-
alized to the orbit submodule codes over finite chain
rings. Then we study orbit submodule constant rank
codes over finite chain rings. We give two new ex-
amples of the open problem proposed by Gluesing-
Luerssen et al in Ref. [4] (see Examples 1 and 2). In
Section 4, we define a Gray map @ from (Fq+yIFq)" to
7", and we give a method for constructing an optimum
distance constant dimension code over F, by using cy-
clic codes over [F +yF,. Finally, a brief summary of

this work is described in Section 5.

1 Linear Codes over Chain Rings

Throughout this paper 72 will denote a finite chain
ring. In this section, we recall some basic concepts and
results of linear codes over 72, necessary for the develop-
ment of this work. For more details, we refer to Refs.
[16, 19, 28-30].

It is well known that & has the unique maximal
ideal, denoted by m. Let y be a generator of the unique
maximal ideal m, i.c., m= <y> Its chain of ideals is

R=(y") 2122 )=o) =10
The integer ¢ is called the nilpotency index of m. Let IF, =
7/m be the residue field with characteristic p, where g =
p° and p is a prime number. There is a natural homomor-
phism from 7 onto F, = R/m, i.e.,

R F,=Rim,r—=r+m=r, forany re R.

This natural homomorphism from 7 onto F, = %/m
can be extended naturally to a homomorphism from 7"
onto [F;. For an element ¢ € 2", let ¢ be its image under
this homomorphism.

Let R denote the group of units of &. A" is just
the set of non-nilpotent elements of &R i.e., B =R—m.
The subgroup 1+m of &" is a p-group.

It is well known that the group of units &2 of &
contains a unique cyclic subgroup 7" of order g—1. T=
T" {0} is called the Teichmiiller set of & and forms a
system of coset representatives of IF,= 72/m. More pre-
cisely, /2 contains a unit element { with multiplicative
order ¢g—1 such that 7={0, 1, { {*,---, {7} We call ¢
the generator of 7. Since the set 7 modulo y equals F,
we do not make distinction between 7 and IF,. Every ele-

=1
ment re€ /& can be written as r= zr[y", where
i=0

Fo, 75t € T (see Refs. [7,18]).
Lemma 1 Let notations be as above. We have

R=T"-1+m)=T"x (1+m).

A nonempty subset Cc &" is called a linear code of

length n over % if it is an 72-submodule of 7. All codes

are assumed to be linear. We say that a linear code C

over & is free if C is isomorphic as a module to 72* for

some positive Integer x, denoted by C= 7*.

a,) and b=

- b,) in R, we define the Euclidean inner

For two vectors
(blv bzv .

a:(al’ a2’ .o

productas[a, b]tobe[a, b] = D ab.
i=1

Let C be a linear code over &". We define the Eu-
clidean dual code of C as
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C'={ac R'|[a, b]=0forallb e C}.
The following lemma is well-known in Ref. [30].
Lemma 2 Let C be a linear code of length n over
7 (or an 7Z-submodule of 7&"). Then
cljc =1l
One of the most important tools in coding theory is
finding a generator matrix for a code. In general, we
want not only a matrix that generates code by rows, but
also a matrix that generates code by a minimum number
of rows. To describe the generator matrix for a code over
72, we introduce the following two definitions and lem-
mas which come from Refs. [16, 28].

Definition 1  Let w,, ---,w, be nonzero vectors in

k
R". Then w,, ---, w, are /-independent if zﬁ,wiz() im-
=1

plies that 6w, =0 for all j, where 6, € R.
Following Definition 1, we can easily get the fol-
lowing lemma.

Lemma 3  If the nonzero vectors w,, ++-, w in A"

are 2-independent and zé,w,: 0, then §; € <y> for all ;.
=1

Let w,, ---, w, be vectors in 72". As usual, we de-
note the set of all linear combinations of w,, ---, w,
by<w1, .., ws>.

Lemma 4
are /-independent, then none of the vectors w, -+, w,

If the nonzero vectors w,, -+, w, in &"

is a linear combination of the other vectors.

With the help of the above definition and two lem-
mas, we give a definition of a generator matrix for a
code over 7.

Definition 2 Let C# {0} be a linear code over &
(or an 72-submodule of 72"). The nonzero codewords

¢,, ¢, ¢, are called a basis of C if they are 7&-inde-
pendent and generate C. Let G be a k x n matrix where
¢, Cy, -, ¢, are Tows of G.. Then G is a generator ma-
trix of C.

Definition 3 A parity-check matrix H,, for a lin-
ear code D over & is a generator matrix for the dual
code D*.

LetM,,,
FordeM, (R), A" denotes the transpose of the matrix

A. We also let 0 denote the zero matrix, where the size

(R) be the set of all m x [ matrices over %&.

will either be obvious from the context or specified
whenever necessary. Similarly, we denote the m x m iden-
tity matrix by I, or simply 7 if the size is clear from the
context.

