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Nonlinear Mixed Jordan Triple
*-Higher Derivations on *-Algebras

[0 YU Xinzhao, ZHANG Jianhua'
School of Mathematics and Statistics, Shaanxi Normal University, Xi’an 710062, Shaanxi, China

Abstract: Let .4 be a unital *-algebra containing a nontrivial projection, N be the set of non-negative integers. Under some mild condi-
tions on .4, it is shown that any nonlinear mixed Jordan triple *-higher derivation 2={d, }, . is an additive *-higher derivation. In particu-
lar, we apply the above result to prime *-algebras and von Neumann algebras with no central summands of type /,.

Key words: mixed Jordan triple *-higher derivation; *-higher derivation; von Neumann algebra

CLC number: 0177

0 Introduction

Let A be a *-algebra over the complex field C. For 4, B € .4, define the Jordan *-product of 4 and B by 4*B=
AB+ BA" and the skew Lie product of 4 and B by [4, B].=AB — BA". Among some research topics, the Jordan *-product
and the skew Lie product are of great significance . Recall that an additive map &: 4 — 4 is an additive derivation if
D(AB)= D(A)B+AD(B) for all 4, B € A. In addition, @ is said to be an additive *-derivation if @ is an additive deriva-
tion and ®&(A")=D(A)" for all A € A. Note that @ is nonlinear if its additivity is removed.

Let d :.A— A be a nonlinear map, d is called

(i) a nonlinear Jordan triple *-derivation if d(A*B*C)=d(A)*B*C+A*d(B)*C+ A*B*d(C) for all 4,B,C e A,
where A*B*C=(A*B)C.

(i1) a nonlinear skew Lie triple derivation if d([[4, B]., C].)=[[d(A4), B)., Cl.+[[A4, d(B)]., Cl.+[[4, B]., d(C)). for all
A,B,C € A. The characterization of Jordan triple *-derivations and skew Lie triple derivations have been studied by
many authors!""'"”., Recently the derivations corresponding to the new products of the mixture of various products have
attracted the attentions of many researchers (see Refs. [20-22]). Li and Zhang™' considered the mixed Jordan triple
*-product [4+B, C]. and investigated the nonlinear mixed Jordan triple *-derivation d: 4 — A4, i.e.

d([A*B,C).)=[d(A)yB, C].+[A*d(B), C.+[A4*B,d(C)].,
and they proved a nonlinear mixed Jordan triple *-derivation is an additive *-derivation on *-algebras under some mild
condition.

Let N be the set of non-negative integers, 2={®, },., be a family of additive maps @,: 4— 4 and @, be the iden-
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tity map on 4. Then D={®,}, ., is called an additive higher derivation if for every n e N, @, (4B)= z D, (A)D;(B)

i+j=n

neN

forall 4,B € A. D={®,},. is said to be an additive *-higher derivation if D={®,},_, is an additive higher derivation
with @,(4")=®,(A4)" for all A € 4 and n € N. In addition, D={®, }, . is nonlinear if the additivity is removed. In re-
cent years, many authors study different types of nonlinear higher derivations. Some researchers studied the nonlinear
higher derivations on semi-prime rings and triangular algebras™**".,

The questions of characterizing Lie higher derivations and the relationship between different types of higher deri-
vations have been studied by many authors (see Refs. [27-29]).

Let d, be the identity map on .4, and let d,: .4— .4 be a nonlinear map for all n> 1. We say that D={d,},. is

(1) a nonlinear Jordan triple *-higher derivation if d, (4*B*C)= z d; (A)yd;(B)d,(C).

i+j+k=n

(i) a nonlinear skew Lie triple higher derivation if d,([[4,B].,C].)= 2 [[d.(A).d;(B)]..d,(C)] for all

i+jtk=n

A,B,C € A and n € N. Some reasearchers proved that a nonlinear Jordan triple *-higher derivation or skew Lie triple

higher derivation is an additive *-higher derivation on standard operator algebras®**". Motivated by the related

works™*** we consider nonlinear mixed Jordan triple *-higher derivations D={d,},_, that is, d,([4*B,C].)=
z [d;(A)d;(B).d,(C)]. for all 4,B,C € A and n € N. It is clear that &, is a nonlinear mixed Jordan triple *-derivation

i+j+k=n
on A if D={d,},. is a nonlinear mixed Jordan triple *-higher derivation of .4, then we will study the nonlinear mixed
Jordan triple *-higher derivations on .A4.

