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Existence of Entire Radial Solutions
to Monge-Ampere Type Systems

0 LI Pengfei
School of Mathematics, Jilin University, Changchun 130012, Jilin, China

det" (Aul - D*u)=p(x) f(v), xeR, ]

The existence of
det" (AvI-D*v)=¢q(x)gu), xeR.
entire radial solutions is obtained by using monotone iteration method and Arzela-Ascoli theorem. These results generalize the classical
Keller-Osserman condition to fully nonlinear systems.
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Abstract: This paper mainly studies the following Monge-Ampére type systems

0 Introduction

In this paper, we study existence of entire convex radial solutions to the system
det" (Aul — D*u)=p(x|) f(v), xeTR, W
det"" (AvI— D*v)=q(x))g(u), xeR.

. . . . . . 5 0'u
Here R" is n-dimensional Euclidean space and n =2, D*u denotes the Hessian matrix of u, Au= E B
i=1 i

placian of u, I is the identity matrix of order n, and we assume that p, ¢ , fand g satisfy the following conditions:

denotes the La-

(H,) p.q:[0, +0)— (0, +0) are continuous;
(H,) £, g:10,4+00)—0, +) are continuous and non-decreasing.
It is well known that for the following equation
Au=f(u), xeR, 2)
where 1 is a positive monotone increasing continuous function on R, Keller'” and Osserman® presented the famous

Keller-Osserman condition:

1
© t 2
| (jof(s) ds) di=co, 3)
where we omit the lower limit to admit an arbitrary positive number. That is (2) has a sub-solution if and only if (3)
holds. Ji and Bao"' generalized the Laplace operator to the k~-Hessian operator,
1
of (MD*u)=fu), xeR.

Bao and Feng! generalized further to the p-k-Hessian equation. Bao et al'” studied the Keller-Osserman type condition
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for k-Yamabe type equations. Dai® investigated more general augmented Hessian equations of the following type and
established generalized Keller-Osserman type condition,

0',{% MDu+al)=f(u), xeR.
Ji et al” studied a kind of k-Hessian equation with gradient terms and the following real n — 1 Monge-Ampére equation
in Ref. [8]:
det" (Aul — D*u)=b(x) f(u), xecR. (@)
The author considered three cases respectively: =1, b is a spherically symmetric function, and b is a non-spherically
symmetric function. The equation (4) originates from Gauduchon’s conjecture® in complex geometry, which is a cru-
cial conjecture in geometric analysis. Capuzzo Dolcetta et al'” studied the Keller-Osserman type condition for degener-
ate second-order elliptic operators.
There is also a lot of work going to with system, for example,
Au=p(x)*, xeR,
Av=¢q(x)u’, xeR. )
Here n>3, 0<a<y. Lair and Wood"" studied the existence and nonexistence of entire positive radial solutions to the
system. For the following system
det(D*u)=f(-v), xeB,(0),
det(D*v)=f(-u), x<B,(0), (6)
u=v=0, x € 0B, (0),
Wang!?, Wang and An"" studied the existence of convex radial solutions to (6), where B, (0) denotes the unit ball.
Zhang and Zhou"* considered the existence of entire positive radial solutions to the following system,
{Gk (D'u)=p(x)f(v). xeR,
o (D'v)=q(xDg), xeR.
Mi and Ji" extended the k-Hessian equations to the augmented p-k-Hessian systems and Cui'” proved the existence
and nonexistence of entire radial solutions to the k~Hessian type system with gradient terms. For more research on -
Hessian systems, refer to Refs. [17-20] and other relevant references.
We first introduce a fundamental lemma from Ref. [8].

12
Lemma 1 Let r=|x|= (Zx,.z) ,v(r)e C?[0, +0) be radially symmetric with v'(0)=0. Then for u(x)=v(r), we
i=1

have u(x)e C*(R') and

n-1

n-2 v'(r) , 1€(0,+0),

7

n—1
det" (Aul —D’u)=43 T
((n=1v"(0))
Moreover, v(r) is a radial solution of (4) if and only if v(r) satisfies the following ordinary differential equation

v'(r) (v”(r)+ 2 v'(r)) =b"(r)f"(v(r)), rel0,+x).

This equation is equivalent to the following equation

v'(r) ( v'(r)+

r=0.

n—

r

n-1
2-n n

V)= 1( [ ns p”nl(s)f"nl(v(s))ds) . ref0,+90).

Subsequently, we introduce the main result of this paper. For system (1), we denote
P(0):= lim P(r), Q() := lim Q(r), H,(0) : = lim H, (r);

n—1 n-1

(f;nsnlpn”l(s)ds)” dt, r>0; 0(r)= fo ;

e e flns”’1 '%‘(S)ds de, r=0;
n—1 n—11Jo 1 T

Pi)= | 0

’ dr
Ha(l")= Jam, rza.
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Theorem 1  Suppose (H,) and (H,) hold, H, («0)=00,then (1) has one entire positive convex radial solution

u,v e C*(R"). Moreover,
(1) if P(o0)+ Q(0)< o0, then u and v are bounded;

(i) if P(00)= Q(0) =0, then }gl}v u(r)=oo, }EE W(r)=c0.