LetAeM, (&) and let A°" < &' and A°' < &" be

the submodules generated by the rows of A and the col-

umns of A, respectively. Now, we introduce the defini-
tion of the row-rank (or column-rank) of the matrix from
Ref. [31].

Definition 4 A
the row-rank of the matrix 4 and denoted by rk, (A4), and
similarly log | 4*'
trix A and denoted by rk, (A).

Obviously, when 7 is a finite field, the above defi-
nition coincides with the usual rank of a matrix. We

The parameter log, ,, is called

is called the column-rank of the ma-

need the following two lemmas which can be found in
Ref. [31].

Lemma5 LetAeM, (R) Thenrtk, (4)=rk,(A).

In &, we define rk, (A) or rk_(A) as the rank of the
matrix 4, denoted by rk(A). The following two concepts
and a result about matrices over finite chain rings appear
in Ref. [32].

Let A= (a,j) eM,,,

trix B over &2 such that AB=BA=1, then A is invertible
and B is an inverse of A. If the determinant det(A) is a

(R). If there is an m xm ma-

unit of 72, then A is non-singular.

Lemma 6 Let A be an m x m matrix over 7. The
following statements are equivalent: (1) A4 is invertible;
(2) A is non-singular; (3) rk(A)=m.

Lemma 7 Let AeM, (R)and BeM, (R)
Then rk(4B)< min {rk(A), rtk(B).

Corollary 1 LetAeM, (R) If PeM,, , and
0 € M, are non-singular, then rk(A4)=rk(PA)=rk(AQ)=
rk(PAQ).

Proof Let B=PA. Then, by Lemma 7, we have
rk(B)=r1k(PA)<1k(A4). On the other hand, considering
the matrix P is non-singular, we obtain 4=P"'B. Again
by Lemma 7, we have rk(A)=rk(P"' B)<rk(B). There-
fore, rk(A)=rk(PA).

Similarly, we can show that rk(4)=rk(4Q)=
rk(PAQ).

Definition 5 Let G be a generator matrix of a lin-
ear code C over &. Then the rank of the code C, denoted
by rank ,(C), is defined as rank ,(C ) =1k(G).

Let C be a code of length n over Z. We define C=
{cle e C} and (Cir) ={a € R'|ra e C}, where  is an ele-
ment of 7. The following two definitions can be found
in Ref. [22].

Definition 6 To any code C over %, we associate
the tower of codes C=(Cy°) c (Cy) - (Cy ")
over 7 and its projection to IF,

C=(C") c(Cy) - (Cy ).
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Definition 7 Let C be a linear code over 7. A generator matrix G for C is said to be in standard form if, after a
suitable permutation of the coordinates, G' can be written as the following block matrix:

Ik“ AO,I A042 A0,3 Ao,z—l Ao,z 4
0 yIkl A, A, e AL 74, yAO
G=|0 0 VI yAy - A, 74, |=| 0| (1)
: : : : : : yA,
0o 0 0 0 ey L YA,
We associate the following matrix with G
A4,
A= A:‘ ) 2)
A,

For any constant » € & and any ¢ € &", we denote by rc the usual multiplication of a vector by a scalar. We say that a
vector ¢ € 2" is divisible by a constant » € 2, and write as rc, if there exists a vector @ € 72" such that c=ra, i.e., all en-
tries of ¢ are divisible by 7.

Let C be a linear code over Z. Fori=1,2,---,¢t— 1, we denote by k, the number of row vectors of G that are divis-

ible by y' but not by y"*'. A code with generator matrix of this form is said to have type {k,, k,,**, k,_, |. It is immediate

that the number of elements in a code C with this generator matrix is

g(t—i)/c, _ ‘ ]F ‘g(t—i)/c,
g .

IC| = | R/m

=1
Thus, we have rank,(C) = %z(t— i)k, This means that the rank of a linear code over & could be a fraction.

i=0

2 Constant Rank Codes over Chain Rings

In this section, we first generalize the constant dimension and orbit codes over finite fields to the constant rank
and orbit codes over finite chain rings. Then, a method of constructing the constant rank code over 7 is given.

In order to give the definition of the rank distance of a submodule code over finite chain rings, we need the follow-
ing lemma.

Lemma 8 Let Cand D be two linear codes of length n over /2. Then we have

rank o(C+D) =rank ,(C) +rank z( D) —rank .(C D).
Proof Letu e C+D. Then there are a € C, b € D such that u=a+b. Obviously, for any w € C " D, we have
u=(a+w)+{b-w).
cl1p]
|CND]|

rank .(C+D) =log | C+D| =log | C| +log .| D| —log | CND|,

i.e., rank o(C+D) =rank ,(C) +rank 4( D) —rank ,(CN D).