1 Nonlinear Mixed Jordan Triple *-Derivation

Theorem 1  Let .4 be a *-algebra with the unit /. Assume that .4 contains a nontrivial projection P which satis-
fiesford e A4,
XAP=0 implies X=0 (1)
and
XA(I-P)=0 implies X=0 2
Then every nonlinear mixed Jordan triple *-derivation d:.4 — .4, which satisfies
d([A*B,C].)=[d(A)yB, Cl.+[A*d(B), C].+[A4*B,d(C)].

for all 4, B, C € A, is an additive *-derivation.

2
Proof LetP,=Pand P,=I—P. We write A, =P, AP, for j, k=1,2. Then A= > A,.

Jk=1
In the sequel .4,, indicates that 4, € A,. We set S={4 € .4, A=A"}. We complete the proof by several Claims.
Claim1 d,(0)=0forallneN.
Proof It follows from [ 0+0,0],=0 that

d (0) =d([0°0,0].)=[d(0)°0, 0]. +[02d (0), 0]. +[0°0, d(0)].= 0.

Claim 2 d has the following properties: (a) Forany 2 e R, d (1) € Z(A4) and d (Al ) =d (1) ; (b) For any 4 € &,
d(A)=d(A4’)=d(A4)";(c)Forany ieC,d (i) e ZA).

Proof (a) It follows from [ /*A I],=0 that

O:d([l-/ll,]]*): [d(1) e 1] +[1+d (), 1]+ [+ d(1)] =[I=d(Al), 1] =2d(A)-2d ()
From this we get d (A1) =d (I) . Then for all A € A, it follows from [ Al * A, 4] =0 that

0=d([A1+20.4).)=[d (1) « 0. A] +[21+d (iI).A] + [0+ 30.d ()],
=[d (M) 2L A] +[Mod(M),A] =4)d (M) A—4)Ad (M),

Then we get d (A1) A=Ad (Al), for all A € A, which implies d (Al) € Z(A).

*
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(b) For any 4 € & we see from Claim 2(a) that
0=d([1+4.1].)=[d(1) *A1] +[1+d(A).1] +[I+A.d(1)] = [1+d(A4).1] =2d(4) -2d(4)
(c) Forany 1 € C and 4 € &, we see from Claim 2(a) and Claim 2(b) that
0=d([A*L1).)=[d(A) Lad] +[A+d(1).21] +[ALd ()] =[A+Ld(i1)] =24d (2)-2d (2] ) 4.
Thus Ad (Al ) =d (AI) A, for all A € & which implies d (Al') € Z(A).

*

Claim3 Forany 4 € A, d(;l) :d(;il) =0,d(id) =id (A).

2 272 2

1 1 1. 1. 1 1. 1. 1 1.\ 1. 1 1. 1.

L

Proof It follows from {1 I 1 il,lil ] =— 1 I, where 1 is the imaginary unit. We see from Claim 2 that

1 1. 1. 1.
——d(2[)+21(d(211)—d 51[

Since d(% 1), d( - %I), i(d (él[) —d (;11 ) are self-adjoint, id (lil) is also self-adjoint. Hence

+1d 5

2

1 1 .
d(—zl) ——d(2])+21d

;u). (3)

—lil), —;UL that

Similarly, we can also obtain from the fact that — 1 1= [1 I

27712 2
d(—;ﬂ):—d(—;ﬂ)* 4
and
d(—él):—d(él)—zid(—;il). (5)
Now by (3) and (5) we have
d(—éil) :—d(éﬂ). (6)

It follows from (4) and (6), we compute

o) (-3 -31
o)) ) o[l S Lo [ (it - )]
-uy1) gl ) 3] - 1)

Then we can get
o L1)=a( - 11) o

Now we compute

SRS
el )34

d(—%i[):d
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By using equation (4) we get d( - %1) =0, then by equations (3), (6) and (7), we have d( - ;1) =d(;l) =d( -
1. 1.
) wa(Lit) 0.

