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The Orlicz Minkowski Problem for 
Logarithmic Capacity
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Abstract: The Orlicz Minkowski problem for logarithmic capacity seeks to determine the necessary and sufficient conditions for a given 
finite Borel measure, such that it is the Orlicz logarithmic capacitary measure of a convex body. The Orlicz Minkowski problem for loga‐
rithmic capacity includes the Minkowski problem for logarithmic capacity and the Lp Minkowski problem for logarithmic capacity as     
special cases. The discrete case has been solved by the researchers. In this paper, we solve the Orlicz Minkowski problem for logarithmic     
capacity with respect to general Borel measures by applying an approximation scheme.
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0　Introduction

The setting for this paper will be n-dimensional Eu‐
clidean space, Rn. A compact convex set with nonempty 
interior is called a convex body. A polytope in Rn is the 
convex hull of a finite set of points in Rn. The 
Minkowski problem for electrostatic q-capacity is a very 

significant variant among Minkowski problems, regarding 
the research and applications of the Minkowski prob‐
lems, we can refer to Refs. [1-18]. For the Lp Minkowski 
problem for electrostatic q-capacity, we refer to Refs. 

[19-32] and reference therein. When q=n, the n-capacity 

is also known as the logarithmic capacity. The logarithmic 
capacity in the Euclidean plane R2 has been researched 
systemically because of its function in two-dimensional 
potential theory, which is the study of planar harmonic 
functions in mathematics and mathematical physics (see 

e. g., Refs. [33-39]); Nevertheless, as a result of its     
nonlinear nature, the planar logarithmic capacity in 
higher dimensional extension has gotten comparatively 
little attention (see Refs. [20,37]).

The collection of convex bodies will be denoted by 
Kn. For 1 < q < n the electrostatic q-capacity of a com‐

pact set K is defined by (see Ref. [21])

Cq (K)= inf {∫
R
|Ñv|qdx: xÎC ¥

c (Rn ) and v ≥ χK } (1)

where C ¥
c (Rn ) denotes the set of smooth functions with 

compact supports, and χK is the characteristic function of 

K. For KÎKn, its electrostatic q-capacitary measure 

μq (K×) is a finite Borel measure on Sn - 1, defined for 

Borel ωÌ Sn - 1 and qÎ(1n) by

μq (Kω)= ∫
xÎ g-1 (ω)

|ÑV (x)|qdHn - 1 (x) (2)

where g-1: Sn - 1®¶K denotes the inverse Gauss map and 
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V is the q-equilibrium potential of K, see Ref. [38] for 

details.
Jerison [34] solved the Minkowski problem for classi‐

cal capacity (q = 2) and established the necessary and 

sufficient condition for existence of its solution. It is sur‐
prising to note that these conditions are the same as 
those in the classical Minkowski problem. Caffarelli et 
al[39] settled the uniqueness of its solutions, while the 
regularity depends on the regularity of solutions to the 
Monge-Ampère equation (see Ref. [40]). Colesanti et 
al[21] demonstrated the existence and regularity of the so‐
lution for qÎ(1 2) as well as the uniqueness of the solu‐

tion when qÎ(1 n). Akman et al[41] solved the existence 

of the solution for qÎ(2 n).

For KÎKn, the support function of K is defined by 
hK (v)=max{x × v: xÎK}, where x × v denotes the stan‐

dard inner product in Rn. The support function is posi‐
tively homogeneous of degree 1, and is usually restricted 
to Sn - 1. The collection of convex bodies containing the 
origin o in their interiors will be denoted by Kn

o. Firey[42] 
first proposed the concept of the Lp Minkowski sum of 
convex bodies in the 1962. The Lp q-capacitary measure 

was introduced by Du and Xiong[28], and they also began 
to study the Lp Minkowski problem for electrostatic q-ca‐

pacity.
Suppose pÎR and qÎ(1 n), the Lp q-capacitary 

measure of Cn (K) is a finite Borel measure on Sn - 1, de‐

fined for any Borel ωÌ Sn - 1 by

μpq (Kω)= ∫
ω

hK (v)1 - pdμq (Kv). (3)