Definition 8 Let Cbe a set of submodules (or linear codes) of length n over 7. Then Cis called a submodule
code of length n over . The submodule code Cis called a constant rank code if all submodules have the same rank. If

Thus, there are | C ™ D | such expressions for u. This means that|C+D| =

every submodule of C has the same type {ko, ki, k, }, then the submodule code Cis called a constant rank code of
type {ko, kyyeey kH}.
Definition 9 Let Z/ and )V be two submodules over 7. Then the rank distance is defined as
d, (U, V):=rank o(Z/+ V) —rank (/N V).
The minimum rank distance of a submodule code C is definite as
d\(C):=min{d, (2 V). U# V. U Ve C}.

Remark1 By Lemma 8§, we have
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d\ (24 V) =rank (/) +rank 5( V) —2rank ,( 2/ V) =2rank -(/+ V) — (rank 4(Z/) +rank (V) ).
As a consequence, suppose that Cis a constant rank code of rank & and length », then its minimum submodule dis-
tance is even integer and it is upper bounded by
2k if 2k<n,
GOV k) it 2k,
This bound is attained by submodule code in which the intersection of every two different submodules has rank of max
{0, 2k-n} .

Remark 2 When Z=F , the submodule code Cis a subspace code. In this case, the distance between two sub-
space is d, (2 V) =dy( 2 V) =dim, (2/) +dim, (V) —2dim, (Z/n V). This means that the distance of subspace code
over [F_ is a special case of the rank distance of submodule code over 7.

Let C be a constant rank code of rank & and length n over Z. If it attains bound d,,(C) :min{2k, 2(n—k) }, then
Cis called an optimum distance constant rank code.

A code Cis called an (n, C

,d; K ) submodule code over & if the ranks of the codewords of C are contained in a
q

set K<{0, 1, 2,-++, n}. In the case K= {k}, i.e., Cis a constant rank code, we denote its parameters by (n.|C|,d;k),,
where ¢ is the number of elements of the residue field IF,. If all codewords do not have the same rank, then C is called

a mixed rank code. Such submodule code is denoted by (n, |C|, d ) . Constant rank codes are the most well-studied
q

submodule codes, being the analogues of classical codes over finite rings.

Remark 3 When Z=F , the submodule code Cis a subspace code. In this case, the distance between two sub-
space is d,, (¢4 V)=d ({4 )). This means that the parameters of submodule codes over 7% are generalizations of the pa-
rameters of subspace codes over [F,.

In order to connect a constant rank code of rank & and length » over & with a constant dimension code of dimen-
sion k and length n over IF , we need the following lemma, which can be found in Ref. [19].

Lemma 9 (Lemma 9 in Ref. [19]) Suppose that C is a linear code of length n over 72 with a generator matrix G

in standard form (1) and let A be as in (2). Then, for 0<i<t—1, (C:y’ ) has a generator matrix

A,

A,

In addition, dimz(C:y") =k, +k,+ -+ +k,.

Lemma 10 Let C and D be two linear codes over &. Then, fori=0, 1,---,7— 1, we have

(CmD:y’) c (C:y‘) N (D:y‘). 3)

(C:y') + (D) c (C+Dxy'). “
Proof 1) We first prove that

(CmD:y") = (C:y") N (D:y’). (5)

In fact, for any a € (CND:y'), we have y'a e CND. So, y'ac C and y'a € D, which implies that a € (C:y’) and
ac (D:y’). Thus, a € (C:yi) N (D:y’), ie.,
(CADy') < (Cy') N (D). (6)
On the other hand, let b € (C:y’) N (D:y"). Then y'b € C and y'b € D. This means that ybe CND,i.e., b e (CmD:y").
Thus,
(CADy') o (Cy') N (D). @)
Combining Egs. (6) and (7), we have (CmD:y") = (C:y") N (D:y" ) So, the Eq. (5) holds.
Next, let i € (CND:y') = (C:y')  (D:y'), where u e (C:y') n (D:y’). Then u e (C:y') and u e (D:y’). There-

fore, u € (C:y") and u € (D:y" ), which implies that i € (C:y") N (D:y’). Thus, we complete the proof of Eq. (3).
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2) For any we (C:y') + (D:y'), there are u e (C:y') and v € (D:y’) such that w=u+v. Thus, we can find that
aec (C:y") and b € (D:y") with u=a and v=b. This means that y'a € C and y'b € D. Therefore, y' (a+b)e C+D, i.c., a+

be(C+D:y'). Hence, a+b € (C+D:y'). Since ~ is a homomorphism from & onto FZ, we have w=u+v=a + b =

a+b e (C+D:y"). This prove that (C:y') + (D:y') < (C+D:y"), i.e., we complete the proof of Eq. (4).
Let C be submodule code of length 7 over 7. In the following, we denote by (C:y~') the set {(L/ 1y ) e C’}.

Combining Lemmas 9 and 10, we give the following theorem.
Theorem 1  Let C be a submodule code of length n over & with type {k,,k,, -, k,_, } and the minimum rank dis-
tance d,,(C). Then

1) (C’: y”') is a constant dimension code over F, of dimension /=k,+k ++--+k,_, and length n. In addition,

ds((C’: y”')) <d,(0).