Forany 4 € A we have

. 1 1. 1 1. 1 1. 1. 1. 1 1. .
Claim 4% d is additive.
Claim 5 Forany 4 e A, d(4")=d(A)".
Proof Forany 4 e A, where A=A4,+14,,4,,4, € S, it follows from Claim 2, Claim 3 and Claim 4 that
d(A")=d(4,~id,)=d(4,)=id(4, )=d(4,)" + (id(4,)) =d(4,+id,)=d(A)".
Claim 6 d is an additive *-derivation on 4.
Proof To complete the proof, we only need to show that d is a derivation on A. Since d is additive. [4, Bl.= 4B —
BA" and [i4,1B].=—AB — BA" for all 4, B € A. It follows from Claim 3 that
1

d(AB)—d(BA*):d([A,B]*):d(B]-A, Bl): [d(zl) .4, Bl+ B]-d(A), Bl+ B]-A, d(B)l

_ de(A)’ B] + BI.A, d(B)J — d(4)B—Bd(A) + Ad(B)- d(B)A".

And
—d(AB)—d(BA*)zd([iA,iB]*):d([;l- i4, iBl): [d(;l) . iA,iBJ*+ Bl-d(iA),iB}f Bl- iA,d(iB)l

- B[.d(m),w} + BI iA, d(iB)] =—d(A)B-Bd(A)' — Ad(B)-d(B)A".

*

Using the two equations above, we obtain d(4AB)=d(A)B + Ad(B), and Claim 6 is proved.
It follows from Claims 4-6 that d is an additive *-derivation on A, which completes the proof of Theorem 1.

2 Nonlinear Mixed Jordan Triple *-Higher Derivation

Theorem 2 Let .4 be a *-algebra with the unit 7, and let N be the set of non-negative integers. Assume that .4
contains a nontrivial projection P which satisfies for 4 € .4, XAP =0 implies X=0, and X4 (/- P) =0 implies X=0.

Then every nonlinear mixed Jordan triple *-higher derivation 2={d,},.x on .4 which satisfies

d,([4+B.Cl.)= > [d,(4)*d,(B). d,(C)].

i+j+k=n
forall 4, B, C € A and n € N, is an additive *-higher derivation.
2
Proof LetP,=P and P,=I-P. We write A, =P, AP, forj, k=1,2. Then A= > A,.
Jik=1
In the sequel .4, indicates that 4, € A,. We set S={4 € A, A=A"}. We complete the proof by several Claims.
Claim7 d,(0)=0forallneN.
Proof It follows from Claim 1 that d, (0)= 0. Now assume that d,(0) =0 for k<n. Then we compute

d,0)=d,([0+0.0].) = > [d,(0) +d/(0),d,(0)] = > [d,(0) +d/(0),d,(0)] + [dy(0) +d\(0).d,(0)] =0.

jen
Claim 8 For any n € N, d, has the following properties: (a) Forany 2 e R, d,(1I) € Z(A) and d (1) =d, (M) ;
(b)Forany 4 € S, d,(4) =d,(A4") =d,(4); (c)Forany i e C,d, (i) € Z(A).
Proof It follows from Claim 2 and Claim 6 that d, (A[)=0 for 2 € C and d,(A") =d,(4) for A € A.
(a) For any 1 € R, we assume that d,(1/ ) =d,(1I) e Z(A) for k<n. Then
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0=d,([1+201].)= > [d,()*d D). d,(D)].

m+l+j=n

=[a (1) «ar1] +[1od,(A0). 0] + 1oL d (1)) + > [d,(1)d(a).d(])].

m+l+j=n
o<m,lj<n-1

=[d(1) AL 1) +[1+d,(A), ) +[1°2L d,(1)]=2d,(M)~2d, ()"
From this we get d,(Al) =d,(AI)". Then for all 4 € A,
0=d,([Ad+iL. A).)= > [d (1) +d(AI). d(4)]

m+l+j=n

=[d,(A1) 2L A] + [Med, (A1), A] + [+l d(A)]+ > [d(A)d(il), d(4)]

m+l+j=n

0sm,lj<n-1
=[d, () 2l A) + [Med, (M), A] + [ AL d,(A)] =4dd (M) A—42Ad, (A1) .
So we getd, (Al)A=Ad,(Al) for all A € A, which implies d,(Al) € Z(A).
(b) For any 4 € &, we assume that d,(A4) =d,(A4") =d,(4)  for k<n. Then we can get from Claim 8(a) that