The Lp q-capacitary measure is resulted from the varia‐
tion of the q-capacity functional of the Lp Minkowski 

sum of convex bodies. For pÎ[1 ¥) and KLÎKn
o (see 

Refs. [26,28]),
d
dt

Cq ((1 - t)×K + pt × L)| t = 0+ =
q - 1

p ∫Sn - 1

hp
L (v)dμpq (Kv).(4)

The Lp Minkowski problem for q-capacity. Given 

a finite Borel measure µ on Sn - 1, what are the necessary 

and sufficient conditions on µ so that µ is the Lp q-ca‐

pacitary measure μpq (K×) of a convex body K in Rn?

Wang et al [25] and Xiong et al [36] studied the discrete 
logarithmic Minkowski problem for q-capacity for p = 0 

and qÎ(1 n). Zou et al[28] solved the Lp Minkowski prob‐

lem for q-capacity for pÎ(1 ¥) and qÎ(1 n). Xiong et 

al[26] solved the Lp discrete Minkowski problem for q-ca‐

pacity for pÎ(0 1) and qÎ(1 2). This conclusion was 

augmented for general measures by Feng et al[23].

For KÎKn, Akman et al[43] proved that there exists 
a unique solution V =VK to the boundary value problem 
of n-Laplace equation:

ì

í

î

ïïïï

ïïïï

Ñ ×(|Ñv|n - 2Ñv)= 0 in Rn \K

v = 0 on ¶K
v(x)=F(x)+ a + o(1) as |x|®¥

where aÎR\{0} is uniquely determined by K, and

F(x)= (nωn )
1

1 - n log |x| + 1

is the functional solution to n-Laplace equation, ωn de‐
notes the volume of unit ball Bn in Rn. Then, the logarith‐
mic capacity Cn (K) of K is defined by

Cn (K)= exp ( - a

(nωn )
1

1 - n ) . (5)

Furthermore, the Hadamard variational formula is estab‐
lished:

dCn (K + tL)
dt

| t = 0+ = (nωn )
1

n - 1Cn (K) ∫
Sn - 1

hL (v)dμn (Kv). (6)

Henceforth, the logarithmic capacitary measure μn (K×) 
of K has emerged. By (6) and the positive homogeneity 
of Cn (K), it follows that

(nωn )
1

1 - n = ∫
Sn - 1

hK (v)dμn (Kv). (7)

Following Xiao[44], for KÎKn, the logarithmic capaci‐
tary measure μn (K×) of K is a finite Borel measure on 

Sn - 1, defined for Borel ωÌ Sn - 1 by

μn (Kω)=
1
ωn
∫

g-1 (ω)

|ÑV (x)|ndHn - 1 (x). (8)

The Minkowski problem for the logarithmic capac‐
ity was introduced by Akman et al[43], who also solved its 
existence and uniqueness. For pÎ(0 1), Lu et al[24] ex‐

tended the q-index of the Lp q-capacitary measure to q =
n, and solved its associated Lp Minkowski problem. For 
more other works related to the Lp Minkowski problem 
for the logarithmic capacity, we refer to Chen[5,19].

The study of the Orlicz Minkowski problem for q-

capacity is of great importance, especially in light of the 
classical Minkowski problem and its numerous exten‐
sions. The Orlicz additions were proposed by Gardner et 
al[45] and independently by Xi et al[46], in order to provide 
the foundation of the newly initiated Orlicz-Brunn-
Minkowski theory for convex bodies starting from the 
works of Lutwak et al[47-48]. The Orlicz theory is in great 
demand and is rapidly developing (see e. g., Refs. [49-
54] ). Hong et al[55] combined the q-capacity for qÎ(1 n) 

with the Orlicz addition of convex domains to develop 
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the q-capacitary Orlicz-Brunn-Minkowski theory. Ji et 

al[56] demonstrated the existence part of the discrete 
Orlicz Minkowski problem for q-capacity when 

qÎ(1 2). Xiong et al[57] solved the existence of solutions 

to the Orlicz Minkowski problem for q-capacity for 

qÎ(n ¥). Hu and Li[58] proved the existence of the Orlicz 

Minkowski problem for logarithmic capacity (q= n).