=1
2) In particular, write k= %z(t— Dk, If 2k<n and Cis an optimum distance constant rank code, then (C’ :y”‘) is
i=0
also an optimum distance constant dimension code with the minimum distance 2/.
. 1 &
Proof 1) By assumptions, for any ZZ Ve C, we have rank (/) =rank ,( )) = n z(t— Dk,.
i=0

[— 1
According to Lemma 9, for any (&/:y""),(V:y"") € (C:y'"), we obtain dimg (2/:y~")=dimg (Vi)' ")= zk,.

i=0

Thus, (C’ ! ) is a constant dimension code over IF, of dimension k,+k, + -+ +k, , and length n.
On the other hand, by Lemmas 9 and 10, for any Z/ Ve C, we obtain
d\ (24 V)=rank ;(Z/) +rank (V) —2rank ,( 2/ V) =dimg (2/:y"") +dimg (V:y"™") =2 dimg (/0 Viy'™")

> dimy (&™) +dimg (Vi) —2dim, (@) (Vo)) =d @y (V)

This gives that ds((C’:y"1 )) <d,(O).

2) In particular, if 2k <n and Cis an optimum distance constant rank code, for any 2 Ve C, we have 2/ V= {0}.

Let (Z/:y") and (V:y""') be any two different elements of (C’:y”‘). We prove that (Z/:y"") N (V') = {0} by
contradiction as follows.

Otherwise, there exists 0#a € F/ such that a e (&/:y"') N (V:y'""). Hence, we can find that b €(Z/:y""") and
ce(V:y ") satisfya=b=c.

We assume that b=b,+b,y+---+b, ,y""and e=c,+c,y+---+c, v with b, b,,---,b,_,,cy, ¢, c,_, € T", where
T is the Teichmiiller set of &. Then, by y"'be/ and y""'c € ), we have y'"'b, e/ and y" '¢, € V. Thus, we obtain
yla=y~'b=y"'b,elf and y 'a=y"'¢=y""'¢c, e V. This gives that y"'a € Z/~ V. Obviously, y'"'a=0. This is a con-
tradiction. Thus, for any (Z/:y'").(2:y"") e (C:y'™"), we have ds((&/:y”‘),(&/:y”‘)) =2(ky+hk,+--+k,_,) =2l

which implies that (C:y"~! ) is an optimum distance constant dimension code with the minimum distance 2/.
A linear code C over & of length 7 is said to be cyclic if the following holds:
(CO’CH ”.9cn—1) eC=> (cn—HCO’ ”"cn72) eC.

It is well-known that a cyclic code of length n over & can be identified with an ideal in the residue ring Rlx]
x'=1)
via the 72-module isomorphism ¢: 72" — Rix] given by (ao,al, e, GH) Pa,t+a,x+--. +an,1x”"(m0d(x”— 1) )

(x"=1)

Customarily, for a polynomial /' (x) = Ea,x" of degree / (a,#0 and a, is a unit) over 7, its monic reciprocal poly-
i=0

nomial aolx’f()lc ) is denoted by f"(x), i.e.,
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f(x) =a5‘x’f()lc) =a5‘2aix"".

A polynomial f (x)is self-reciprocal, if f (x) =f"(x).

The homomorphism from 7 to IF, extends naturally to a homomorphism %[x]— I [x], where %[x] and IF_[x] are
the corresponding polynomial rings; for any f'e Z[x] we denote by f its image under this homomorphism; moreover,
for a set C = R[x] we define C = {/_‘ |fe C}.

It is well known that any f'e 7[x] which is not divisible by y can be written as f=uf,, where u € Z[x] is a unit and
£, 1s monic. We will therefore restrict our attention to monic polynomials.

The following is basic result of cyclic codes over 7.

Theorem 2 (Theorem 4.5 in Ref. [19]) Let C= <y"" g, (), g, (), v g, (x)> be a cyclic code of length n

over 72, where g, (x)e 7[x] are monic. Then

1)0<a,<a,<:-<a,<t, and a,,a,, -, a,are unique.
2) g.W)|g. @] 2. ®)|g., @] -1 deg(g, () >deg(g, () for i=0.-+.5-1, and g, (¥).&,, (¥).*g, (¥)
are unique.

3) If i<a,, then (C:y') = {0}, otherwise (C:y') = {g_ (x)}, where g, is maximal with the property a; <.
4) diqu((C:y") ) =n-— deg( 8, (%) ), where a; is maximal with the property a,<i.

Combining Theorems 1 and 2, we obtain the following corollary.