0=d,([1+4.1).)= > [d(I)+df4).d()]

m+l+j=n

=[d(1) A 1] +[1+d,(A), 1) +[I-4 d(D)]+ > [d.(1)<d(4).d(])]

m+l+j=n
o<sm,lj<n-1

=[d(1) A4, 1] +[1+d(A), 1] +[I+4, d(I)]=2d,(4)-2d,(A)".
(c) Forany A € C and 4 € &S, assume that d,(Al) € Z(A) for k < n. Then we see from Claim 8(a) and 8(b) that
0=d,([A-L21].)= > [d,(4)d(I).d(i)],

m+l+j=n

=[a,(A)eL 1] +[Aed (1), 2] +[4L d,D)]+ > [d,(4)d(I).d(il)]

m+l+j=n
0<m,lj<n-1

=[d(A) L) +[Ad,(1), ] +[AL d(M)]=24d,(A)-2d,(A])A
Thus Ad, (A1) =d, (/1) A for all A € S. This implies that d, (Al ) € Z(A).

Claim9 Forany4e .4 andneN’, d,,(ll) =d,,(li1) =0, d (i4) =id,(A4).

2 2
. 1 l. . . 1 .
Proof It follows from Claim 3 that d, 51 =d, 511 =0, d,(i4) =id,(A). Now assume d, 51 =d, 511 =
0, d,(i4) =id,( A) for k<n. Then by Claim 8,
1 1 1 1 1 1. 1.
o= gr)=al[re i 3] |- 3 [olar)-al s als)]
1

1 1 1. 1 1. . 1 1. 1. 1 1. 1.
[ "(z’) 22 l*[z’d"(z” ] faymalzn)] s 3 [elsrplze) ofm)]
0<m,lj<n—1

*

I), i(dn( ! il) —d,,( L ) ) are self-adjoint, id, (2 )15 also self-adjoint. Hence

b}y

+2id ( ) (8)
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Similarly, we can obtain from the fact that — 1 1= [11 . (— 1 i/ ) - %i[ } , then

2 2 2
1. 1.\
o L)l - L) o
and
d(—ll) ——d(ll)—Zid(—liI) (10)
n 2 - n 2 n 2 .
Now by (8) and (10) we have
1. 1.
o) —afLu) i
Then we compute
1. 1 1. 1 1 1. 1
eI [21 (‘z”)"z’}}mz-ﬂ["m(z’) o[- ’df(‘z’ﬂ

1 1 1 1 1. 1 1 1. 1
—|:dﬂ(2])'( 21[), 2[i|* |:21 d( 2 )—2[i|*+|:21'(—21[),dn(—2[)]*
1 1
3 [elzr)al - gu)al - 31)]
Osmlj<n-1
1 1. 1 1 1. 1
21°d"(—211),—21:|*+|:21 (—211),d"(—21):'*

(1 1 1. 1.\ . 1
—ld"(zl)—2](dn(—211)—d,,(—211) )_ldn(_21 .
By using (9) and (11) we get
ofL1)=a]~L1] )

2

- ra)s }M,,,[d 11).4(_;1,),%(_;,)1
FHLT

1
m+l+j n |:d 2 - El] | j(_ EI) *

+
1

Now compute

d,(- 5 ih=d,

0<sm,lj<n-1

-[(- f-(—éﬂ) | olaral-gwh 2] -arbavhol-2)]

l\)\»—‘

: 1 1 1. 1.\
—2]d”(—21)+2(d"(—21] —d”(—z 1) )
. 1 . 1 1 l.
By using (9) we get d, _51 =0, then by equations (8), (11) and (12), we have d, _El =d, 5[ =d, —511 =
1.
ofLi)=o

For any 4 € A we have

s3] |- 3 [of o] o) ]

TS e N A [ A T |

Osmlj<n-1
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1 1

_ [21~ il dn(A)l:idn(A).

