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Orbit Codes over Finite Chain Rings
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Abstract: In this paper, we first generalize the constant dimension and orbit codes over finite fields to the constant rank 
and orbit codes over finite chain rings. Then we provide a relationship between constant rank codes over finite chain 
rings and constant dimension codes over the residue fields. In particular, we prove that an orbit submodule code over a 
finite chain ring is a constant rank code. Finally, for special finite chain ring Fq + γFq, we define a Gray map Φ from 

(Fq + γFq ) n

 to F2n
q , and by using cyclic codes over Fq + γFq, we obtain a method of constructing an optimum distance 

constant dimension code over Fq.
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0　Introduction

Random linear network coding, first introduced in 

Ref. [1], is a strong tool for effective data transmission 

over noisy and lossy networks. It was proved in Ref. 

[1] that the information rate of a network can be im‐

proved by using coding at the nodes of the network, in‐

stead of simply routing the received inputs. An alge‐

braic approach to random network coding was pro‐

vided by Koetter and Kschischang in Ref. [2]. They 

proposed transmitting information by means of the sub‐

spaces of finite fields Fn
q and defined subspace codes as 

a class of codes well suited for error correction. In the 

case that all the codewords in a subspace code have the 

same dimension, the subspace code is said to be a con‐
stant dimension subspace code. The theory of constant 

dimension subspace code has received a lot of attention 
in recent years (see Refs. [3-9]). As we know, the ap‐
proach of constructing good constant dimension sub‐

space codes is an interesting research field. In Ref. [9], 

Trautmann et al introduced the concept of orbit codes 

as subspace codes obtained from the action of sub‐

groups of the general linear group GL(nq) on the set of 

subspaces of Fn
q. When the acting group is cyclic, the 

code is called a cyclic orbit code. Because of the sim‐

plicity of their algebraic structure and the existence of 

efficient encoding/decoding algorithms, this family of 

codes has attracted great interest. Gluesing-Luerssen 

and Lehmann[3] presented a detailed study of cyclic or‐

bit codes based on the stabilizer subfield. Later, 

Gluesing-Luerssen et al[4] investigated the structure of 

the distance distribution for cyclic orbit codes, which 
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are subspace codes generated by the action of Fn
q on an 

Fq-subspace U of Fn
q. Ref. [10] gave a systematic con‐

struction of subspace codes using subspace polynomi‐

als. By using Ben-Sasson’s idea, Chen et al[6] also pro‐

vided some constructions of cyclic subspace codes. Roth 

et al[11] and Zhang et al[12] generalized and improved their 

result, so that one can obtain larger codes for fixed pa‐

rameters and increase the density of some possible pa‐

rameters.

Linear codes over finite rings have played a very 

important role in the theory of error correcting codes and 

practice (see Refs. [13-19]). On the one hand, by means 

of linear codes over finite rings, one can obtain good lin‐

ear codes over finite fields (see Refs. [20-22]). On the 

other hand, new quantum codes and entanglement-

assisted quantum codes can be obtained from linear 

codes over finite rings (see Refs. [23-27]).

Inspired by these works, in this paper, we first 

generalize subspace codes over finite fields to submod‐

ule codes over finite chain rings, and generalize con‐

stant dimension codes over finite fields to constant 

rank codes over finite chain rings. Under suitable con‐

ditions, we give a characterization of the constant rank 

codes over finite chain rings. We give a sufficient con‐

dition for which an orbit submodule code over a finite 

chain ring is a constant rank code.

This paper is organized as follows. In Section 1, 

we recall the necessary background materials of linear 

codes over finite chain rings. In Section 2, we first gen‐

eralize the constant dimension codes over finite fields 

to constant rank codes over finite chain rings. Then, 

we give a relationship between constant rank codes 

over finite chain rings and constant dimension codes 
over the residue fields. By means of this relationship, 

we obtain a method to construct constant rank codes 

over finite chain rings. In Section 3, we collect con‐

cepts of orbit codes over finite fields, which are gener‐

alized to the orbit submodule codes over finite chain 

rings. Then we study orbit submodule constant rank 

codes over finite chain rings. We give two new ex‐

amples of the open problem proposed by Gluesing-

Luerssen et al in Ref. [4] (see Examples 1 and 2). In 

Section 4, we define a Gray map Φ from (Fq + γFq ) n

 to 

F2n
q , and we give a method for constructing an optimum 

distance constant dimension code over Fq by using cy‐
clic codes over Fq + γFq. Finally, a brief summary of 

this work is described in Section 5.

1　Linear Codes over Chain Rings

Throughout this paper R will denote a finite chain 
ring. In this section, we recall some basic concepts and 
results of linear codes over R, necessary for the develop‐
ment of this work. For more details, we refer to Refs. 
[16, 19, 28-30]. 

It is well known that R has the unique maximal 
ideal, denoted by m. Let γ be a generator of the unique 

maximal ideal m, i.e., m = γ . Its chain of ideals is

R = γ0 É γ1 ÉÉ γt - 1 É γt = {0}.
The integer t is called the nilpotency index of m. Let Fq =
R/m be the residue field with characteristic p, where q =
pe and p is a prime number. There is a natural homomor‐

phism from R onto Fq =R/m, i.e.,

¯ :R®Fq =R/m, r r +m = r̄, for any rÎR.

This natural homomorphism from R onto Fq =R/m 
can be extended naturally to a homomorphism from Rn 
onto Fn

q. For an element cÎRn, let c̄ be its image under 
this homomorphism.

Let R* denote the group of units of R. R* is just 
the set of non-nilpotent elements of R i.e., R* =R -m. 
The subgroup 1 +m of R* is a p-group.

It is well known that the group of units R* of R 
contains a unique cyclic subgroup T * of order q - 1. T =
T *È{0} is called the Teichmüller set of R and forms a 

system of coset representatives of Fq =R/m. More pre‐
cisely, R contains a unit element ζ with multiplicative 
order q - 1 such that T ={0 1 ζ ζ 2… ζ q - 2 }. We call ζ 

the generator of T. Since the set T modulo γ equals Fq, 

we do not make distinction between T and Fq. Every ele‐

ment rÎR can be written as r =∑
i = 0

t - 1

riγ
i, where 

r0r1…rt - 1Î T (see Refs. [7,18]).
Lemma 1  Let notations be as above. We have

R* = T * ×(1 +m)@T * ´ (1 +m).
A nonempty subset CÍRn is called a linear code of 
length n over R if it is an R-submodule of Rn. All codes 
are assumed to be linear. We say that a linear code C 
over R is free if C is isomorphic as a module to Rμ for 
some positive lnteger μ, denoted by C @Rμ.

