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Abstract: In this article, we deal with the blow-up phenomenon of a pseudo-parabolic equation with memory and convection terms. By
constructing some appropriate auxiliary functions and using the modified concavity method, the blow-up criterion of the weak solution is
given.
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0 Introduction

Let Q = R" be a bounded domain with sufficiently smooth boundary 6Q. The main objective of this article is to in-
vestigate the blow-up phenomenon of the following pseudo-parabolic equation with memory and convection terms

t
(Au— |u\pu) +Au+ulu, + |u|mu:j e "Auds, (x,t) eQ,,
t 0

u(x1)=0, (x,t)eS, (1
u(x,0) =u,(x), xe Q,
where m, p, ¢ and T are four positive parameters, x= (x,, X,, -, xy) € Q, Q,=Qx (0, T), S;=0Qx (0, T), and
u,(x) e L°(Q) nH}(Q).

The pseudo-parabolic equations are characterized by the occurrence of mixed third-order derivatives, more pre-
cisely, second in space variable and first order in time variable. Such equations are used to model heat conduction in
two-temperature system! ), fluid flow in porous medium®, two phase flow in porous medium with dynamical capillary
pressure™, and the populations with the tendency to form crows™®. The pseudo-parabolic equations with memory term,
like the form (1), can be used to describe the non-stationary process of the electric potential in semiconductors with
sources of free-charge currents”™. In this physics content, u(x,¢) stands for the electric field potential, the memory

t
term f ¢ "’ Auds stands for the memory effect, u’u, stands for the nonlinear convection of the free electrons, and | u|"u
0
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stands for a nonlinear source of the free electric current.

In the past period of time, many mathematicians have focused their attention on the properties of solutions to vari-

12 In particular, Meyvaci™” considered the problem

ous pseudo-parabolic equations'
u~Au,~Au—wu, = |ul"u, (xt)eQ,
u(x,t)=0, (xt)eS, ()
u(x,0)=u,(x), xe Q,

and proved that the solution of (2) with p € (1, m] and large initial value blows up in finite time. Korpusov and Svesh-

nikov!' dealt with the blow-up behavior of the following pseudo-parabolic equation with non-local term
(Au—u— |u |pu)t+Au+ux‘+uux‘=AuLl\ Vul'dx, (x,1) €Q,,
u(x,t)=0, (x,t) €S, 3)
u(x,0)=ux), xe Q.

Under some certain conditions, by constructing appropriate auxiliary functions and using differential inequality tech-

niques, the authors gave the sufficient condition for the occurrence of the blow-up phenomenon. Ptashnyk™" studied

the degenerate quasi-linear pseudo-parabolic equation with memory term and variational inequality as the form
ob(u)-V- (a(x)Vu,)/—V-d’(t,x, w,Vu) +M(u) =f(u), (xt)eQ,
w(x1)=0, (x,t) €S, “)
b’(u(x,O)) =b(u)(x)), xe Q,
where the memory operator M’(u) is defined by
(M(¢)(u),V) = fﬂf;Kf(t,s)g’(s,x, Vu(s,x))dsVv/(zx)dx

for all functions u,v € L* (O, T; Hol"’(Q)l) with p>2, and ( -, ) means the inner product in the sense of L?(Q). Under

some suitable assumptions on the vector field b, namely, b: R'— R’ is monotone non-decreasing and a continuous gra-
dient. Ptashnyk!"” obtained the local existence result of the weak solution to problem (4) by using Rothe-Galerkins
method. Moreover, he also got the uniqueness of the weak solution for some special cases.

To the best of our knowledge, there is no relevant literature on the blow-up property of the solution to problem
(1). Inspired by the works mentioned above, the main goal of this article is to give a criterion for finite time blow-up

phenomenon.