The Orlicz Minkowski problem for the logarith‐
mic capacity. Given a function ϕ and finite Borel mea‐

sure µ on Sn - 1, what are the necessary and sufficient con‐

ditions on µ such that there exists a convex body K, sat‐

isfying

αdμn (K×)=
dμ
φ(hK )



where α > 0 is a constant?
Our main goal is to solve the Orlicz Minkowski 

problem for the logarithmic capacity. It is worth noting 
that Hu and Li [58] first studied the Orlicz Minkowski 
problem for the logarithmic capacity. However, we con‐
sider a different extremal problem, which may contrib‐
ute to a more concise proof process. Meanwhile, for dis‐
crete measures, we remove their restrictive condition 
that the measure μ does not have any pair of antipodal 

point masses, without using an approximation scheme. 
Additionally, we generalize the Orlicz Minkowski prob‐
lem for the logarithmic capacity to general measures by 
applying an approximation scheme.

Theorem 1  Suppose µ is a finite Borel measure 

on Sn - 1 which is not concentrated on any closed hemi‐
sphere and that φ: (0¥)®(0¥) is continuous decreas‐

ing and φ(s)®¥ as s® 0+. Then there exists a convex 

body K containing the origin and a constant α > 0, such 
that

αdμn (K×)=
dμ
φ(hK )

.

This article is structured as follows. In Section 1, 
we introduce some basic facts about convex body and 
the logarithmic capacity. In Section 2, we investigate an 
extreme problem and elucidate the connection between 
its solution and the solution to the Orlicz Minkowski 
problem for the logarithmic capacity, and complete the 
proof of the main result.

1　Preliminaries

For basic facts on convex bodies, we recommend 
the books by Gardner[59], Gruber[60], Schneider[61].

Denote Bn is the standard unit ball of Rn and denote 
its surface by Sn - 1. For a set AÌRn, int A and ¶A denote 
the interior and boundary of A, respectively. For a com‐
pact convex set K,

d(K)= sup{|x - y|: xyÎK}

is the diameter of K. Write S(K ·) for the classical sur‐

face area measure of K. For KÎKn, the support hyper‐
plane H(K v) in the direction vÎ Sn - 1 is defined by

H(Kv)={xÎR n: x × v = h(Kv)}.

The support set F(K v) in the direction vÎ Sn - 1 is de‐

fined by
F(Kv)=KÇH(Kv).

For nonnegative continuous function f defined on 

Sn - 1, the Aleksandrov body [ f ] is defined by

[ f ] = ∩
uÎ Sn - 1

{xÎR n: x × v ≤ f (v)}.

This collection also called the Wulff shape associated 
with f. Obviously, [ f ]ÎKn

o and K =[hK ] for every KÎKn
o.

Suppose the unit vectors v1vN are not concen‐
trated on any closed hemi-sphere. Let P(v1vN ) be the 

set with PÎP(v1vN ) such that for fixed α1αN ≥ 0,

P = ∩
j = 1

N

{xÎR n: x × v j ≤ α j }.

If PÎP(v1vN ), then P has at most N facets (i.e., (n -
1)-dimensional faces) and the collection of the unit outer 

normals of P is a subset of {v1vN }. Let PN (v1vN ) 

be the subset of P(v1vN ) such that a polytope 

PÎPN (v1vN ) if PÎP(v1vN ) and P has exactly N 

facets. A finite subset U of Sn - 1 is said to be in general 
position if U is not concentrated on any closed hemi‐
sphere of Sn - 1 and any k elements of V, 1 ≤ k ≤ n, are lin‐
early independent. It is of great importance that the outer 
unit normals of the polytope are in general position, 
since any convex body can be approximated by these 
polytopes.