Claim 10 For any n € N, d, is additive.
Proof It follows from Claim 4 that d, is additive. Now assume d, is additive for k<n. Then we complete the
proof of Claim 10 in several steps.
Step1 ForanyneN,4,e A4,and B,, € A, wehaved,(4,,+B, )=d,(4,,)+d,(B,).
Set T=d,(A,,+ B, )—d,(A,,)—d, (B, ). We only need to show 7=0.
Since [ 7+ (i(P,~P,)), 4,,] .= [1*G(P,~P,)), By ] =0, it follows that
0=d,([1+((P,~P)). A +By].)
=[d,()+((P,=P))). Ap+Byy ]+ [1+d,((P,=P))). Ap+ By, | +[1+((P,~P))). d,(4,,+By) ],

+ > [d (1) +d(i(P,-P))). d(A4,+B)] .

m+l+j=n

O<m. I j<sn-1

On the other hand,
0=d,([I+G(P,—P))). A,] )+d,([1+G(P,—P))). By ],)

= [dn(l)'(i(Pz_Pl))a A12+le]*+ I:I.dn(i(PZ_Pl))’ A12+321]*+|:1°(1(P2_P1))v dn(A12)+dn(B2l)j|*
+ > [d.(1)+d(i(P,-P)). d(4,+B,)] .

m+l+j=n

0<sm,lj<n—1

From two equations above, we get [1- i(P,-P))), T]*:O. SoT,,=T,=0.
Since[ 7+ 4,,,P,] =0, it follows that
d,([1+(4,+B,).P,])=[d,(I)*(A,+By). P, ] +[I+d,(4,,+B,). P, +[I*(A,+By). d,(P,)].
+ > [d,(1)+d(4,+B,).d(P))].

m+l+j=n

0<sm,lj<n-1

On the other hand,
d,([I+(4,+B,), P,])=d,((I*4. P,] )+d,((I*B,. P\].)

=[d,(I)*(4,+B,). P,| + [1+(d,(4,,)+d,(Byy)). P, | +[1*(4,,+By). d,(P))],
+ > [d,(1)+d(4,,)+d(B,).d(P)]

m+l+j=n
o<m,lj<n-1

=[d,()*(A,+By). P, ] +[1+(d,(4,)+d,(By)). P, | +[1+(4,,+By ). d,(P)],
+ > [d(1)~d(4,+B,). d(P,)].

m+l+j=n
O<m,lj<n—1

Comparing two equations above, we can get [I . T, Pl]*=0. So T,,=0. Similarly, we can show T7,,=0 by using
[1+B,, P,] =0, then the step is proved.
Step 2 For any neN, 4,,€ A4, B,e A,, C,,€ A, and D,, € 4,,, we have d,(4,,+B,,+C, )=d,(4,,)+
d,(B,)+d,(Cy)and d,(B,+Cy + D, )=d,(B,)+d,(Cy)+d,(D,,).
Let T=d,(A,,+B,+C,)—d,(4,,)-d,(B,)—d,(C, ). It follows from Step 1 that
d,([1+@GP,).4,,+B,+Cy].)

= [dn(l).(iP2)3A11+BIZ+C21]*+ [I.dn (i‘PZ)vAll+BIZ+C21:L+|:I.(iP2)7dn(All+BIZ+C21)]*

+ > [d,(1)+d(iP,).d(4,+B,+Cy)].

m+l+j=n

O<smlj<n-1
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=[d,(1)*(Py). A, +B,+Cy | + [I+d,(iP,), A, + B+ Cy | +[ 1+ (P, )d, (A, +B,,+Cyy)],
+ > [d(1)+d(iP,).d(4,)+d(B,) +d(C,)] .

m+l+j=n

O<m,lj<n-1

On the other hand,
d,([1+GP,), A,,+B,+Cy ]| )=d,([1+GP,), 4,,] )+d,([I+GP,). By, ], )+d,([I*(P,). Cy]))

= [d,(1)*(P,), A +B,+Cyy ] + [1+d,(P,), A, +B,+C, ],
+[1+GP,).d,(4,)+d,(B)+d,([C.)]+ > [d,(1) +d(iP,).d(4,,) +d(B,) +d(C,) ]

m+l+j=n
Osm, I, j<sn—1

*

From these equations, we get [1- @iP,), TLzO. SoT=T,,.
Since[7+(i(P,—P,)).B,,].=[1+G{(P,~P,)).,C, ] =0, it follows that
d,([1+G(P,~P)). A, +B,+Cy )
=[d,()*GQ(P,—P))), Ay +B,+Cy | +[1+d,((P,—P,))., A, +B,+Cy ]
+[1+G(P, =P ). d,(A+B+Co) ]+ > [d (1) +d(i(P,~P))). d(A4,+B,,+Cyy) ]

m+l+j=n
Osm, I, j<sn—1

= [d, (D) +((P,=P\)), A\, +B+Cy, | +[1+d,(i(P,=P))), A +B,+Cy, ],
+[1+G(P, =P ). d,(Ay+B,+Co) ]+ > [d, (1) +d(i(P,—P))).d(4,) +d(B,,) +d(Cy)] .