For two vectors a = (a1 a2 an ) and b =
(b1 b2 bn ) in Rn, we define the Euclidean inner 

product as [a b] to be [a b] =∑
i = 1

n

aibi.

Let C be a linear code over Rn. We define the Eu‐
clidean dual code of C as
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C^ ={aÎRn|[a b] = 0 for all bÎC}.

The following lemma is well-known in Ref. [30].
Lemma 2  Let C be a linear code of length n over 

R (or an R-submodule of Rn). Then 

|C ||C^ | = |R |n
.

One of the most important tools in coding theory is 
finding a generator matrix for a code. In general, we 
want not only a matrix that generates code by rows, but 
also a matrix that generates code by a minimum number 
of rows. To describe the generator matrix for a code over 
R, we introduce the following two definitions and lem‐
mas which come from Refs. [16, 28].

Definition 1  Let w1 …wk be nonzero vectors in 

Rn. Then w1 … wk are R-independent if ∑
j = 1

k

δiw i = 0 im‐

plies that δjw j = 0 for all j, where δjÎR.

Following Definition 1, we can easily get the fol‐
lowing lemma.

Lemma 3  If the nonzero vectors w1 … ws in Rn 

are R-independent and ∑
j = 1

s

δiw i = 0, then δjÎ γ  for all j.

Let w1 … ws be vectors in Rn. As usual, we de‐
note the set of all linear combinations of w1 … ws 
by w1 … ws .

Lemma 4  If the nonzero vectors w1 … ws in Rn 
are R-independent, then none of the vectors w1 … ws 
is a linear combination of the other vectors.

With the help of the above definition and two lem‐
mas, we give a definition of a generator matrix for a 
code over R.

Definition 2  Let C ¹ {0} be a linear code over R 

(or an R-submodule of Rn). The nonzero codewords 
c1 c2 ck are called a basis of C if they are R-inde‐
pendent and generate C. Let GC be a k ´ n matrix where 
c1 c2 ck are rows of GC. Then GC is a generator ma‐
trix of C.

Definition 3  A parity-check matrix HD for a lin‐
ear code D over R is a generator matrix for the dual 
code D^.

Let Mm´ l(R) be the set of all m´ l matrices over R. 

For AÎMm´ l(R), AT denotes the transpose of the matrix 

A. We also let 0 denote the zero matrix, where the size 
will either be obvious from the context or specified 
whenever necessary. Similarly, we denote the m´m iden‐
tity matrix by Im, or simply I if the size is clear from the 
context.

Let AÎMm ´ l(R), and let ArowÌRl and AcolÌRm be 

the submodules generated by the rows of A and the col‐

umns of A, respectively. Now, we introduce the defini‐
tion of the row-rank (or column-rank) of the matrix from 
Ref. [31].

Definition 4  The parameter log ||R | Arow | is called 

the row-rank of the matrix A and denoted by rkr (A), and 

similarly log ||R | Acol | is called the column-rank of the ma‐

trix A and denoted by rkc (A).

Obviously, when R is a finite field, the above defi‐
nition coincides with the usual rank of a matrix. We 
need the following two lemmas which can be found in 
Ref. [31].

Lemma 5  Let AÎMm´ l(R). Then rkr (A)= rkc (A).

In R, we define rkr (A) or rkc (A) as the rank of the 

matrix A, denoted by rk(A). The following two concepts 

and a result about matrices over finite chain rings appear 
in Ref. [32].

Let A = (aij ) ÎMm ´m(R). If there is an m ´m ma‐

trix B over R such that AB =BA = I, then A is invertible 
and B is an inverse of A. If the determinant det(A) is a 

unit of R, then A is non-singular.
Lemma 6  Let A be an m ´m matrix over R. The 

following statements are equivalent: (1) A is invertible; 
(2) A is non-singular; (3) rk(A)=m.

Lemma 7  Let AÎMm ´ l(R) and BÎM l ´ s(R). 
Then rk(AB)≤ min{rk(A) rk(B)}.

Corollary 1  Let AÎMm ´ l(R). If PÎMm ´m and 

QÎM l ´ l are non-singular, then rk(A)= rk(PA)= rk(AQ)=
rk(PAQ).

Proof  Let B =PA. Then, by Lemma 7, we have 
rk(B)= rk(PA)≤ rk(A). On the other hand, considering 

the matrix P is non-singular, we obtain A =P-1 B. Again 
by Lemma 7, we have rk(A)= rk(P-1 B)≤ rk(B). There‐

fore, rk(A)= rk(PA).

Similarly, we can show that rk(A)= rk(AQ)=
rk(PAQ). 

Definition 5  Let G be a generator matrix of a lin‐
ear code C over R. Then the rank of the code C, denoted 
by rankR(C ), is defined as rankR(C ) = rk(G).

Let C be a code of length n over R. We define C̄ =
{c̄|cÎC} and (C:r ) ={aÎRn|raÎC}, where r is an ele‐

ment of R. The following two definitions can be found 
in Ref. [22].

Definition 6  To any code C over R, we associate 

the tower of codes C = (C:γ0 ) Í (C:γ) Í…Í (C:γt - 1 ) 
over R and its projection to Fq , 

C̄ =
- -- ----- --
(C:γ0 ) Í - -- -----

(C:γ) Í…Í
- -- -- ----- --
(C:γt - 1 ).
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Definition 7  Let C be a linear code over R. A generator matrix G for C is said to be in standard form if, after a 
suitable permutation of the coordinates, G can be written as the following block matrix:

G =

æ

è

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷
Ik0

A01 A02 A03  A0t - 1 A0t

0 γIk1
γA12 γA13  γA1t - 1 γA1t

0 0 γ2 Ik2
γ2 A23  γ2 A1t - 1 γ2 A2t

      
0 0 0 0  γt - 1 Ikt - 1

γt - 1 A t - 1t

=

æ

è

ç

ç

ç

ç
ççç
ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷
÷÷÷
÷

÷

÷

÷

÷
A0

γA1


γt - 1 A t - 1

 . (1)

We associate the following matrix with G 

A =

æ

è

ç

ç

ç

ç
çç
ç
ç

ç

ç
ö

ø

÷

÷

÷

÷
÷÷
÷
÷

÷

÷
A0

A1


A t - 1

 . (2)

For any constant rÎR and any cÎRn, we denote by rc the usual multiplication of a vector by a scalar. We say that a 
vector cÎRn is divisible by a constant rÎR, and write as rc, if there exists a vector aÎRn such that c = ra, i.e., all en‐
tries of c are divisible by r.

