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Abstract: In this article, we deal with the blow-up phenomenon of a pseudo-parabolic equation with memory and convection terms. By 
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given.
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0　Introduction

Let ΩÌRN be a bounded domain with sufficiently smooth boundary ¶Ω. The main objective of this article is to in‐

vestigate the blow-up phenomenon of the following pseudo-parabolic equation with memory and convection terms

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

( )Du - || u p
u

t
+Du + uqux1

+ || u m
u = ∫

0

t

e- ( )t - s Duds   ( )xt ÎΩT

u ( )xt = 0  ( )xt Î ST

u ( )x0 = u0 (x)  xÎ -
Ω 

(1)

where m, p, q and T are four positive parameters, x = ( x1 x2 xN) ÎΩ, ΩT =Ω ´ (0 T ), ST = ¶Ω ´ (0 T ), and 

u0( x ) Î L¥(Ω) ÇH 1
0 (Ω).

The pseudo-parabolic equations are characterized by the occurrence of mixed third⁃order derivatives, more pre‐
cisely, second in space variable and first order in time variable. Such equations are used to model heat conduction in 
two-temperature system[1-2], fluid flow in porous medium[3], two phase flow in porous medium with dynamical capillary 
pressure[4], and the populations with the tendency to form crows[5-6]. The pseudo-parabolic equations with memory term, 
like the form (1), can be used to describe the non-stationary process of the electric potential in semiconductors with 
sources of free-charge currents[7-8]. In this physics content, u ( xt ) stands for the electric field potential, the memory 

term ∫
0

t

e- ( )t - s Duds stands for the memory effect, uqux1
 stands for the nonlinear convection of the free electrons, and | u |m

u 
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stands for a nonlinear source of the free electric current.

In the past period of time, many mathematicians have focused their attention on the properties of solutions to vari‐

ous pseudo-parabolic equations[9-12]. In particular, Meyvaci[13] considered the problem
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ut -Dut -Du - upux1
= || u 2m

u  ( )xt ÎΩT

u ( )xt = 0  ( )xt Î ST

u ( )x0 = u0( )x   xÎ -
Ω 

(2)

and proved that the solution of (2) with pÎ ](1m  and large initial value blows up in finite time. Korpusov and Svesh‐

nikov[14] dealt with the blow-up behavior of the following pseudo-parabolic equation with non-local term
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dx   ( )xt ÎΩT

u ( )xt = 0  ( )xt Î ST

u ( )x0 = u0( )x   xÎ -
Ω .

(3)

Under some certain conditions, by constructing appropriate auxiliary functions and using differential inequality tech‐

niques, the authors gave the sufficient condition for the occurrence of the blow-up phenomenon. Ptashnyk[15] studied 

the degenerate quasi-linear pseudo-parabolic equation with memory term and variational inequality as the form
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j( )u -Ñ × ( )a ( )x Ñut

j
-Ñ × d j( )txuÑu +M j( )u = f j( )u   ( )xt ÎΩT

uj( )xt = 0  ( )xt Î ST

bj( )u ( )x0 = bj( )u0( )x   xÎ -
Ω 

(4)

where the memory operator M j(u) is defined by 

(M j(t ) (u) vj ) = ∫
Ω
∫

0

t

K j( )ts gj( )sxÑu ( )sx dsÑvj(tx )dx 

for all functions u,vÎ Lp(0T; H 1p
0 (Ω) l ) with p ≥ 2, and ( × × ) means the inner product in the sense of L2(Ω). Under 

some suitable assumptions on the vector field b, namely, b: Rl®Rl is monotone non-decreasing and a continuous gra‐

dient. Ptashnyk[15] obtained the local existence result of the weak solution to problem (4) by using Rothe-Galerkins 

method. Moreover, he also got the uniqueness of the weak solution for some special cases.

To the best of our knowledge, there is no relevant literature on the blow-up property of the solution to problem 

(1). Inspired by the works mentioned above, the main goal of this article is to give a criterion for finite time blow-up 

phenomenon.

1　Preliminaries and Main Result

Throughout this article, we work with the weak solution of problem (1) in the sense of the following definition.