1 Preliminaries and Main Result

Throughout this article, we work with the weak solution of problem (1) in the sense of the following definition.
Definition 1 A function u(x,¢) with u(x,0) =u,(x) a.e. x € Q is said to be a weak solution of problem (1) if

e L(0.T;H)(Q)) AL (0.T;HY(Q)), |ul'ueL(0.7:L1(Q)), (Jul'u-Au) e L2(0.7;H(Q)), and for any
ve LX0,T; H)(Q)) with v, e L*(0, T; H,(Q)) nL'(0,T; L*(Q) ) and v(x, T) =0, one has
T T T t
fofg(|u|puv,+Vu~Vv,)dxdt - fofﬂ(|uo|pu0v,+VuO-Vv!)dde fﬂjﬂfoe'("”Vu(x,s) Vv (x,t)dsdxdt

T
:f f (Vu-Vv+ ! u"”vx—|u|muv)dxdt. (5)
0’ a g+1 '

Following a slight modification of the proof of Theorem 3 in Ref. [15], we can obtain the local existence result of
the weak solution for problem (1). The main result of this article is the following theorem.
Theorem 1  Suppose that 0 <max {p,2¢q}<m, and the initial data u,( x) satisfies

> 8| Vg |+ 6],

m+2 p+2

+0,.

s
m+2 p+2



LIU Dengming et al: Blow-Up for a Pseudo-Parabolic Equation with Memory and Convection Terms 525

Then

p+1 +
tim vl 22l =

where 7~ is given by (31), and

LB y _p+l
o=1+ Z(a—l a—1 )’52_p+2

a>1, f, yand C are positive constants, given in Section 2.

2 Proof of the Main Result

In this section, by constructing some appropriate auxiliary functions and using the modified concavity method, we
are going to give the proof of Theorem 1.
Proof First, we denote

p+1 +2
G(1)= 5| Vul:+ b aluliec ©)
and
2 » 2
0=V i+ (p41)f Julu[a, @)

where C> 0 is to be determined. Multiplying both sides of the first equation in (1) by u and u,, respectively, and then in-
tegrating over Q, we have

m+2

= [ eVulx) - Vules)deds— [ Va |+ Ju ]2 @®)
0 Q
and
H() = [ [ e Vulen) Vales)ads+ oS pul = DS valie [ wtu, ©)
0/ no ’ m+2 dt m+2 2 dt 2 g+1 o
Taking the derivative of G (¢) with respect to ¢, we get
0= [ Vu-Vuder (p1) [ wuds, (10)
Q Q
Applying the Cauchy-Schwarz inequality, we can conclude that
2
[G’(t):|2 |: (Vu, Vu,) (\/p+lu2 \/p+1ugu,)}
< (| vu ||§+(p+1)||u||2i§)(||wt||§+(p+1)f lul"!ut\zdx)<(p+2)G(r>H(z), (1)
Q
where ( -, - ) is the inner product in the sense of L*(€2). On the other hand, by virtue of (8) and (9), it is obvious that
1 " m+1 (1-s
H(t)—m+2G (1) + m+2j(j 'Wu,(x,t)-Vu(x,s)dxds
, —(1—s) .
+m+2jf e "'Vu(x,t) - Vu(x,s)dxds
1 1 2
- g+1 _
oy alVel e 1 val (12)
Making use of the Cauchy-Schwarz inequality again, we have
d 2 20 2 1 2
Vel ?”Vu, ||2+2—80||vu . (13)
and
g+1 & 2 1 2g+2
[l o e S e (14)

where ¢, and ¢, are two positive constants, which will be given later. Moreover, we have
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' ~(t-s — 1 ' —(t-s 2
JJQG IV, (x,t) - Vu(x,s)dxds < %(l—e )| Vu, ||2+ T%Joe (1-5) Vu(x,s)szs

i 2 i ' ~(t-s)
<Slvuli+ [ ea(s)as (15)
here ¢,> 0 will be chosen later. Likewise, we can obtain that
[ | e=vu(xr) - Vu(xs)dsds < Yivu [+ [ &G (s)ds. (16)
07 Q 2 2 0

Combining (12)-(16), we arrive at

e e el LT

4(m+2) " 2(ge1) " 2(m+2)

3 1 2q+2 m+1 1 f
+ —_— + =G . 17
[2(m+2) 480(m+2)j|" ul+ 2gl(cj+1)"u"2q+2 [82(m+2) m+2} () )
Noticing that m > 2q, Young’s inequality can be used to obtain
2+2 m—2q 2g+2 m+2
” ”2‘”2\ m+2 €] m+2 L (18)

On the other hand, using (8) and (16), we are easy to find that
Ju |2 =G(e) + | Vu |- j j V() - V(x5 ) deds

<G(1)+ 2| Vu I+ [ e 1G(s)ds. (19)
2 Vel |

From (17), (18) and (19), it follows that

1 1 3 m 3 2
H(t) s —G"(t)+ ———G'(¢) + + + \Y
(1) m+2 (1) e(m+2) (¢) [2(m+2) de(m+2)  2e(m+2) [Vel.