Let C be a linear code over R. For i = 12…t - 1 we denote by ki the number of row vectors of G that are divis‐

ible by γi but not by γi + 1. A code with generator matrix of this form is said to have type {k0 k1… kt - 1}. It is immediate 

that the number of elements in a code C with this generator matrix is

|C | = |R/m |
∑
i = 0

t - 1

( )t - i ki

= |Fq |∑i = 0

t - 1

( )t - i ki

 .

Thus, we have rankR(C ) = 1
t ∑

i = 0

t - 1

(t - i ) ki. This means that the rank of a linear code over R could be a fraction.

2　Constant Rank Codes over Chain Rings

In this section, we first generalize the constant dimension and orbit codes over finite fields to the constant rank 
and orbit codes over finite chain rings. Then, a method of constructing the constant rank code over R is given.

In order to give the definition of the rank distance of a submodule code over finite chain rings, we need the follow‐
ing lemma.

Lemma 8  Let C and D be two linear codes of length n over R. Then we have
rankR(C +D) = rankR(C ) + rankR(D) - rankR(CÇD).

Proof  Let uÎC +D. Then there are aÎC bÎD such that u = a + b. Obviously, for any wÎCÇD, we have
u = (a +w)+ (b -w).

Thus, there are |CÇD | such expressions for u. This means that |C +D | = ||C × || D
||CÇD
. So,

rankR(C +D) = log ||R |C +D | = log ||R |C | + log ||R | D | - log ||R |CÇD |, 

i.e., rankR(C +D) = rankR(C ) + rankR(D) - rankR(CÇD). 
Definition 8  Let C be a set of submodules (or linear codes) of length n over R. Then C is called a submodule 

code of length n over R. The submodule code C is called a constant rank code if all submodules have the same rank. If 

every submodule of C has the same type {k0 k1… kt - 1}, then the submodule code C is called a constant rank code of 

type {k0 k1… kt - 1}.
Definition 9  Let U  and V  be two submodules over R. Then the rank distance is defined as

dM(U V ): = rankR(U +V ) - rankR(UÇV ).
The minimum rank distance of a submodule code C  is definite as 

dM(C ): =min{dM(UV ) | U ¹V U VÎ C}.
Remark 1  By Lemma 8, we have
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dM(UV ) = rankR(U ) + rankR(V ) - 2rankR(UÇV ) = 2rankR(U +V ) - (rankR(U ) + rankR(V ) ) .

As a consequence, suppose that C is a constant rank code of rank k and length n, then its minimum submodule dis‐

tance is even integer and it is upper bounded by

dM(C ) ≤ ì
í
î

2k               if  2k ≤ n
2 ( )n - k       if  2k ≥ n.

This bound is attained by submodule code in which the intersection of every two different submodules has rank of max

{0, 2k-n} .

Remark 2  When R =Fq, the submodule code C is a subspace code. In this case, the distance between two sub‐

space is dM( )UV = dS( )UV = dimFq
( )U + dimFq

( )V - 2dimFq
( )UÇV . This means that the distance of subspace code 

over Fq is a special case of the rank distance of submodule code over R.

Let C  be a constant rank code of rank k and length n over R. If it attains bound dM(C ) =min{2k 2 (n - k )}, then 

C is called an optimum distance constant rank code.

A code C is called an (n|C | d ; K )
q
 submodule code over R if the ranks of the codewords of C are contained in a 

set KÌ{0 1 2⋯ n}. In the case K = {k}, i. e., C is a constant rank code, we denote its parameters by (n|C | d ; k)q, 

where q is the number of elements of the residue field Fq. If all codewords do not have the same rank, then C  is called 

a mixed rank code. Such submodule code is denoted by (n |C |  d )
q
. Constant rank codes are the most well-studied 

submodule codes, being the  analogues of classical codes over finite rings.

Remark 3  When R =Fq, the submodule code C is a subspace code. In this case, the distance between two sub‐

space is dM (U V)= dS (U V). This means that the parameters of submodule codes over R are generalizations of the pa‐

rameters of subspace codes over Fq.

In order to connect a constant rank code of rank k and length n over R with a constant dimension code of dimen‐

sion k and length n over Fq, we need the following lemma, which can be found in Ref. [19].

Lemma 9  (Lemma 9 in Ref. [19]) Suppose that C is a linear code of length n over R with a generator matrix G 

in standard form (1) and let A be as in (2). Then, for 0 ≤ i ≤ t - 1, 
- -- ----- --( )C:γi  has a generator matrix

-
G i =

æ

è

ç

ç
ç
çç
ç
ç

ç
-
A0


-
A i

ö

ø

÷

÷
÷
÷÷
÷
÷

÷
.

In addition, dimF
- -- ----- --
(C:γi ) = k0 + k1 +⋯ + ki.

Lemma 10  Let C and D be two linear codes over R. Then, for i = 01…t - 1, we have
- -- -- -- ----- -- --( )CÇD:γi Ì

- -- ----- --( )C:γi Ç
- -- ----- --( )D:γi . (3)

- -- ----- --( )C:γi +
- -- ----- --( )D:γi Ì

- -- -- -- ----- -- --( )C +D:γi . (4)

Proof  1) We first prove that
- -- -- -- ----- -- --( )CÇD:γi =

- -- -- -- -- -- ----- -- -- -- --( )C:γi Ç ( )D:γi . (5)

In fact, for any aÎ (CÇD:γi ), we have γiaÎCÇD. So, γiaÎC and γiaÎD, which implies that aÎ (C:γi ) and 

aÎ (D:γi ). Thus, aÎ (C:γi ) Ç (D:γi ), i. e.,

(CÇD:γi ) Ì (C:γi ) Ç (D:γi ). (6)

On the other hand, let bÎ (C:γi ) Ç (D:γi ). Then γibÎC and γibÎD. This means that γibÎCÇD,i. e., bÎ (CÇD:γi ). 
Thus,

(CÇD:γi ) É (C:γi ) Ç (D:γi ). (7)

Combining Eqs. (6) and (7), we have (CÇD:γi ) = (C:γi ) Ç (D:γi ). So, the Eq. (5) holds.