In the following, we list some properties about the 
logarithmic capacity. For more details, see, e.g., Refs. [5,
19,24,43-44,62].

Let KÎKn. First, by the definition of the logarith‐
mic capacity, Cn (K) is positively homogeneous of de‐

gree 1, that is, Cn (tk)= tCn (k), for t > 0. Second, the func‐

tional Cn is translation invariant, namely, Cn (K + x)=
Cn (K), for xÎRn. Third, if a sequence of compact con‐

vex sets {Ki }
(¥)
(i= 1) converges to a compact set K, then       

either K is a single point or lim
i®¥

Cn (Ki )=Cn (K)> 0.

Since μq (K×) is absolutely continuous with respect 

to the surface measure S(K×). The logarithmic capaci‐
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tary measure μn is positively homogeneous of degree -1, 

that is, μn (tK×)= t-1 μn (K×) for t > 0.

The following Lemma will be used. For its proof, 
we can refer to the Theorem 3.2 in Ref. [24].

Lemma 1  Let IÌR be an interval containing o 
in its interior, and assume that ht (v)= h(tv): I ´
Sn - 1®(0¥) is continuous, such that the convergence

h′ (0v)= lim
t® 0

h(tv)- h(0v)
t

is uniform on Sn - 1. Then
dCn ([ht ])

dt
| t = 0 = (nωn )

1
n - 1Cn ([h0 ]) ∫

Sn - 1

h′ (0v)dμn ([h0 ]v).(9)

2　Proof of Main Result

In this section, we first study the Orlicz Minkowski 
problem for logarithmic capacity for discrete measures 
and then study the general measures by means of ap‐
proximation methods.

Suppose that φ:(0¥)®(0¥) be a continuous, de‐

creasing function and satisfying φ(s)®¥, as s® 0+. De‐

fine the function ϕ by

ϕ(t)= ∫
0

t 1
φ(s)

dst > 0. (10)

Since φ is decreasing, it follows that the derivative of ϕ 

is increasing and therefore ϕ is convex.

Suppose μ is a discrete Borel measure on Sn - 1 such 

that μ =∑
k = 1

N

ck δvk
, where c1cNÎ(0¥) and δvk

 denotes 

the delta measure that is concentrated at the point vk. For 
a polytope Q containing the origin, define

Ψμ (Q)= ∫
Sn - 1

ϕ(hQ (v))dμ(v)=∑
k = 1

N

ck ϕ(hQ (vk )). (11)

In the following, we study the extremal problem
inf {Ψμ (Q): QÎP(v1vN )Cn (Q)= 1} (12)

and show the relationship between the extreme problem 
and the Orlicz Minkowski problem for logarithmic      
capacity for the discrete measure μ.

We focus on the existence of the extreme problem 
for Ψμ, and demonstrate that there is a solution to the 
Orlicz Minkowski problem for logarithmic capacity for 
the discrete measure μ. To complete the proof of exis‐

tence, Lemma 2 will be required, for its proof can refer 
to the Theorem 4.3 in Ref. [13].

Lemma 2  If the unit vectors v1vN are in    
general position, PiÎP(v1vN ) with oÎP and d(Pi ) 

is not bounded, then V (Pi ) is not bounded.

Lemma 3  Suppose μ is a finite discrete Borel 

measure on Sn - 1. If the support set of μ is in general posi‐

tion, then there exists an n-dimensional polytope P solv‐
ing the extremal problem (12).

Proof  Let
β = inf {Ψμ (Q): QÎP(v1vN )Cn (Q)= 1}.

Take a minimizing sequence {Pi }i for the extremal prob‐

lem (12), such that PiÎP(v1vN ) Cn (Pi )= 1 and
lim
i®¥

Φμ (Pi )= β.