Definition 1  A function u ( xt ) with u ( x0) = u0( x ) a.e. xÎ -
Ω is said to be a weak solution of problem (1) if 

uÎ L2(0T; H 1
0 (Ω) ) Ç L¥(0T; H 1

0 (Ω) ), | u |p
uÎ L¥(0T; L1(Ω) ), (| u |p

u -Du)
t
Î L2(0T; H -1(Ω) ), and for any 

vÎ L2(0T; H 1
0 (Ω) ) with vtÎ L2(0T; H 1

0 (Ω) ) Ç L1(0T; L¥(Ω) ) and v ( xT ) = 0, one has

   ∫
0

T∫
Ω
( )|| u p

uvt +Ñu × Ñvt dxdt - ∫
0

T∫
Ω
( )|| u0

p
u0vt +Ñu0 × Ñvt dxdt + ∫

0

T∫
Ω
∫

0

t

e- ( )t - s Ñu ( )xs × Ñv ( )xt dsdxdt

            = ∫
0

T∫
Ω( )Ñu × Ñv +

1
q + 1

uq + 1vx1
- || u m

uv dxdt . (5)

Following a slight modification of the proof of Theorem 3 in Ref. [15], we can obtain the local existence result of 

the weak solution for problem (1). The main result of this article is the following theorem.

Theorem 1  Suppose that 0 <max{p2q}<m, and the initial data u0( x) satisfies

 u0

m + 2

m + 2
> δ1 Ñu0

2

2
+ δ2 u0

p + 2

p + 2
+ δ3.
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Then

lim
t® T - ( 1

2
 Ñu

2

2
+

p + 1
p + 2

 u
p + 2

p + 2 ) =+¥
where T - is given by (31), and

δ1 = 1 +
1
2 ( β
α - 1

+
γ

α - 1 ) δ2 =
p + 1
p + 2 ( β

α - 1
+

γ
α - 1 ) δ3 =C ( β

α - 1
+

γ
α - 1 ) 

α > 1, β, γ and C are positive constants, given in Section 2.

2　Proof of the Main Result

In this section, by constructing some appropriate auxiliary functions and using the modified concavity method, we 

are going to give the proof of Theorem 1.

Proof  First, we denote

G (t ) = 1
2
 Ñu

2

2
+

p + 1
p + 2

 u
p + 2

p + 2
+C, (6)

and

H (t ) =  Ñut

2

2
+ ( p + 1) ∫

Ω
| u |p| ut |

2
dx, (7)

where C > 0 is to be determined. Multiplying both sides of the first equation in (1) by u and ut , respectively, and then in‐

tegrating over Ω, we have

G′(t ) = ∫
0

t ∫
Ω

e- ( )t - s Ñu ( xt ) × Ñu ( xs)dxds -  Ñu
2

2
+  u

m + 2

m + 2
, (8)

and

H (t ) = ∫
0

t ∫
Ω

e- ( )t - s Ñut( xt ) × Ñu ( xs)dxds +
1

m + 2
d
dt

 u
m + 2

m + 2
-

1
2

d
dt

 Ñu
2

2
-

1
q + 1 ∫Ω

uq + 1utx1
dx. (9)

Taking the derivative of G (t ) with respect to t, we get

G′(t ) = ∫
Ω
Ñu × Ñutdx + ( p + 1) ∫

Ω
up + 1utdx. (10)

Applying the Cauchy-Schwarz inequality, we can conclude that

                                        [G′(t ) ] 2
= é

ë
êêêê(ÑuÑut) + ( p + 1 u

p
2
+ 1
 p + 1 u

p
2 ut)ùûúúúú

2

≤ ( Ñu
2

2
+ ( p + 1) u

p + 2

p + 2 ) ( Ñut

2

2
+ ( p + 1) ∫

Ω
| u |p| ut |

2
dx) ≤ ( p + 2)G (t ) H (t )  (11)

where ( × × ) is the inner product in the sense of L2(Ω). On the other hand, by virtue of (8) and (9), it is obvious that

H (t ) = 1
m + 2

G'' (t ) + m + 1
m + 2 ∫0

t ∫
Ω

e- ( )t - s Ñut( xt ) × Ñu ( xs)dxds

                                                                     +
1

m + 2 ∫0

t ∫
Ω

e- ( )t - s Ñu ( xt ) × Ñu ( xs)dxds

                  -
m

2 ( )m + 2
d
dt

 Ñu
2

2
-

1
q + 1 ∫Ω

uq + 1utx1
dx -

1
m + 2

 Ñu
2

2
. (12)