Next, let ūÎ
- -- -- -- ----- -- --( )CÇD:γi =

- -- -- -- -- -- ----- -- -- -- --( )C:γi Ç ( )D:γi , where uÎ (C:γi ) Ç (D:γi ). Then uÎ (C:γi ) and uÎ (D:γi ). There‐

fore, ūÎ
- -- ----- --( )C:γi  and ūÎ

- -- ----- --( )D:γi , which implies that ūÎ
- -- ----- --( )C:γi Ç

- -- ----- --( )D:γi . Thus, we complete the proof of Eq. (3).
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2) For any wÎ
- -- ----- --( )C:γi +

- -- ----- --( )D:γi , there are uÎ
- -- ----- --( )C:γi  and vÎ

- -- ----- --( )D:γi  such that w = u + v. Thus, we can find that 

aÎ (C:γi ) and bÎ (D:γi ) with u = ā and v = b̄. This means that γiaÎC and γibÎD. Therefore, γi (a + b)ÎC +D, i.e., a +

bÎ(C +D:γi ). Hence, 
- -- -----
a + b Î

- -- -- -- ----- -- --
(C +D:γi ). Since ¯ is a homomorphism from Rn onto Fn

q, we have w = u + v = -
a + -

b =
- -- -----
a + b Î

- -- -- -- ----- -- --
(C +D:γi ). This prove that 

- -- ----- --( )C:γi +
- -- ----- --( )D:γi Ì

- -- -- -- ----- -- --
(C +D:γi ), i.e., we complete the proof of Eq. (4). 

Let C  be submodule code of length n over R. In the following, we denote by 
- -- -- ----- --( )C:γt - 1  the set {- -- -- ----- -- --

(U : γt - 1 ) |UÎ C}.
Combining Lemmas 9 and 10, we give the following theorem.

Theorem 1  Let C  be a submodule code of length n over R with type {k0k1…kt - 1} and the minimum rank dis‐

tance dM(C ). Then

1) 
- -- -- ----- -- --( )C : γt - 1  is a constant dimension code over Fq of dimension l = k0 + k1 +⋯ + kt - 1 and length n. In addition,

dS(- -- -- ----- -- --( )C : γt - 1 ) ≤ dM(C ).
2) In particular, write k =

1
t ∑

i = 0

t - 1

(t - i)ki. If 2k ≤ n and C is an optimum distance constant rank code, then 
- -- -- ----- --( )C :γt - 1  is 

also an optimum distance constant dimension code with the minimum distance 2l.

Proof  1) By assumptions, for any U VÎ C, we have rankR(U ) = rankR(V ) = 1
t ∑

i = 0

t - 1

(t - i)ki.

According to Lemma 9, for any  
- -- -- ----- --
(U :γt - 1 ) 

- -- -- ----- --
(V :γt - 1 ) Î

- -- -- ----- --( )C :γt - 1 , we obtain dimFq

- -- -- ----- --
(U :γt - 1 )= dimFq

- -- ----- -- --
(V :γt - 1 )=∑

i = 0

t - 1

ki .

Thus, 
- -- -- ----- --( )C :γt - 1  is a constant dimension code over Fq of dimension k0 + k1 +⋯ + kt - 1 and length n.

On the other hand, by Lemmas 9 and 10, for any UVÎ C, we obtain

 
dM (U V)= rankR(U ) + rankR(V ) - 2rankR(UÇV ) = dimFq

- -- -- ----- --
(U :γt - 1 ) + dimFq

- -- -- ----- --
(V :γt - 1 ) - 2 dimFq

- -- -- -- -- ----- -- -- --
(UÇV :γt - 1 )

        ≥ dimFq

- -- -- ----- --
(U :γt - 1 ) + dimFq

- -- -- ----- --
(V :γt - 1 ) - 2 dimFq( )- -- -- ----- --

(U :γt - 1 ) Ç
- -- -- ----- --
(V :γt - 1 ) = dS( )- -- -- ----- --

(U :γt - 1 ) 
- -- -- ----- --
(V :γt - 1 )

.

This gives that dS(- -- -- ----- --( )C :γt - 1 ) ≤ dM(C ).
2) In particular, if 2k ≤ n and C is an optimum distance constant rank code, for any UVÎ C, we have UÇ V = {0}.

Let 
- -- -- ----- --
(U :γt - 1 ) and 

- -- -- ----- --
(V :γt - 1 ) be any two different elements of 

- -- -- ----- --( )C :γt - 1 . We prove that 
- -- -- ----- --
(U :γt - 1 ) Ç

- -- -- ----- --
(V :γt - 1 ) = {0} by 

contradiction as follows.

Otherwise, there exists 0 ¹ aÎFn
q such that aÎ

- -- -- ----- --
(U :γt - 1 ) Ç

- -- -- ----- --
(V :γt - 1 ). Hence, we can find that bÎ(U :γt - 1 ) and 

cÎ(V :γt - 1 ) satisfy a = b̄ = c̄.

We assume that b= b0+ b1γ++ b t- 1γ
t- 1 and c= c0+ c1γ++ c t- 1γ

t- 1 with b0b1…b t- 1c0c1…c t- 1ÎT n, where 

T is the Teichmüller set of R. Then, by γt- 1bÎU  and γt- 1cÎV, we have γt- 1b0ÎU  and γt- 1c0ÎV. Thus, we obtain  

γt - 1a = γt - 1 b̄ = γt - 1b0ÎU, and γt - 1a = γt - 1 c̄ = γt - 1c0ÎV. This gives that γt - 1aÎUÇV. Obviously, γt - 1a ¹ 0. This is a con‐

tradiction. Thus, for any 
- -- -- ----- -- --( )U :γt - 1 

- -- -- ----- -- --( )U :γt - 1 Î
- -- -- ----- --( )C :γt - 1 , we have dS(- -- -- ----- -- --( )U :γt - 1 

- -- -- ----- -- --( )U :γt - 1 ) = 2 (k0 + k1 + + kt - 1 ) = 2l, 

which implies that 
- -- -- ----- --( )C :γt - 1  is an optimum distance constant dimension code with the minimum distance 2l.

A linear code C over R of length n is said to be cyclic if the following holds:

(c0c1…cn - 1 ) ÎCÞ (cn - 1c0…cn - 2 ) ÎC.