Corollary 2 For 1<i<r, let C,= < gd(x), yg(x), -+, v 'g?, (x)> be a cyclic code of length n over &, where
g,”,)l(x)|g,‘?z(x)|°--|g§i)(x)|g0(x) x"—1, and deg(g}”(x)) >deg(g}’21(x)) for j=0,---,t—1. Let C= {C,|i:1,---,r}. If
deg(g}” (x)) :deg(gj(z) (x)) =deg(g}’) (x)) =k, for j=1,2,---,t—1, then Cis a constant rank code over 7 of rank k and

1 =1 )
length n, where k= n z(l‘—j )deg (g,.(” x) )

Jj=0

3 Orbit Constant Rank Codes over Finite Chain Rings

From now on, we denote by GL, (&) the set GL,(R) = {A eM,. (R)|det(A) e R } It is well known that
A,B e GL,(R)if and only if 4B € GL,,( R).

Let Z/ be a linear (submodule) code of length n over 72 with a generator matrix G in standard form in (1). Clearly,

U=imG : = {aG‘ ae R }, i.e., the submodule of 2" generated by the rows of G.
Definition 10 Let & be a subgroup of GL,,( &), Z/ be a linear code (submodule) of length n over & with a gen-

erator matrix G in standard form in (1). The orbit submodule code generated by Z/ with respect to the subgroup &, de-
noted by Orb ,(Z/), is defined as Orb ,(U)= {im (GB)| B g}.
Theorem 3 Let ¢ be a subgroup of GL, (&), and Z/ be a linear code (submodule) of length n over & with a

=1
generator matrix G in standard form in (1). Set k= %z(t— i)k.. Then orbit submodule code Orb,(Z/) is a constant rank
i=0

=1 —_
code over 7 of rank £, length n. In particular, take /= zki, then (Orb () :y”‘) is a constant dimension code over F,
i=0

of dimension /, length n, and ds((Orb )yt )) <d,, (/). Moreover,
(Orb, (¢ ") = {im(AB)| B e G} =Orb Uy ).
where A is in (2), and G = {H| He g}.
Proof Forany ) e Orb,(Z/), there exists D € Gsuch that =im(GD). Since
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Ik(, Ao,l A042 Ao,3 AO,z—l Ao.,z y
Vlk, A, A e pA 74, yAO
G=|0 0 Vzlkz YAy o VAL yA,, |= . 1 )
S : A
0 0 0 0 Vt_llk,,, yr_lAt—l.t

we have that tk (4,D) =k, tk(A4,D) =k,,---,tk(A,_, D) =k,_, by Corollary 1.
On the other hand, we have
A,D
y(A,D
an—| : )

yk 1 ( At— 1 D)

Clearly, after a suitable permutation of coordinates, we obtain a generator matrix G in standard form of the submodule
V as follows

Ik0 A0,1 Ao,z A0.3 AO,tfl Aok,t
0 Vlk, yA,, yA,; - AL vA,,
G=10 0 I yA, - yA,., 4,
0 0 0 0 - gy YA,
Thus, rank -( )/) = k=rank z(Z/). This means that orbit submodule code Orb,(Z/) is a constant rank code over & of rank

k, length n.
The second statement follows directly from Theorem 1.

By Lemma 9, A4 is a generator matrix of the linear code (Z/:""") over F..
For any Ve Orb ,(Z/), by Definition 10, there is a P € & such that V=im(GP). Then A - P is a generator matrix

of the linear code (V:y'"") over F,. This means that
©rb 2y ) = {im(AB)|Be G| =0rb (@ T)).
In the following, we give two examples to demonstrate Theorem 3. We use the Magma Computer Algebra Sys-
tem™ in our computations.
Example 1 Consider Z=7,. Let // be a linear (submodule) code of length 11 over Z, with a generator matrix
G, in standard form as follows:

1 0001 01 2 0 01

G~ 01 000 T1O0 21 21 ‘
00202002202
o0 0 2 22 02 20 2
Set G= (M )..e., G is a cyclic subgroup generated by M of GL,(Z, ), where
01 0 00O O0O0O0OTO0O0
001 0O0O0O0O0O0TO0O0
000100 O0O0O0TO0O0
00 0O0OT1UO0UO0UO0O0TO0O0
00 0 O0O0OTUOO0OO0OTO0OO0
M=|0 0 0 0OOO 1 0 O0O0UO
000 O0O0OO0OO0OTTO0OTO0OTO0
000 O0O0OO0OO0OO0OT1TO0O0
000 O0O0OO0OO0OO0OO0OT1TTO0
00 00 O0O0OO0OO0O0O0 1
300 3 00330 3 3
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Clearly,| G| =o(M)=178 over GL ,(Z,).