m+l+j=n
0<m, I, j<n—1

On the other hand,
d,([1+G(P,~P)), Ay +B,+Cy])

:dn([l'(i(Pz_Pl ))= All]*)—"_dn([l.(i(PZ_Pl))7 BIZ:|*+dn(|:I.(i(P2_PI))7 C21:|*)
=[d,(1)+(P,=P))). 4+ B+ Cy ] +[1+d,((P,~P))) 4, +B,+C, ],
+[ LGP, =P ), (A4,)+d,(B)+d, (C)]+ > [d(1) *d(i(P,~P))).d,(4,)+d,(B,)+d,(Cy)]

m+l+j=n

o<m,lj<n-1

We can get [1°(i(P2—P1)), T]*=O from the equations above. So 7,,=0 and 7=0. Similarly, d,(B,,+ C, +D,,)=
dn (BIZ )+dn (C21 )+dn (DZZ )

Step3 ForanyneN,4,€eA,,B,e A, C, €A, and D,, € A,, we have

d,(4,+B,+Cy+Dy)=d,(4,)+d,(B,)+d,(Cy)+d,(Dy).
LetT=d,(A,,+B,+C, +D,,)—d,(4,)-d,(B,,)—d,(C, )—d, (D). It follows from Step 2 that
d,([1+@P,). 4+ B+ Cy+Dy])
= [dn(1)°(ipz)v Al] +Bl2+C21+D22:|*+ |:I°dn(iP2)v Al] +BIZ+C2] +D22:|*

+[1+GP,). d, (4, +B,+C+D )]+ > [d, (1) +d(iP,). d(A4,+B,+C,+D,,) ]

m+l+j=n
0sm,lj<sn—1

= [d"(l)'(ipz), Al] +B12+C21+D22:|,+[1'dn(ipz )a AII+B]2+C2] +D22]*
+[1+(P,). d,(4,,+B,,+Coy+ D)) |+ > [dm(l) «d(iP,), d(A4,) +d(B) +d(C,) +d,(D22)L.

m+l+j=n
O<mlj<n—1

On the other hand,
d,([1+ (iP,). A +B+Coy+Ds, ] )

=d, ([1'(iP2 )vAllL)"”dn([P(iPz )7B12L)+dn([1°(ipz ), C21L)+dn([1° (P, )aDzz]*)
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= |:dn(l).(iPZ)’All+BIZ+C21+D22]*+|:I.dn(iP2)9All+B12+C21+D22]*
+[1+GP,).d,(4,)+d,(B,)+d,(C)+d, (D) ]+ > [d (1) +d(iP,).d(A,) +d(B),) +d(Cy) +d(Ds)] .

m+l+j=n
O<m,lj<n-1

Comparing the two equations above, we can get [I°(iP2), T ]*=O. So T\,=T,,=T,,=0. Similarly, we can show that
T, =0 from [1-(iP] ),Dzz}*z 0, then the Step 3 is proved.
Step4 ForanyneN, 4, B, e A, 1<s#t<2,wehaved,(4,+B,)=d,(4,)+d,(B,,).

Since B] (PS+A“),PI+BSJ =A,+B,~A,"-B,A,", we can get
d,,<AS,+BS,>+dn(—A;,*>+dn(—BS,AS,*)=dn(B1-(PS+AS,>, P, )

= [dn(éf)-wsms,), P,+Bs,} + BI-dW(PﬁAS,), P,+Bﬂ} +BI * (P+d,), dn(P,+BS,)}

*

+ > {dm(;l)-dl(PerAS,),d,.(P,+ASl)}
O<sm,lj<n-1

m+l+j=n
=d lI-P P lI-A P d lI°P B +d lI°A B
—%n 2 sod ot . 2 stod ot . n 2 s st . n 2 sto st .