It is well-known that a cyclic code of length n over R can be identified with an ideal in the residue ring 
R[x]

xn - 1
 

via the R-module isomorphism φ:Rn®
R[x]

xn - 1
 given by (a0a1⋯an - 1 )  a0 + a1 x +⋯ + an - 1 xn - 1(mod ( xn - 1) ).

Customarily, for a polynomial f ( x) =∑
i = 0

l

ai x
i of degree l (al ¹ 0 and a0 is a unit) over R, its monic reciprocal poly‐

nomial a-1
0 xl f ( 1

x ) is denoted by f *( x), i.e.,
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f *( x) = a-1
0 xl f ( 1

x ) = a-1
0 ∑

i = 0

l

ai x
l - i.

A polynomial f ( x) is self-reciprocal, if f ( x) = f *( x).
The homomorphism from R to Fq extends naturally to a homomorphism R[x]®Fq [x], where R[x] and Fq [x] are 

the corresponding polynomial rings; for any fÎR[x] we denote by 
-
f its image under this homomorphism; moreover, 

for a set CÌR[x] we define 
-
C = {-

f  | fÎC}.
It is well known that any fÎR[x] which is not divisible by γ can be written as f = uf1, where uÎR[x] is a unit and 

f1 is monic. We will therefore restrict our attention to monic polynomials.

The following is basic result of cyclic codes over R.

Theorem 2 (Theorem 4.5 in Ref. [19])  Let C = γa0 ga0
(x) γa1 ga1

(x)… γas gas
(x)  be a cyclic code of length n 

over R, where gai
(x)ÎR[x] are monic. Then

1) 0 ≤ a0 < a1 <⋯ < as < t, and a0a1⋯as are unique.

2) gas
(x) | gas - 1

(x) |⋯| ga1
(x) |ga0

(x) | xn - 1, deg (gai
(x)) > deg (gai + 1

(x)) for i = 0…s - 1, and ga0
(x)ga1

(x)⋯gas
(x) 

are unique.

3) If i < a0, then 
- -- ----- --( )C:γi = {0}, otherwise 

- -- ----- --( )C:γi = {-gaj
(x)}, where aj is maximal with the property aj ≤ i.

4) dimFq(- -- ----- --
(C:γi ) ) = n - deg (gaj

(x)), where aj is maximal with the property aj ≤ i.

Combining Theorems 1 and 2, we obtain the following corollary.

Corollary 2  For 1 ≤ i ≤ r, let Ci = g (i)
0 (x) γg (i)

1 (x)… γt - 1 g (i)
t - 1 (x)  be a cyclic code of length n over R, where 

g (i)
t - 1 (x) | g (i)

t - 2 (x) |⋯| g (i)
1 (x) |g0 (x) | xn - 1, and deg (g (i)

j (x)) > deg (g (i)
j + 1 (x)) for j = 0…t - 1. Let C = {Ci| i = 1…r }. If 

deg (g (1)
j (x)) = deg (g (2)

j (x)) = deg (g (r)
j (x)) = kj for j = 12…t - 1, then C is a constant rank code over R of rank k and 

length n, where k =
1
t ∑

j = 0

t - 1

( )t - j deg ( )g (1)
j (x) .

3　Orbit Constant Rank Codes over Finite Chain Rings

From now on, we denote by GLm(R) the set GLm(R) = {AÎMm ´m(R) |det ( )A ÎR*}. It is well known that 

ABÎGLm(R) if and only if ABÎGLm(R).
Let U  be a linear (submodule) code of length n over R with a generator matrix G in standard form in (1). Clearly, 

U = imG : = {aG | aÎRK ( )C }, i.e., the submodule of Rn generated by the rows of G.

Definition 10  Let G  be a subgroup of GLm(R), U  be a linear code (submodule) of length n over R with a gen‐

erator matrix G in standard form in (1). The orbit submodule code generated by U  with respect to the subgroup G, de‐

noted by OrbG (U), is defined as OrbG (U)= {im (GB) | BÎG }.
Theorem 3  Let G be a subgroup of GLm(R), and U  be a linear code (submodule) of length n over R with a 

generator matrix G in standard form in (1). Set k =
1
t ∑

i = 0

t - 1

(t - i)ki. Then orbit submodule code OrbG (U) is a constant rank 

code over R of rank k, length n. In particular, take l =∑
i = 0

t - 1

ki, then 
- -- -- -- -- -- ----- -- -- -- --( )OrbG (U) :γt - 1  is a constant dimension code over Fq 

of dimension l, length n, and dS(- -- -- -- -- -- ----- -- -- -- --( )OrbG (U) :γt - 1 ) ≤ dM (U). Moreover,
- -- -- -- -- -- ----- -- -- -- --( )OrbG (U) :γt - 1 = {im (-A-

B ) | BÎG } =Orb-G
- -- -- ----- --
(U :γt - 1 ) 

where A is in (2), and 
-G = {-H | HÎG }.

Proof  For any VÎOrbG (U), there exists DÎG such that V = im (GD). Since
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G =

æ

è

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷
Ik0

A01 A02 A03  A0t - 1 A0t

0 γIk1
γA12 γA13  γA1t - 1 γA1t

0 0 γ2 Ik2
γ2 A23  γ2 A1t - 1 γ2 A2t

      
0 0 0 0  γt - 1 Ikt - 1

γt - 1 A t - 1t

=

æ

è

ç

ç

ç

ç
ççç
ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷
÷÷÷
÷

÷

÷

÷

÷
A0

γA1


γt - 1 A t - 1

,

we have that rk (A0 D) = k0, rk (A1 D) = k1…rk (A t- 1 D) = kt- 1 by Corollary 1.

On the other hand, we have

GD =

æ

è

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
A0 D

γ ( )A1 D


γt - 1( )A t - 1 D

.

Clearly, after a suitable permutation of coordinates, we obtain a generator matrix G͂ in standard form of the submodule 
V  as follows

G͂ =

æ

è

ç

ç

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷

÷

÷
Ik0

~
A01

~
A02

~
A03 

~
A0t - 1

~
A0t

0 γIk1
γ
~
A12 γ

~
A13  γ

~
A1t - 1 γ

~
A1t

0 0 γ2 Ik2
γ2~A23  γ2~A1t - 1 γ2~A2t

      

0 0 0 0  γt - 1 Ikt - 1
γt - 1~A t - 1t

.