It is easy to see that G = (M) over GL”(IF2 ), where
0100 0 0 0 O0OTUOO
001 00 O0OO0OO0OO0OTUO0OTO
0001 00 0 O0OTUOTO
00001 O0OO0O0OO0OTUO0OTO
0000 O1 O0O0O0OTUO0OTO
M={0 0 00001000 O]}
0000 O0OOO0OT1TTUO0OTUO0OTO0
0000 O O O0OO0OT1TTUOTO
0000 O0OO0OO0OO0OO0OT1TO
0000 0 0 O0O0O0O0 1
1 001 00 1 1 0 11
Thus, ?‘ =o(M)=289 over GL“(IFZ), and 89 is a prime.
Take
1 0001 01 00 01
i 01 00 01 0O0T1O0°1
001 01 0O0T1T1O01
000 1 1 101101

By Lemma 8, A4 is a generator matrix of the linear code (Z/:2). By Theorem 3, we know
Orb (D)) = {im(ZM’)U:o, 1, --~,88},

is a constant dimension code over [, of dimension 4, length 11. One can check that ds((&/ :2)) =6. This means that

(2/:2) is a constant dimension code over I, with parameters ( 11,89,6; 4)2. Thus, by Theorem 3, Orb (/) is an opti-

mum distance constant dimension code over Z, with parameters (1 1,178,6; 3)2.

Remark 4 In Refs. [4, 6, 10-12, 34-35], the authors have proved the existence of constant dimension codes with

q"-1 q"—1 -1 4"-1 .. . . .
—1 or r —1 or (¢"—1) . + ] and minimal distance 2k—2 for any given k. Since 89#2"—1,
_ _ _ q-

size

N

r(2¥=1), (2"=1)(2"-1) for any positive integers N and m, the constant dimension code over I, with param-

+
241
eters (11,89,6; 4)2 from Example 1 is new.

Example 2 Consider =Z,. Let // be a linear (submodule) code of length 7 over Z, with a generator matrix

G, in standard form as follows:

1
G,=|0
0

o

=3

Q

= o o o
o — o
o L oo

Set G={M ). i.e., Gis a cyclic subgroup generated by ,), where

coo~ocooco N WA~
o

Il
O OO O O O
S O O O O O
S = O O O O

PO OO O — O
SO O O = O O

Clearly, | G| = o(M)=3 279 over GL,(Z,).
It is easy to check that g= <]‘_4 > over GL7(IF‘3 ), where



298 Wuhan University Journal of Natural Sciences 2025, Vol.30 No.3

01 00 0 0O
001 00 0O
0001 0 0O
M={0 0 0 01 0 0
0000 010
00 00 0 0 1
1 110 0 0O
Thus, E” =o(M)=1 093 over GL7(IF3), and 1 093 is a prime.
Take
1 000 1 0 2
A=(0 1 0 0 0 1 2).
001 0010

By Lemma 8, 4 is a generator matrix of the linear code (Z/:3). Again by Theorem 3, we know Orb,((¢/:2))=
{im(z M )j=0,1,---,1 092} is a constant dimension code over F; of dimension 3, length 6. One can check that

ds((Z/:3))=4. This means that (Z/:3) is a constant dimension code over [F, with parameters (7,1 093,4;3) . Thus, by

Theorem 3, Orb,(Z/) is a constant rank code over Z, with parameters (7,3 279, > 4; %)3.

Remark 5 Glusing-Luerssen et al¥! gave an open problem: Cyclic orbit codes with maximum distance, that is,
2k, are spread codes (A subspace code C is called a spread of F; if [ J, V' =F; and V'~ W={0} for all distinct
V,W € C). Thus, the best distance a non-spread cyclic orbit code of dimension & can attain is 2(k — 1), but the construc-
tion of such codes is unknown. Examples 1 and 2 obtain two special such codes.

Remark 6 When the length and rank of a constant rank code Cover % and a constant dimension code (C:p" ")

over I, are same, we can see that|C| = h‘ C:yh) ‘ for some integer #>1 by Examples 1 and 2.

4 Gray Images of Constant Rank Code over F_+yF

The ring 2, =F ,+yIF, consists of all g-ary polynomials of degree 0 and 1 in an indeterminate y, and it is closed un-
Fy|

)

der g-ary polynomial addition and multiplication modulo y*. Thus &, = ={a+ybla.beF } is a local ring with

maximal ideal yIF,. Therefore, it is a chain ring.

We first give the definition of the Gray map on 7. The Gray map @,: R, > F; is given by @, (a+yb)=(b, a+b).
This map can be extended to 7] in a natural way: @: 2/ —>F, (a,+b,y, -+, a,+b,p)=>(b,, a,+b,,---, b,, a,+b,).
The following corollary and lemma are from Refs. [13, 16].

Corollary 3 (Corollary 5.10 in Ref. [16]) If C is a linear code over &, of length n and size ¢*, then &(C) is a
linear code over I, with parameters [2n, k].