=d, (4,)+d,(-A,")+d,(B,)+d,(-B,A,").
Step5 ForanyneN,4,.B e A, s=1,2,wehaved,(4,+B,)=d,(4,)+d,(B,).
LetT=d,(A,+B,)—d,(4,)—d,(B,,). For 1 <s#r<2, it follows that
[d,(D+P, A, +B.] +[I+d,(P). A +B]+[1-P, d(4.+B)]+ 5 [d,(+d(P),d(4.+B.)]

m+l+j=n

+d,

Osm.lj<n-1

=d,([I*P, A, +B,] »=d,([I+P,A,])+d, (1P, B,].)
=[d, )+ P.A,+B,) +[1+d,(P).A+B,| +[1+P.d(4,) +d(B,)]+ > [d.@D)+d(P).d(4,+B,)].

m+l+j=n

o<sm,lj<n-1
From the equation above, we can get =T ..
Forall C, e A,, s#t, it follows from Step 4 that

[d,(D)+(4,+B,).C,] +[1+d,(4,+B,).C,] +[I*(4,+B).d,(C,) ]+ > [d.()+d(4,+B,).d(C,)].

m+l+j=n
0<m,lj<n-1

=d,([1+(4,+B,).C,])=d,([I*4,.C,])+d,([I*B,.C,].)
=[d,()*(4,+B,).C,] +[I+d,(4,)+d,(B).C,] +[1+(4,+B,).d,(C,) ]+ > [d.(rd(4,+B,).d(C,)].

m+l+j=n

o<m,lj<n-1
Cs,} =0forall C,e A,, then T ,CP,=0 for all C € A. So T=T,=0, then the step is proved.
Now, it follows from Steps 3-5 that d, is additive, and Claim 10 is proved.
Claim 11 Foranyde AandneN,d, (4" )=d,(A)".
Proof ForanyneN,A4e A where A=A4,+i4,, A,, A, € S, it follows from Claims 8-10 that
dn (A* )=dn (Al _iA2)=dn (Al )_idn (A2)=dn (Al )*+ (idn (AZ)) =dn (Al +i'A2)*=dn (A)*'

Claim 12 Forany n € N, d, is an additive *-higher derivation on .4.

Hence [I- T

559

Proof To complete the proof, we only need to show that d, is a higher derivation on .4. Since d, is additive.
[4,B].=AB—BA" and [id, iB].=—AB— BA" for all 4, B € A. It follows from Claim 9 that

dn(AB)—dn(BA*)=dn([A,B]*)=dn([;I-A,B} )
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:{d”(él)-A,Bl+Bl-dn(A),BlﬁLBI-A,dn(B)}+ > [dm(él)-d,(A),d,-(B)}

:BI-dn(A),B]*JrBI-A,dn(B)]f 12 [d(4).d(B)].
=d,(A)B-Bd,(A) +Ad,(B)—-d,(B)A+ > d,(4)d,(B)—-d,(B)d,(4)"
And |
—d,(AB)—d, (BA")=d, ([i4.iB].)= dn([; Ieid, iB] )

>

* m+l+j=n

0<m,lLj<n-1

_ M;z) -iA,iBle BI-d"(iA),iBlJrBI-iA,dn(iB)] ; [dm(él) -d,(iA),dj(iB)}

*

:[lz-dn(m),w] +[1I-iA,d,,(iB)}+
2 * 2’ * l+j=n

0<lj<sn-1

=—d,(A)B—Bd,(4)' - Ad,(B)~d,(BA+ > —d(4d,(B)~d,(B)d,(4)".

I+j=n

0<lj<n-1

Using the two equations above, we obtain d,(4B)=d,(4)B+Ad,(B)+ 2 d, (A)d,(B)= z d, (A)d;(B), then Claim

I+j=n
0<ljs<n-1

l+j=n

12 is proved.
It follows from Claim 10-12 that D= {d"},,EN is an additive *-higher derivation on .4, which completes the proof

of Theorem 2. Obviously, prime *-algebras satisfy (1) and (2), we have the following corollary.
Corollary 1  Let A be a prime *-algebra with unit / and P be a nontrivial projection in 4. Then any nonlinear

mixed Jordan triple *-higher derivation D= {d} e i A— A is an additive *-higher derivation.

A von Neumann algebra M is a weekly closed, self-adjoint algebra of operators on a Hilbert space H containing
the identity operator /. It is shown in Ref. [3] and Ref. [14] that if a von Neumann algebra has no central summands of
type I,, then M satisfies (1) and (2). Now we have following corollary.

Corollary 2 Let M be a von Neumann algebra with no central summands of type /,. Then any nonlinear mixed
Jordan triple *-higher derivation D= { d,,}nEN, d,: A— A s an additive *-higher derivation.
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