Thus, rankR(V ) = k = rankR(U ). This means that orbit submodule code OrbG (U) is a constant rank code over R of rank 

k, length n. 
The second statement follows directly from Theorem 1.

By Lemma 9, 
-
A is a generator matrix of the linear code 

- -- -- ----- --
(U :γt - 1 ) over Fq.

For any VÎOrbG (U), by Definition 10, there is a PÎG  such that V = im (GP ). Then 
-
A × -P is a generator matrix 

of the linear code 
- -- -- ----- --
(V :γt - 1 ) over Fq. This means that

- -- -- -- -- -- ----- -- -- -- --
(OrbG (U) :γt - 1 ) = {im (-A-

B ) | BÎG } =Orb-G(- -- -- ----- --
(U :γt - 1 ) ).

In the following, we give two examples to demonstrate Theorem 3. We use the Magma Computer Algebra Sys‐
tem[33] in our computations.

Example 1  Consider R =Z4. Let U  be a linear (submodule) code of length 11 over Z4 with a generator matrix 
GU in standard form as follows:

GU =

æ

è

ç

ç

ç
ç
çç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷
÷÷
÷
÷

÷

÷
1 0 0 0 1 0 1 2 0 0 1
0 1 0 0 0 1 0 2 1 2 1
0 0 2 0 2 0 0 2 2 0 2
0 0 0 2 2 2 0 2 2 0 2

.

Set G = M .i.e., G  is a cyclic subgroup generated by M of GL11(Z4 ), where

M =

æ

è

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç
ççç
ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ö

ø

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷
÷÷÷
÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
3 0 0 3 0 0 3 3 0 3 3

.
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Clearly, |G | = ο(M)= 178 over GL11(Z4 ).
It is easy to see that 

-G = -
M  over GL11(F2 ), where

-
M =

æ

è

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç
ççç
ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ö

ø

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷
÷÷÷
÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

÷

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
1 0 0 1 0 0 1 1 0 1 1

.

Thus, | -G | = ο(-M )= 89 over GL11(F2 ), and 89 is a prime.

Take 

-
A =

æ

è

ç

ç

ç
ç
çç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷
÷÷
÷
÷

÷

÷
1 0 0 0 1 0 1 0 0 0 1
0 1 0 0 0 1 0 0 1 0 1
0 0 1 0 1 0 0 1 1 0 1
0 0 0 1 1 1 0 1 1 0 1

.

By Lemma 8, 
-
A is a generator matrix of the linear code 

- -- ----- --
(U :2). By Theorem 3, we know

Orb-G(- -- ----- --
(U :2) ) = {im (-A-M j ) | j = 01…88},

is a constant dimension code over F2 of dimension 4, length 11. One can check that dS(- -- ----- --
(U :2) ) = 6. This means that 

- -- ----- --( )U :2  is a constant dimension code over F2 with parameters (11896; 4) 2
. Thus, by Theorem 3, OrbG (U) is an opti‐

mum distance constant dimension code over Z4 with parameters (111786; 3) 2
.

Remark 4  In Refs. [4, 6, 10-12, 34-35], the authors have proved the existence of constant dimension codes with 

size 
qN- 1
q- 1

, or r
qN- 1
q- 1

, or (qm- 1)
qN- 1
q- 1

+
qN- 1
qk- 1

 and minimal distance 2k- 2 for any given k. Since 89¹ 2N- 1, 

r (2N- 1), (2m- 1) (2N- 1) + 2N- 1
24- 1

 for any positive integers N and m, the constant dimension code over F2 with param‐

eters (11896; 4) 2
 from Example 1 is new.

Example 2  Consider R =Z9. Let U  be a linear (submodule) code of length 7 over Z9 with a generator matrix 

GU  in standard form as follows:

GU = ( )1 0 0 0 1 0 8
0 1 0 0 4 1 5
0 0 3 0 3 0 6

.

Set G = M . i.e., G is a cyclic subgroup generated by M of GL7(Z9 ), where

M =

æ

è

ç

ç

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷

÷

÷
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
4 4 4 0 0 0 0

.

Clearly, |G | = ο(M)= 3 279 over GL7(Z9 ).
It is easy to check that 

-G = -
M  over GL7(F3 ), where 
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-
M =

æ

è

ç

ç

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷

÷

÷
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
1 1 1 0 0 0 0

.

Thus, | -G | = ο(-M )= 1 093 over GL7(F3 ), and 1 093 is a prime.

Take

-
A = ( )1 0 0 0 1 0 2

0 1 0 0 0 1 2
0 0 1 0 0 1 0

.

By Lemma 8, 
-
A is a generator matrix of the linear code 

- -- -----
(U :3). Again by Theorem 3, we know Orb-G (

- -- ----- --
(U :2))=

{im(
-
A
-
M

j
)| j = 01…1 092} is a constant dimension code over F3 of dimension 3, length 6. One can check that 

dS (
- -- -----
(U :3))= 4. This means that 

- -- -----
(U :3) is a constant dimension code over F2 with parameters (71 0934; 3)

3
. Thus, by 

Theorem 3, OrbG (U) is a constant rank code over Z9 with parameters (73 279 ≥ 4;
5
2

)3.

Remark 5  Glusing-Luerssen et al[4] gave an open problem: Cyclic orbit codes with maximum distance, that is, 

2k, are spread codes (A subspace code C is called a spread of Fn
q if ∪VÎC

V =Fn
q and VÇW ={0} for all distinct 

VWÎ C ). Thus, the best distance a non-spread cyclic orbit code of dimension k can attain is 2(k - 1), but the construc‐

tion of such codes is unknown. Examples 1 and 2 obtain two special such codes.

Remark 6  When the length and rank of a constant rank code C over R and a constant dimension code 
- -- -- ----- --
(C :γt - 1 ) 

over Fq are same, we can see that |C | = h | - -- -- ----- --
(C :γt - 1 ) | for some integer h>1 by Examples 1 and 2.

4　Gray Images of Constant Rank Code over Fq + γFq

The ring R1 =Fq + γFq consists of all q-ary polynomials of degree 0 and 1 in an indeterminate γ, and it is closed un‐

der q-ary polynomial addition and multiplication modulo γ2. Thus R1 =
Fq || γ
γ2

={a + γb | abÎFq } is a local ring with 

maximal ideal γFq. Therefore, it is a chain ring.

We first give the definition of the Gray map on Rn
1. The Gray map Φ1: R1®F2

q is given by Φ1 (a + γb)= (b a + b). 