Making use of the Cauchy-Schwarz inequality again, we have
|
|
|||| d
dt

 Ñu
2

2

|
|
|||| ≤ ε0

2
 Ñut

2

2
+

1
2ε0

 Ñu
2

2
 (13)

and

∫
Ω
| u |q + 1| utx1

|dx ≤ ε1

2
 Ñut

2

2
+

1
2ε1

 u
2q + 2

2q + 2
 (14)

where ε0 and ε1 are two positive constants, which will be given later. Moreover, we have
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∫
0

t ∫
Ω

e- ( )t - s Ñut( )xt × Ñu ( )xs dxds ≤ ε2

2 (1 - e-t ) Ñut

2

2
+

1
2ε2
∫

0

t

e- ( )t - s  Ñu ( )xs
2

2
ds

                                       ≤ ε2

2
 Ñut

2

2
+

1
ε2
∫

0

t

e- ( )t - s G (s)ds (15)

here ε2 > 0 will be chosen later. Likewise, we can obtain that

∫
0

t ∫
Ω

e- ( )t - s Ñu ( )xt × Ñu ( )xs dxds ≤ 1
2
 Ñu

2

2
+ ∫

0

t

e- ( )t - s G (s)ds. (16)

Combining (12)-(16), we arrive at

            H (t ) ≤ 1
m + 2

G'' (t ) +
é

ë

ê
êê
ê
ê
ê mε0

4 ( )m + 2
+

ε1

2 ( )q + 1
+
ε2( )m + 1
2 ( )m + 2

ù

û

ú
úú
ú
ú
ú Ñut

2

2

        +
é

ë

ê
êê
ê 3

2 ( )m + 2
+

m
4ε0( )m + 2

ù

û

ú
úú
ú Ñu

2

2
+

1

2ε1( )q + 1
 u

2q + 2

2q + 2
+

é

ë

ê
êê
ê ù

û

ú
úú
úm + 1

ε2( )m + 2
+

1
m + 2 ∫0

t

e- ( )t - s G ( )s ds. (17)

Noticing that m > 2q, Young’s inequality can be used to obtain

 u
2q + 2

2q + 2
≤ m - 2q

m + 2
|Ω | + 2q + 2

m + 2
 u

m + 2

m + 2
. (18)

On the other hand, using (8) and (16), we are easy to find that

 u
m + 2

m + 2
=G′(t ) +  Ñu

2

2
- ∫

0

t ∫
Ω

e- ( )t - s Ñu ( )xt × Ñu ( )xs dxds

                                                                      ≤G′(t ) + 3
2
 Ñu

2

2
+ ∫

0

t

e- ( )t - s G ( )s ds. (19)

From (17), (18) and (19), it follows that

H (t ) ≤ 1
m + 2

G'' (t ) + 1
ε1( )m + 2

G' (t ) + é

ë

ê
êê
ê 3

2 ( )m + 2
+

m
4ε0( )m + 2

+
3

2ε1( )m + 2

ù

û

ú
úú
ú Ñu

2

2

                                              +
é

ë

ê
êê
ê
ê
ê mε0

4 ( )m + 2
+

ε1

2 ( )q + 1
+
ε2( )m + 1
2 ( )m + 2

ù

û

ú
úú
ú
ú
ú Ñut

2

2

                                              +
é

ë

ê
êê
ê 1

m + 2
+

1
ε1( )m + 2

+
m + 1

ε2( )m + 2

ù

û

ú
úú
ú ∫

0

t

e- ( )t - s G (s)ds +
||Ω ( )m - 2q

2ε1( )m + 2 ( )q + 1
. (20)

Furthermore, the term ∫
0

t

e- ( )t - s G (s)ds can be estimated as follows:

∫
0

t

e- ( )t - s G (s)ds = e-t∫
0

t

esG (s)ds =G (t ) - e-tG (0) - ∫
0

t

e- ( )t - s G′(s)ds≤G (t ) - ∫
0

t

e- ( )t - s G′(s)ds. (21)

Now, from the expressions of the constants δ i i = 1 2 3, it follows that δ1 > 1, δ2 > 0 and δ3 > 0. Then by the 

assumption  u0

m + 2

m + 2
> δ1 Ñu0

2

2
+ δ2 u0

p + 2

p + 2
+ δ3 we have  u0

m + 2

m + 2
>  Ñu0

2

2
. This tells us that G' (0) =  u0

m + 2

m + 2
-

 Ñu0

2

2
> 0. Hence, there exists a t1Î (0+¥) such that G' (t ) ≥ 0 holds for any tÎ [0t1 ]. Collecting this fact and (21), 

we have

∫
0

t

e- ( )t - s G (s)ds ≤G (t )   tÎ [0 t1 ]. (22)