Theorem 2  Suppose (H, ) and (H, ) hold, P(x0)+ Q(0)< H, (0)=o0, then (1) has one entire positive convex radial
solution u,v € C*(R"). Moreover,

% +f (% )P(r)s u(r)<H:' (P(r)+ O(r), ¥r=0; % +g (‘2’ )Q(r)< V()< H ' (P(r)+ O(r)), ¥r>0.

Remark 1 In a similar way, we can obtain the existence of entire radial solution to the following general system

det"" (Aul — D*u)=p(x|) f, W) f,(w), xeTR, .
det"" (AT - D)= q(xDg, Vg, (). x € . @

1 Proof of the Theorems

By Lemma 1, in order to find a radial solution of (1), we only need to prove the existence of solutions to the fol-

lowing system

Lo [wer e oo, o

n;l v’(r)(v”(r)+ n;2 v’(r)) =q"(r)g" (u(r)), r>0.

This is equivalent to the following system

B n—1

=2+ [ [ p T 0 T o as|

n

de, r=0,

r n—1

(J ns”‘lq"nl(s)g””l(u(s))ds) ' de, r=0.
0

r t2—n

v(r)= % + f

ol n—1

Let {u,,} and {v, } be the sequences of positive continuous functions defined on [0, +) by

uy ()=vy ()= 5 -
B n-1
u,=45+ [ ntz_l (f;nsn1pn”1(s)fn"l(vm_l(s))ds) "ld r=0,
- n-1
v ()= + fo ntHl (f;ns"lqnnl(s)gnnl(um_l(s))ds) " ld >0,
By (H,) and (H, ), we obtain Vr =0, _
% <u,(M<u,(r)<--, % v, (N, (< -,
and
el

n—1

2—-n n ’,.27/1

e | K O I RTINS TR e | Wt IR O

< [, ()49, () + g, () +v, () ]P0,

n—1 n-1

2-n n

0= T [t 0 o) g0 [ o) =gt 0900

n—1 n—1

< [, ()49, () + g, () +v, () ]O'().




LI Pengfei: Existence of Entire Radial Solutions to Monge-Ampére Type Systems 461

Hence
ul, (N + v, (< [ f @, )+, )+ 8w, () +v, ) ][ P'()+0'()].
We have
J»u,,, 0.0 dg _p 0
o J@egl PO
H, (u, (r)+v, ()< Pr)+0(r),
consequently,

u, (N+v, (<H (P(r)+0r).  Vr=0. ®)
Hence the sequences {u,, } and {v,, } are bounded on [0, R] for arbitrary R>0. Vm € N, Vx,y €[0, R],
ju,, (X) =1, ()

n—=17] n-1
y 2-n

n

[ p 0 0 ovas] s

n—1 ol n—1

T b Py

B f nt—l (f;"s”‘P”'”@)f""](vm-l(s»ds)

o, Rmax p@)fv,..(R)
max p(r) f(v,,_, (R)) 2-1) b =¥ < o b=l

n=17] n—1

“n y ZZ*H t o n
at| = mas s R [ | [ i)

n

Hence {u,, } (and {v, } ) is equicontinuous on [0, R] for arbitrary R > 0.
By Arzela-Ascoli theorem, {u,,} and {v, } have subsequences {u,, } and {v, } converge uniformly to « and v on
[0, R], respectively. Since {u,, } and {v,, } are monotonically increasing on [0, ), {u,, } and {v, } converge uniformly to u
and v on [0, R], respectively. By the arbitrariness of R, we obtain (u,v) is an entire positive k-convex radial solution
of (1).
(i) H,()=co.
If P(c0)+ Q(o0) < o0, by (8), we have u(r)+v(r)< H;' (P(e0)+ Q(w0)). So u and v are bounded.
If P(00)= Q(0)=0, then

uryzu, (=5 +f(;)f0 :_1 (jons p"n‘(s)ds)n;l di= 4 +f(;)P(r), Vr20. )
YWYz v (=5 +g(;’)f nﬁ_l (j;ns"-lqn"l(s)ds)" dr= 4 +g(‘2’)Q(r), Vr>0. (10)

Let 7 — oo, we have lim u(r)=o0, lim v(r)=co. Thus, the proof of Theorem 1 is completed.
(i) P(c0)+ O(c0)< H, (00)=00.
By (8), (9), and (10), we obtain

a a

3 +f(%)P(r)< u(r)<H;' (P()+ Q) Vr=0; 5 + g(g)Q(r)sv(r)sHa'(P(r)+ 0(r), Vr=>0.

This is precisely what Theorem 2 aims to prove.
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