This map can be extended to Rn
1 in a natural way: Φ: Rn

1®F2n
q , (a1 + b1γ … an + bnγ) (b1 a1 + b1… bn an + bn ). 

The following corollary and lemma are from Refs. [13, 16].

Corollary 3  (Corollary 5.10 in Ref. [16])  If C is a linear code over R1 of length n and size qk, then Φ(C) is a 

linear code over Fq with parameters [2n, k].

Lemma 11  (Theorem 3.4 in Ref. [13])  Let C = f (x)h(x) γf (x)  be a cyclic code of length n over R1, where 

xn - 1 = f (x)g(x)h(x) and f (x) g(x) h(x) are pairwise coprime. Then |C | = q2(n - deg( f (x))).

Lemma 12  Let Ci = fi (x)hi (x) γfi (x)  be a cyclic code of length n over R1 , where xn - 1 = fi (x)gi (x)hi (x) and 

fi (x) gi (x) hi (x) are pairwise coprime for i = 12. Then C1ÇC2 = lcm( f1 (x)h1 (x) f2 (x)h2 (x)) γlcm( f1 (x) f2 (x)) . 

Moreover, |C1ÇC2 | = q2(n - deg(lcm( f1 (x)f2 (x)))).

Proof  Since C1ÇC2 is a cyclic code of n over R, there exist u(x) v(x) and w(x) in R[x] such that C1ÇC2 =
u(x)v(x) γu(x)  where xn - 1 = u(x)v(x)w(x)  and u(x) v(x) w(x) are pairwise coprime.

By u(x)v(x)ÎC1ÇC2ÌC1 there exist a1 (x) and b1 (x) in R[x] such that u(x)v(x)= a1 (x) f1 (x)h1 (x)+ γb1 (x) f1 (x). 

Multiplying by γ, we obtain γu(x)v(x)= γa1 (x) f1( x)h1 (x), which implies f1 (x)h1 (x)|u(x)v(x).

Again by γu(x)ÎC1ÇC2ÌC1, there exist a2 (x) and b2 (x) in R[x] such that γu(x)= a2 (x) f1 (x)h1 (x)+ γb2 (x) f1 (x). 
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Multiplying by g1 (x)we obtain γu(x)g1 (x)= γb2 (x) f1 (x)g1 (x) which implies f1 (x)|u(x).

Similarly, C1ÇC2ÌC2, which implies f2 (x)h2 (x)|u(x)v(x) and f2 (x)|u(x).

Consequently, lcm( f1 (x)h1 (x)f2 (x)h2 (x))|u(x)v(x) and lcm( f1 (x)f2 (x))|u(x). This means that

C1ÇC2Ì lcm( f1 (x)h1 (x)f2 (x)h2 (x)γlcm( f1 (x)g2 (x)) .

On the other hand, clearly, we have lcm( f1 (x)h2 (x) f2 (x)h2 (x)) γlcm( f1 (x) f2 (x)) ÌC1ÇC2.

To summarize, we have C1ÇC2 = lcm( f1 (x)h1 (x) f2 (x)h2 (x) γlcm( f1 (x) f2 (x)) .

Set f (x)= lcm( f1 (x)f2 (x)) h(x)=
xn - 1

lcm( f1 (x)f2 (x))× gcd(g1 (x)f2 (x))
, and g(x)= gcd(g1 (x) f2 (x)).

Then, xn - 1 = f (x)g(x)h(x) and the polynomials f(x), g(x) and h(x) are pairwise coprime.

It is easy to check that C1ÇC2 = f (x)h(x) γf (x) . Therefore, |C1ÇC2 | = q2(n - deg(lcm( f1 (x)f2 (x)))). 

Now combining Corollary 3 with Lemmas 11 and 12, we obtain the following proposition.

Proposition 1  Let Ci = fi (x)hi (x)γfi (x)  be a cyclic code of length n over R1  where xn - 1=fi (x)gi (x)hi (x), 

fi (x) gi (x) hi (x) are pairwise coprime for i=12…s. Let C ={Ci|i = 1… s}. If deg( f1 (x))=deg( f2 (x))=… =deg( fs (x)) 

and deg(lcm( f1 (x) f2 (x)))=deg(lcm( fi (x) fj (x))) for all i ¹ j, then C is a constant rank code over R1 with parameters 

(n s d ; k)q, where k=n-deg( f1 (x)) and d=2(deg(lcm( f1 (x)f2 (x))) -deg( f1 (x))).

Corollary 4  Let xn - 1=l1 (x)l2 (x)…lr (x), where l1 (x)l2 (x)…lr (x) are pairwise coprime. We assume that 

deg(lj1
(x))=…=deg(ljs

(x)) for { j1…js } Ì {12…r}. Let Ci= lji
(x)hi (x) γlji

(x)  be a cyclic code of length n over R1 

where xn - 1=lji
(x)gi (x)hi (x). Let C ={Φ(Ci )|i = 1…s}. Then C  is an optimum constant dimension code Fq with param‐

eters (2n s d ; k)q, where d=4deg(lj1
(x)), and k=2(n - deg(lj1

(x))).

Proof  It is easy to check that Φ(CiÇCj )=Φ(Ci )ÇΦ(C j ) for i j=1 2 … s.

By Corollary 3 and Lemma 12, for i j=1 2 … s, Φ(Ci ) is a linear code over Fq with parameters [2n, k], and 

Φ(Ci )ÇΦ(Cj ) is a linear code over F q with parameters [2n k - 2deg(lj1
(x))]. Thus, ds (Φ(Ci ))= 2k - 2(k - 2deg(lj1

(x)))=

4deg(lj1
(x)). So, C  is an optimum constant dimension code Fq with parameters (2n s d ; k)q.

Example 3  Consider cyclic codes of length 71 over F52 + γF52. In F52 + γF52, 

x71 - 1 =M0 (x)M1 (x)M2 (x)…M14 (x), 

where
M0 (x)= x + 4, M1 (x)= x5 + x2 + 2x + 4,  M2 (x)= x5 + 4x3 + 3x + 4, M3 (x)= x5 + 4x3 + 4x2 + x + 4, 

M4 (x)= x5 + 3x3 + x2 + 4x + 4, M5 (x)= x5 + x4 + x3 + 3x2 + 2x + 4, M6 (x)= x5 + x4 + 2x3 + 3x2 + 3x + 4, 

M7 (x)= x5 + x4 + 4x3 + 2x2 + 4, M8 (x)= x5 + x4 + 3x3 + 2x2 + 2x + 4, M9 (x)= x5 + 2x4 + x2 + 4, 

M10 (x)= x5 + 2x4 + 2x3 + 3x2 + 4x + 4, M11 (x)= x5 + 4x4 + x3 + x2 + 4, M12 (x)= x5 + 3x4 + 2x3 + 4x2 + 4x + 4, 

M13 (x)= x5 + 3x4 + 4x3 + 4, M14 (x)= x5 + 3x4 + 3x3 + 2x2 + 4x + 4.