Lemma 11 (Theorem 3.4 in Ref. [13]) Let C= < Fh(x), yf (x)> be a cyclic code of length n over 7,, where
x"—1=f(x)g(x)h(x) and £ (x), g(x), h(x) are pairwise coprime. Then |C | = g*"~%2V/®,

Lemma 12 Let C,= < Ji0h, (%), of; (x)> be a cyclic code of length n over &, , where x"—1=£;(x)g;(x)h,(x) and
fi(x), g;(x), h;(x) are pairwise coprime for i=1,2. Then C,NC,= <lcm( £ Oh (%), f5 (), (x)), ylem(f; (x), fz(x))>.
C,NC, | = g destemti0fm),

Proof Since C,NC, is a cyclic code of n over 7, there exist u(x), v(x) and w(x) in 7[x] such that C,"C,=

Moreover,

<u(x)v(x), yu(x)>, where x" — 1 = u(x)v(x)w(x) and u(x), v(x), w(x) are pairwise coprime.

By u(x)v(x)e C,nC,c C,, there exist a,(x) and b, (x) in &[x] such that u(x)v(x)=a, (x)f; (X)h, (x)+ b, (x) f; (x).
Multiplying by y, we obtain yu(x)v(x)=ya, (x) f,(x)k, (x), which implies £, (x)%, (x)|u(x)v(x).

Again by yu(x)e C,nC,c C,, there exist a,(x) and b, (x) in &[x] such that yu(x)=a, (x) f; (X)h, (x)+ b, (x) f; (x).
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Multiplying by g, (x), we obtain yu(x)g, (x)=yb, (x) f, (x)g, (x), which implies £, (x)|u(x).

Similarly, C, " C, < C,, which implies f, (x)h, (x)u(x)v(x) and f, (x)|u(x).

Consequently, lem( f; ()4, (x),f, (X)h, (x)|u(x)v(x) and lem( f; (x),f; (x))u(x). This means that

C, N G (lem(f; (), (x).£; (0)h; (), ylem(f; (%), 2, (x)))-
On the other hand, clearly, we have <lcm( J1 (0, (x), f5(X)h, (%)), ylem(f, (x), f, (x))> cC,ndG,.
To summarize, we have C, N C,= (lem(f; (x)h, (x), f, (X)h, (x), ylem(f; (x), £, (x)))-
x"—1

Set f(x)=lem(f, (x)./> (x)), A(x)= lom(f, (0.1, (x))- ged(z, (O ()’ and g(x)=ged(g, (x). /> (x)).
Then, x"— 1 =f(x)g(x)h(x) and the polynomials f{x), g(x) and /(x) are pairwise coprime.
It is easy to check that C, N C,= < S ()A(x), yf (x)>. Therefore, |C, N C, | = g~ 4etenh@:00,

Now combining Corollary 3 with Lemmas 11 and 12, we obtain the following proposition.

Proposition 1  Let C,= < 1:0h (x),9f; (x)> be a cyclic code of length n over 2,, where x"— 1=f;(x)g, (x)h; (x),
fi(x), g:(x), h,(x) are pairwise coprime for i=1,2,---,5. Let C={C|i = 1,---, s}. If deg(f, (x))=deg(f, (x))="---=deg(f. (x))
and deg(lem(f; (x), f;(x))=deg(lem(f;(x), f;(x))) for all i#/, then Cis a constant rank code over 72, with parameters
(n, s, d; k),, where k=n—deg(f, (x)) and d=2(deg(Ilcm(f; (x).f; (x))) —deg(f; (x))).

Corollary 4  Let x"—1=l, (x)[,(x) -/, (x), where [, (x),/,(x),---,/,(x) are pairwise coprime. We assume that
deg(l, (x))=---=deg(/, (x)) for {j,,--~.j,} ={1,2,---,r}. Let C,—{l/, (), (x), yI; (x)> be a cyclic code of length n over &,
where x" — 1=, (x)g; (x)h,(x). Let C={P(C,)i=1,--,s}. Then C is an optimum constant dimension code F, with param-
eters (2n, s, d; k),, where d=4deg(/; (x)), and k=2(n — deg(/, (x))).

Proof It is easy to check that &(C, " C,)=D(C, )N D(C;) for i, j=1, 2, ---, s.

By Corollary 3 and Lemma 12, for i, j=1, 2, -+, 5, @(C,) is a linear code over [, with parameters [2n, k], and
D(C, )N D(C,)is a linear code over [, with parameters [2n, k—2deg(/; (x))]. Thus, d (D(C,))=2k—2(k—2deg(/; (x)))=
4deg(/; (x)). So, C is an optimum constant dimension code IF, with parameters (2n, s, d; k),

Example 3  Consider cyclic codes of length 71 over F.+)F.. In F_ +yF

X" =1=M,(xX)M, (x)M, (x)--M,, (x),

5%

where
M,(x)=x+4, M, X)=x>+x*+2x+4, M,(x)=x"+4x>+3x+4, M, (x)=x"+4x* +4x* + x + 4,
M, (x)=x"+3+x>+4x+4, M, (xX)=x"+x*+ X’ + 3>+ 2x +4, M, (xX)=x"+x*+2x° + 3x* + 3x + 4,
M, (xX)=x"+x"+4x +2x* + 4, My (x)=x"+x* + 3x° + 2x° + 2x + 4, M, (x)=x" + 2x* + x* + 4,
M,(xX)=x"+2x*+ 23+ 3x* +4x+4, M, (x)=x" +4x* + x> + x> +4, M, (x)=x"+3x* + 2x° + 4x* + 4x + 4,
M, (x)=x"+3x*+4x’+4, M, (x)=x"+3x* + 3x* + 2x* + 4x + 4.