4 me, I &4 m+1 || ||
4(m+2) 2(q+1) 2 m+2)

1 1 m+l (o |Q|(m-2q)
{m” it 82(m+2)}f0e G(s)ds+ oD as T (20)

t
Furthermore, the term f e )G (s)ds can be estimated as follows:
0

[ eG(s)ds=e"[ ¢G(s)ds=G (1) ~e"G(0) - [
0 0

Now, from the expressions of the constants J,, i=1, 2, 3, it follows that J,>1, J,>0 and J,>0. Then by the
>8,| Vi ||+ 0] uy -> | Vu, | This tells us that G'(0) = | u,

t

¢G5 d<G() - [ G @D

0

m+2 m+2

m+2 p+2

assumption || u, +0;, we have || u,

m+2 p+2 m+2 m+2

|| Vu, ||z > 0. Hence, there exists a ¢, € (0,+o0) such that G'(#) >0 holds for any 7 € [0, t ] Collecting this fact and (21),

we have
[ e =G (s)ds<G(1). re[0.1,]. (22)
0
From (6) and (7), it follows that
|V, [L<H (1), (23)
and
|Vu|i<2G (1) -2C. (24)

In light of the constraint that p € (0,m ), one can choose suitable ¢,, ¢, and ¢, such that

me & e,(m+1) ( m—p)
C,= 0 4 ! 2 0, 0,1).
" 4(m+2) 2(g+1)  2(m+2) S\ mr2 <(0.1)

For the fixed ¢, ¢, and ¢, above, taking
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£ Q|(m-2q)

- (q+ 1)(680+m€1+68081),

then (20)-(24) tell us that

where

(m+2)(1-C,)H(t) <G"(t) + iG’( )+ 4+ — + 4 mrl G(1). (25)

& 280 & &,

Inserting (25) in (11), we have

G(t)G”(t)—a(G'(t))er/)’G(t)G'(t)+yG2(t) >0, te[0,¢,], (26)

_(m+2)(1-C)) B 4 m+1

a P+2 > 1A= ’y 4+28+8]+ g

Now, setting Z (1) =G'“(¢)€”, then (26) tells us that

Z"(t) -pz'(t) —y(a=1)Z(1) <0, te [0.1,]. (27)

In light of the constraint that the assumption || U, ::2>5 || Vu, || +0 ||u0 p12+53, we have

: B |7 p

G(0)>(a—1 * Jao] G(0) > a—lG(O)' (28)

Then there exists a ¢, € (0, tl} such that, for any ¢ € [O, t ],

inequality together with (27), leads to Z"(¢) —y(a—1)Z(t)

<
0

(t) =
0, te

(a l)e’“G‘“(r) G(t) —G'(t) | 0. The above

[0, t2]. Multlplymg both sides of the above in-

equality by Z'(¢) results in Z'(¢) 2" (¢) =y(a—1)Z(¢)Z'(¢) 20, te [0,t,]. Namely,

[(z(0)) =7 (a-

which implies that

(z(1))

Combining (28) with (29) yields that

>[210)] +y(a—1)[2(t) - 22(0)]

> (o 1)%—%(0){0(0) - a’fG(O)} - aflc;z(o)}, re [0,1].

1)z U)J>0,te[OJJ,

(29)

Z'(t) <—(a- l)G“(O)/[G'(O) -

Integrating the above differential inequality from 0 to ¢, we have Z(¢) sZ(O)

b,
eafl

. That is, G (¢) will tend to o as

1

V G*(0) =

L (30)

—Bt, which implies that G(¢) =

1

t T7: =
1 T 86 (0)

This completes the proof of Theorem 1.
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