Let Ci = M0 (x)Mi (x) γMi (x)  for i = 1214. Using Corollary 4, we find that the subspace code 

C ={Φ(Ci ) | i = 1 214} is an optimum distance constant dimension code over F52 with parameters 

(142 14 20; 132) 52
.

Example 4  Consider cyclic codes of lengths 84 and 93 over F4 + γF4, respectively. First, 

x85 - 1 =M0 (x)M1 (x)M2 (x)…M21 (x), 

where
M0 (x)= x + 1, M1 (x)= (x2 +wx + 1)(x2 +w2 x + 1), M2 (x)= x4 + x2 +wx + 1, 

M3 (x)= x4 +w2 x3 + x2 +w2 x + 1, M4 (x)= x4 +wx2 +w2 x + 1, M5 (x)= x4 +w2 x2 +wx + 1, 

M6 (x)= x4 + x3 +wx + 1, M7 (x)= x4 + x3 +w2 x + 1, M8 (x)= x4 + x3 +wx2 + x + 1, M9 (x)= x4 + x3 +w2 x2 + x + 1, 

M10 (x)= x4 +w2 x3 +wx2 + 1, M11 (x)= x4 + x2 +w2 x + 1, M12 (x)= x4 +wx3 +w2 x2 + 1, M13 (x)= x4 +w2 x3 + x + 1, 

M14 (x)= x4 +wx3 + x + 1, M15 (x)= x4 +w2 x3 + x2 + 1, M16 (x)= x4 +wx3 + x2 + 1, M17 (x)= x4 +wx3 + x2 +wx + 1, 

M18 (x)= x4 +w2 x3 +wx2 +wx + 1, M19 (x)= x4 +wx3 +w2 x2 +w2 x + 1, M20 (x)= x4 +wx3 +wx2 +w2 x + 1, 
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M21 (x)= x4 +w2 x3 +w2 x2 +wx + 1.

Let Ci = M0 (x)Mi (x) γMi (x)  for i = 1 2⋯21. Using Corollary 4, we find that the subspace code C =
{Φ(Ci ) | i = 1 2⋯21} is an optimum distance constant dimension code over F4 with parameters (170 21 16; 162)4.

Second, taking n=93, we have
x93 - 1 =N0 (x)N1 (x)N2 (x)⋯N20 (x)

where
N0 (x)= x + 1, N1 (x)= x +w, N2 (x)= x +w2, N3 (x)= x5 + x2 + 1, N4 (x)= x5 + x2 +w, N5 (x)= x5 + x2 +w2, N6 (x)= x5 + x3 + 1, 

N7 (x)= x5 + x3 + x2 + x + 1, N8 (x)= x5 +wx3 +w, N9 (x)= x5 +w2 x3 +w2, N10 (x)= x5 + x4 + x2 + x + 1, 

N11 (x)= x5 +wx3 + x2 +w2 x +w, N12 (x)= x5 +w2 x3 + x2 +wx +w2, N13 (x)= x5 +wx4 + x2 +wx +w2, 

N14 (x)= x5 +wx4 +w2 x3 +wx +w2, N15 (x)= x5 +wx4 +w2 x3 + x2 +w2, N16 (x)= x5 +w2 x4 + x2 +w2 x +w,

N17 (x)= x5 +w2 x4 +wx3 +w2 x +w, N18 (x)= x5 +w2 x4 +wx3 + x2 +w, N19 (x)= x5 + x4 + x3 + x + 1, N20 (x)= x5 + x4 + x3 + x2 + 1.

Let Ci = M0 (x)Mi (x) γMi (x)  for i = 3420. Using Corollary 4, we find that the subspace code 

C ={Φ(Ci ) | i = 3⋯20} is an optimum distance constant dimension code over F4 with parameters (186 17 20; 176)4.

Remark 7  In Refs. [4, 6, 10-12, 34-35], the authors proved the existence of constant dimension codes with size 
qN - 1
q - 1

, or r
qN - 1
q - 1

,or (qm - 1)
qN - 1
q - 1

+
qN - 1
qk - 1

 and minimal distance 2k - 2 for any given k. Since 21, 17 ¹ 4N - 1, r
4N - 1

3
,

(4m - 1)
4N - 1

3
+

4N - 1
4k - 1

 for any positive integers r k N and m, the constant dimension codes over F4 with parameters 

(1702116; 162)4 and (1861720; 176)4 from Example 4 are new.

Remark 8  The constant dimension codes from Examples 3 and 4 are optimum distance constant dimension codes.

5　Conclusion

In this paper, we studied submodule codes over finite chain rings, and gave two criteria for a submodule code C  
over finite chain rings to be a constant rank code. Further, we constructed optimum distance constant dimension codes 
over Fq by using submodule codes in finite chain rings. We believe that submodule codes over finite chain rings will be 
a good source for constructing new constant dimension codes over Fq. In future work, in order to construct new con‐
stant dimension codes, we will use the computer algebra system MAGMA to search for more good submodule codes 
over finite chain rings.
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有限链环上常秩和轨道码的构造有限链环上常秩和轨道码的构造

郭烨， 刘修生†

湖北师范大学文理学院 理工学部, 湖北 黄石 435109

摘要摘要：：本文将有限域上常维数和轨道码推广到有限链环上的常秩和轨道码。我们提供了有限链环的常秩码和它

的剩余类域的常维数码之间的一种关系。特别地，证明了有限链环上的轨道子模码是一个常秩码。最后，对于

特殊有限链环 (Fq + γFq ) n

，定义了一个Gray映射从 (Fq + γFq ) n

到F2n
q 的Gray映射Φ，借助Fq + γFq 上的循环码，

得到域Fq上一种构造极优距离常维数码的办法。

关键词关键词：：有限链环；线性码的秩；常秩码；轨道码
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