We show that the sequence {Pi }i is bounded. As‐

sume that {Pi }i is not bounded, by Lemma 2, we have 

V (Pi ) is not bounded. On the other hand, from the fact 

that Cn (Pi )= 1 and the isocapacitary inequality for loga‐

rithmic capacity (Theorem 4.1 in Ref. [44]), i.e.,

(
V (Pi )
ωn

)
1
n ≤Cn (Pi )

we have V (Pi )≤ωn, which is a contradiction. Thus, {Pi }i 

is bounded.
According to the Blaschke selection theorem, {Pij

}j 

is a convergent subsequence of {Pi }i that converges to P.

In the following, we show dim P = n.
If dim P = n - 1, then there exists a v i0

Î{v1vN } 

such that PÍ v^
i0
 and thus,

hP (v i0
)= hP (-v i0

)= 0.

Then the surface measure S(P×) is concentrated at 

the points {±v i0
}. Since the logarithmic capacitary mea‐

sure μn (P×) is absolutely continuous with respect to 

S(P×), so μn (P×) is also concentrated at the points {±v i0
}. 

By (5) and (7), we get Cn (P)= 0 or Cn (P)=¥, which 

contradicts that Cn (P)= 1.

If dim P ≤ n - 2, then S(P×)º 0. Since the logarith‐

mic capacitary measure μn (P×) is absolutely continuous 

with respect to S(P×), we have μn (P×)º 0. By (5) and 

(7), we get Cn (P)= 0 or Cn (P)=¥, which is a contradic‐

tion.
Therefore, dim P = n. This completes the proof.
Lemma 4  Let K be a convex body in Rn with 

oÎKÍB(or). Then there exists a constant c > 0, such 

that for Borel set ωÍ Sn - 1μn (Kω)≥ cS(Kω).

Proof  According to Theorem 3.2 of Xiao[62], there 
exists a constant d > 0 depending only on r and n, such 
that |ÑV (x)|≥ d almost everywhere on ¶K with respect to 

dHn - 1. Then, by (8) we get

μn (Kω)=
1
ωn
∫

g-1 (ω)

|ÑV (x)|ndHn - 1 (x)≥ d n

ωn

S(Kω)

                = cS(Kω)
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where c =
d n

ωn

.

Lemma 5  The solution P contains the origin in 

its interior.

Proof  Suppose that oÎ¶P. Without loss of     

generality, let F(Pv i0
) be a facet of P, where 

v i0
Î{v1vN }. Thus hP (v i0

)= 0. For sufficiently small t >

0, we write

Pt = ∩
k = 1

N

{xÎR n: x × vk ≤ hP (vk )+ tδvi0

}

τ(t)Pt =
Pt

Cn (Pt )
.

Then Cn (τ(t)Pt )= 1τ(t)Pt®P, as t® 0+, and hPt
(vk )=

hP (vk )+ tδvi0

 k = 1N.

From (10), (11), Lemma 1, the fact that hP (v i0
)= 0 

and μn (P{v i0
})≥ cS(P{v i0

})> 0 by Lemma 4, we have

¶
¶t

| t = 0+Ψμ (τ(t)Pt )

=∑
k = 1

N

ck ϕ′ (hP (vk ))(τ′ (0)hP (vk )+ δvi0

)

=∑
k = 1

N

ck

1
φ(hP (vk )) ( - (nωn )

1
n - 1∑

j = 1

N

δvi0

μn (P{v j })hP (vk )+ δvi0 )
=

ci0

φ(hP (v i0
))
- (nωn )

1
n - 1 (∑k = 1

N ckhP (vk )
φ(hP (vk )) ) μn (P{v i0

})< 0.

Then there exists a t0 > 0 such that Ψμ (τ(t0 )Pt0
)<Ψμ (P), 

which contradicts Ψμ (P) is the minimum. Therefore, the 

origin must be inside the solution P.