Let C,= <M0 ()M, (x), yM, (x)> for i=1,2,---,14. Using Corollary 4, we find that the subspace code
C={&(C,)|i=1,2,--,14} is an optimum distance constant dimension code over F. with parameters
(142, 14, 20; 132)

Example 4 Consider cyclic codes of lengths 84 and 93 over I, + yIF,, respectively. First,

xP=1=M,xX)M, (x)M, (x)--M,, (x),

5"

where
M,(x)=x+1, M, (x)=(x>+wx+ )x*+w’x+ 1), M, x)=x*+x>+wx+1,
M, (x)=x"+w X’ +x*+w'x+1, M, (xX)=x*+wx’+w’x+ 1, M, (x)=x*+w’x*+wx + 1,
M,(x)=x*+X*+wx+ 1, M,(x)=x*+X*+w'x+1, My(xX)=x*+xX"+wx’ +x+ 1, My (x)=x*+X + W’ x* +x+ 1,
M,x)=x*+wx+w’+ 1, M, (X)=x*+x>+w’x+ 1, M,(x)=x"+wxX’ + W’ x’+ I, M; (xX)=x*+w’x*+x+1,
M, (X)=x*+wx’+x+ 1, M;(X)=x*+ WX’ +x*+ 1, M, (x)=x*+wx’ + x>+ 1, M, (x)=x*+ wx’ + x> + wx + 1,

M (X)=x*+w' X +wxl +wx+ 1, M, (x)=x"+wx’ + W’ x> + w>x+ 1, M,y (x)=x*+wx’ + wx> + w?x + 1,
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M, (x)=x*+wx*+w’x*+wx+1.
Let C,= <M0(x)Mi(x), yMl.(x)> for i=1, 2,---,21. Using Corollary 4, we find that the subspace code C=
{®(C,)|i=1, 2,-+-,21} is an optimum distance constant dimension code over IF, with parameters (170, 21, 16; 162),.
Second, taking n=93, we have
X" =1=Ny ()N, (X)N, (x)-+ Ny (%),
where
No(xX)=x+1,N,(x)=x+w, N,(x)=x+w’, N;(x)=x"+x"+ 1, N,(X)=x+x+w, Ny () =x"+ x>+ w’, Ny(x)=x>+x’+1,
N, (0)=x"+xX+x*+x+1, Ny(x)=x"+wx’ +w, Ny(xX)=x"+w’x*+w’, N,y (x)=x"+x*+x*+x+ 1,
N, )=xX"+wxX’ +x*+w’x+w, N, X)=x>+w’ X’ + x>+ wx +w?, N; (x)=x"+wx* + x> + wx + w?,
N,o)=xX"+wx*+ WX +wx +w Nis(0)=x"+wx* + WX’ + x>+ w’, Ny (0)=x"+w’x* + x> + w’x +w,
Ny ()=xX"+wx*+wx’ + wx+w, Ny (0)=x"+ W’ x '+ wx’ + 37+ w, Ny () =xX"+x*+ X +x+ 1, Ny () =x"+x* + X+ x>+ 1.
Let C;= <M0(x)M,(x), yM,.(x)> for i=3,4,---,20. Using Corollary 4, we find that the subspace code

C={®(C,)|i=3,--,20} is an optimum distance constant dimension code over I, with parameters (186, 17, 20; 176),.

Remark 7 In Refs. [4, 6, 10-12, 34-35], the authors proved the existence of constant dimension codes with size
q -1 q"—1 -1 4¢"-1 .. . . . N 4V -1
,orr ,or (" —1)*—— 4+ ——— and minimal distance 2k —2 for any given k. Since 21, 17#4"—1, r ,
qg-1 qg-—1 g-1  4-1 3

4V—1
45 —1
(170,21,16;162), and (186, 17,20; 176), from Example 4 are new.

Remark 8 The constant dimension codes from Examples 3 and 4 are optimum distance constant dimension codes.

4V—1 o . . .
“4"-1 T for any positive integers 7, k, N and m, the constant dimension codes over [F, with parameters

5 Conclusion

In this paper, we studied submodule codes over finite chain rings, and gave two criteria for a submodule code C
over finite chain rings to be a constant rank code. Further, we constructed optimum distance constant dimension codes
over IF, by using submodule codes in finite chain rings. We believe that submodule codes over finite chain rings will be
a good source for constructing new constant dimension codes over IF,. In future work, in order to construct new con-
stant dimension codes, we will use the computer algebra system MAGMA to search for more good submodule codes
over finite chain rings.
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