From (6) and (7), it follows that

 Ñut

2

2
≤H (t )  (23)

and

 Ñu
2

2
≤ 2G (t ) - 2C. (24)

In light of the constraint that pÎ (0m), one can choose suitable ε0, ε1 and ε2 such that

C1 =
mε0

4 ( )m + 2
+

ε1

2 ( )q + 1
+
ε2( )m + 1
2 ( )m + 2

Î (0m - p
m + 2 ) Ì (01) .

For the fixed ε0, ε1 and ε2 above, taking
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C =
ε0 ||Ω ( )m - 2q

( )q + 1 ( )6ε0 +mε1 + 6ε0ε1



then (20)-(24) tell us that

(m + 2) (1 -C1 ) H (t ) ≤G'' (t ) + 1
ε1

G′(t ) + (4 +
m
2ε0

+
4
ε1

+
m + 1
ε2 )G (t ) . (25)

Inserting (25) in (11), we have

G (t )G'' (t ) - α (G′(t ) ) 2
+ βG (t )G′(t ) + γG2(t ) ≥ 0  tÎ [0t1 ]  (26)

where

α = ( )m + 2 ( )1 -C1

P + 2
> 1, β =

1
ε1

, γ = 4 +
m
2ε0

+
4
ε1

+
m + 1
ε2

.

Now, setting Z (t ) =G1 - α(t )eβt then (26) tells us that

Z'' (t ) - βZ′(t ) - γ (α - 1)Z (t ) ≤ 0  tÎ [0t1 ]. (27)

In light of the constraint that the assumption  u0

m + 2

m + 2
> δ1 Ñu0

2

2
+ δ2 u0

p + 2

p + 2
+ δ3, we have

G' (0) > ( β
α - 1

+
γ

α - 1 )G (0) > β
α - 1

G (0) . (28)

Then there exists a t2Î ](0t1  such that, for any tÎ [0t2 ], Z′(t ) = (α - 1)eβtG-α(t ) ( β
α - 1

G (t ) -G′(t ) ) ≤ 0. The above 

inequality together with (27), leads to Z'' (t ) - γ (α - 1)Z (t ) ≤ 0  tÎ [0 t2 ]. Multiplying both sides of the above in‐

equality by Z' (t ) results in Z′(t )Z'' (t ) - γ (α - 1)Z (t )Z′(t ) ≥ 0  tÎ [0t2 ]. Namely,

é
ë(Z′(t ) ) 2

- γ (α - 1)Z 2(t )ùû
′≥ 0  tÎ [0t2 ] 

which implies that

                               (Z′(t ) ) 2 ≥ [Z′(0) ] 2
+ γ (α - 1)[Z 2(t ) - Z 2(0) ]

≥ (α - 1) 2
G-2α(0)ìí

î

é
ë
êêêêG′(0) - β

α - 1
G (0)ù

û
úúúú

2

-
γ

α - 1
G2(0)üý

þ
  tÎ [0t2 ]. (29)

Combining (28) with (29) yields that

Z′(t ) ≤- ( )α - 1 G-α( )0 é
ë
êêêê ù

û
úúúúG′( )0 -

β
α - 1

G ( )0
2

-
γ

α - 1
G2( )0 =B. (30)

Integrating the above differential inequality from 0 to t, we have Z (t ) ≤ Z (0) -Bt which implies that G (t ) ≥
e

β
α - 1

t

G1 - α( )0 -Bt
α - 1

. That is, G (t ) will tend to ¥ as

t® T - =
1

BGα - 1( )0
=

1

B ( )1
2
 Ñu0

2

2
+

p + 1
p + 2

 u0

p + 2

p + 2
+C

α - 1
<¥. (31)

This completes the proof of Theorem 1.
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具记忆和对流项的伪抛物方程解的爆破具记忆和对流项的伪抛物方程解的爆破

刘灯明， 李娜

湖南科技大学 数学与统计学院，湖南 湘潭 411201

摘要摘要：：通过构造合适的辅助函数，结合改进的凹方法，本文给出了一类具记忆和对流项的伪抛物方程解的爆破

准则。

关键词关键词：：爆破；伪抛物方程；记忆项；对流项
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