Lemma 6  The solution P has exactly N facets 

whose outer normal vectors are v1vN.

Proof  We employ the method of proof by contra‐

diction. Suppose v i0
Î{v1vN } such that the support set 

F(Pv i0
)=PÇH(Pv i0

) is not a facet of P. For suffi‐

ciently small t > 0, let
Pt =PÇ{xÎR n: x × v i0

≤ hP (v i0
)- t}

and
τPt = τ(t)Pt =Cn (Pt )

-1 Pt.

Thus, Cn (τPt )= 1 and τPt®P, as t® 0+ and hPt
(vk )=

hP (vk )- tδvi0

k = 1N.

From (10), (11) and Lemma 1, we get                        

  
¶
¶t

| t = 0+Ψμ (τ(t)Pt )

  =∑
k = 1

N

ck ϕ′ (hP (vk ))(τ′ (0)hP (vk )- δvi0

)

=∑
k = 1

N

ck

1
φ(hP (vk )) ( )(nωn )

1
n - 1∑

j = 1

N

δvi0

μn (P{v j })hP (vk )- δvi0

=-
ci0

φ(hP (v i0
))
+ (nωn )

1
n - 1 (∑k = 1

N ckhP (vk )
φ(hP (vk )) ) μn (P{v i0

}).

Since F(Pv i0
) is not a facet of P, we calculate that 

μn (P{v i0
})= 0. Thus

¶
¶t

| t = 0+Φμ (τ(t)Pt )< 0.

Then there exists a t0 > 0 such that Ψμ (τ(t0 )Pt0
)<Ψμ (P), 

which contradicts Ψμ (P) is the minimum. Thus, P has ex‐

actly N facets.

Lemma 7  If the polytope PÎPN (v1vN ) and 

oÎ int P is the solution to the extremal problem (10), 

then

αdμn (P×)=
dμ
φ(hP )



where α = (nωn )
1

n - 1 ∫
Sn - 1

hP

φ(hP )
dμ.

Proof  For a1aNÎR and small |t|, let polytope

Pt = ∩
k = 1

N

{xÎR n: x × vk ≤ hP (vk )+ tak }.

Since v1vN are normal vectors of P, there exists 

an ε > 0, such that for any |t| < εv1vN are normals 

vectors of Pt. Then hPt
(vk )= hP (vk )+ takk = 1N|t| < ε.

Let

τ(t)Pt =
Pt

Cn (Pt )
.

Since Cn (τ(t)Pt )= 1τ(t)Pt®P as t® 0 and P is the solu‐

tion to the extremal problem, which gives

0 =
¶
¶t

| t = 0Ψμ (τ(t)Pt )

   =∑
k = 1

N

ck

¶
¶t

| t = 0ϕ(τ(t)hPt
(vk ))

   =∑
k = 1

N

ck ϕ′ (τ(t)hPt
(vk ))| t = 0 [τ′ (t)hPt

(vk )| t = 0 + τ(t)ak| t = 0 ]

   =∑
k = 1

N

ck ϕ′ (hPt
(vk ))| t = 0 [τ′ (0)hP (vk )+ ak ].

Lemma 1 and Cn (P)= 1 yields

τ′ (0)=-Cn (Pt )
-2| t = 0 lim

t® 0

Cn (Pt )-Cn (P)
t

         =-(nωn )
1

n - 1Cn (P) ∫
Sn - 1

lim
t® 0

hPt
(v)- hP (v)

t
dμn (Pv)

         =-(nωn )
1

n - 1∑
j = 1

N

aj μn (P{v j }).

Hence,

0 =∑
k = 1

N

ck

1
φ(hP (vk )) ( )-(nωn )

1
n - 1 hP (vk )∑

j = 1

N

aj μn (P{v j })+ ηk
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   =∑
k = 1

N ckak

φ(hP (vk ))
- (nωn )

1
n - 1 (∑k = 1

N ckhP (vk )
φ(hP (vk )) ) (∑j = 1

N

aj μn (P{v j }))
   =∑

k = 1

N

ak( ck

φ(hP (vk ))
- (nωn )

1
n - 1 (∑j = 1

N cjhP (v j )
φ(hP (v j )) ) μn (P{vk })) .

Since akÎRk = 1N are arbitrary, we conclude that

αμn (P{vk })=
ck

φ(hP (vk ))
k = 1N

where

α = (nωn )
1

n - 1∑
j = 1

N cjhP (v j )
φ(hP (v j ))

= (nωn )
1

n - 1 ∫Sn - 1

hP

φ(hP )
dμ.

Then

αμn (P×)=
dμ
φ(hP )



as desired.
Now, we focus on the Orlicz Minkowski problem 

for logarithmic capacity for general measures. The      
following Lemma (see Lemma 4.1 in Ref. [57]) will be 
needed.

Lemma 8  Suppose that μ is a finite Borel measure 

on Sn - 1 which is not concentrated on any closed hemi‐
sphere. Then there exists a sequence of discrete         
measures μ i such that supp μ i are in general position and 

μ i® μ, weakly.

In the end, we have completed the proof of the 
main theorem.

Proof of Theorem 1  By Lemma 8, let {μ i } be the 

discrete measure sequence such that supp μ i are in     

general position and μ i® μ, weakly. By Lemmas 3, 5, 6 

and 7, there exists a polytope Pi containing the origin in 
its interior, such that Pi is the solution to the extreme 
problem

inf { ∫
Sn - 1

ϕ(hQ (v))dμ i (v): supp SQÍ supp μ iCn (Q)= 1}

and

α idμn (Pi×)=
dμ i

φ(hPi
)


where α i = (nωn )
1

n - 1 ∫
Sn - 1

hPi

φ(hPi
(v))

dμ i (v).

Next, we show that {Pi } is bounded. Suppose that 

{Pi } is not bounded, by Lemma 2, we have V (Pi ) is not 

bounded. On the other hand, from the fact that 
Cn (Pi )= 1 and the isocapacitary inequality for logarith‐

mic capacity (Theorem 4.1 in Ref. [44]), i.e.,

(
V (Pi )
ωn

)
1
n ≤Cn (Pi )

we have V (Pi )≤ωn, which is a contradiction. Thus, {Pi } 

is bounded.

By the Blaschke selection theorem, there exists a 
convergent subsequence {Pij

} of {Pi } such that {Pij
}®K. 

Then oÎK. It remains to show dim K = n. With similar 
argument in the proof of Lemma 3, we conclude that 
dim K = n.

Finally, we show that K is the solution to the Orlicz 
Minkowski problem for μ. Since Pi is the solution to the 

Orlicz Minkowski problem for μ i, we have

α idμn (Pi×)=
dμ i

φ(hPi
)

.

Combined this with Pi®K and μ i® μ weakly, it follows 

that μn (Pi×)® μn (K×)hPi
® hK uniformly on Sn - 1 and 

α i® α. Then

αdμn (K×)=
dμ
φ(hK )



where α = (nωn )
1

n - 1 ∫
Sn - 1

hK

φ(hK (v))
dμ(v), as desired.
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对数容量的对数容量的Orlicz Minkowski问题问题

何敏，刘丽娟†，曾辉

湖南科技大学 数学与统计学院，湖南 湘潭 411201

摘要摘要：：对数容量的 Orlicz Minkowski 问题旨在确定给定有限 Borel 测度成为凸体的 Orlicz 对数容度测度的充要

条件。对数容量的 Minkowski 问题和对数容量的 Lp Minkowski 问题是对数容量的 Orlicz Minkowski 问题的特殊

情况。对于离散测度情形的对数容量 Orlicz Minkowski 问题已被解决。在本文中，我们采用逼近法解决了一般 

Borel 测度的对数容量 Orlicz Minkowski 问题。

关键词关键词：：Orlicz Minkowski问题；容量；凸体
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