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The Existence of Solution to the 
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Abstract: Chord measures are newly discovered translation-invariant geometric measures of convex bodies in Rn by Lutwak-Xi-Yang-
Zhang (Communications on Pure and Applied Mathematics, 2024), which is an extension of the surface area measure. The Minkowski 
problems for chord measures was considered by Lutwak-Xi-Yang-Zhang. In this paper, we use variational method to solve the even Orlicz 
chord Minkowski problem. The obtained results are an extension of the even Orlicz Minkowski problem from Haberl-Lutwak-Yang-Zhang 
(Advances in Mathematics, 2010 ).
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0　Introduction

The classical Brunn-Minkowski theory is the core 
of convex geometry analysis. The classical Minkowski 
problem asks for the existence, uniqueness, and regularity 
of a convex body whose surface area measure is equal to 
a pre-given Borel measure. Lutwak[1-2] developed the 
classical Brunn-Minkowski theory into Lp-Brunn-
Minkowski theory. After that, the Lp Minkowski problem 
and related researches can be found in Refs.[3-14].

The Lp Minkowski problem has been extended to the 
even Orlicz Minkowski problem by Habrel et al [15] with a 
series of papers on the Orlicz Minkowski theory [16-17]. The 
Orlicz Minkowski problem and related topics can be 
found in the Refs.[18-29].

Recently, Lutwak et al[30] introduced a new family 

of geometric measures by studying a variational formula 

on the geometric invariants of convex body integrals, 

which called chord integrals. Accordingly, the Lp chord 

Minkowski problem was considered. Xi et al [31] solved 

the Lp chord Minkowski problem when p > 1, q > 1 and 

the symmetric case of 0 < p < 1. Guo et al[32] solved the 

Lp chord Minkowski problem for 0 ≤ p < 1 without sym‐

metric assumptions. Li[33] solved the discrete Lp chord 

Minkowski problem in the condition of p < 0 and q > 0, 

and as for general Borel measure, Li also gave a proof 

but need -n < p < 0 and 1 < q < n + 1. Hu et al [34] used 

flow methods to get regularity of the chord log-

Minkowski problem of p = 0. In addition, Hu et al[35] also 

found the smooth origin-symmetric solution for Lp chord 

Minkowski problem in the case of {p > 0 }q > 3 È  
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{ }-n < p < 03 < q < n + 1  by using same flow method[34]. 

Zhao et al [36] generalized the Lp chord Minkowski prob‐
lem and sloved the existence of smooth solutions to the 
Orlicz chord Minkowski problem.

In this paper, we use variational method to solve 
the even Orlicz chord Minkowski problem.

Let Kn be the collection of convex bodies (compact 
convex sets with nonempty interior) in Rn. For KÎKn, 
the chord integral Iq (K) of K is defined as follows:

Iq (K)= ∫
Ln

|| KÇ ℓ
q
dℓ   q ≥ 0

where | KÇ ℓ | denotes the length of the chord | KÇ ℓ |, 
and the integration is with respect to the Haar measure 
on the Grassmannian Ln of lines in Rn.

Chord integrals contain volume V (K) and surface 

area S(K) as two important special cases:

I1 (K)=V (K) I0 (K)=
ωn - 1

nωn

S(K) In + 1 (K)=
n + 1
ωn

V (K)2

where ωn is the volume enclosed by the unit sphere Sn - 1.
We can see in Ref.[15] that the differential of Iq (K) 

defines a finite Borel measure Fq (K×) on Sn - 1. Precisely, 

for convex bodies K and L in Rn, we have
d
dt

| t = 0+ Iq (K + tL)= ∫
Sn - 1

hL (v)dFq (Kv)    q ≥ 0

where Fq (K×) is called the q-th chord measure of K and 

hL is the support function of L. The cases of q = 01 of 

this formula are classical, which are the variational for‐
mulas of surface area and volume.

F0 (K×)=
(n - 1)ωn - 1

nωn

Sn - 2 (K×) F1 (K×)= Sn - 1 (K×)

where Sn-2 (K×) and Sn-1 (K×) are respecting the (n-2)-th 

order and (n - 1)-th order area measure of K.

The Orlicz chord Minkowski problem was stated in 
Ref.[36] by the following form:

The Orlicz chord Minkowski problem: Suppose 
φ: (0¥)®(0¥) is a continuous decreasing function. If μ 

is an finite Borel measure on Sn - 1 which is not concen‐
trated on a great subsphere of Sn-1, what are the necessary 
and sufficient conditions on μ , such that there exist a 

convex body KÎKn
o in Rn and a positive constant c so 

that
μ = cφ(hK )dFq (K×) ?

Remark 1  When φ(s)= s1 - p, the Orlicz chord 

Minkowski problem is reduce to the Lp chord 
Minkowski problem[30-31]. When q = 1, the Orlicz chord 

Minkowski problem is reduced to the Orlicz Minkowski 
problem[15].

In this paper, we consider the even Orlicz chord 
Minkowski problem. Concretely, we prove the following 
theorem.

Theorem 1  Let q > 1 and 0 < α < 1. Suppose φ:

(0¥)®(0¥) is a continuous decreasing function. If μ is 

an even Borel measure on Sn - 1 that is not concentrated 
on a great subsphere of Sn-1, then there exists a symmetric, 
convex body K0 such that

cφ(hK0
)dFq (K0×)= dμ

with c = Iq (K0 )
α - (n + q - 1)

n + q - 1 .

This paper is organized as follows. In Section 1, we 
introduce some basic facts about convex bodies. In Sec‐
tion 2, we give some lemmas needed for the proof of 
theorems in Section 3. In Section 3, we prove the main 
theorem.

1　Preliminaries

In this section, we will give some relative notations 
and facts about convex bodies. And for more details, see 
Refs.[37-39].

Let Rn be n-dimensional Euclidean space. The stan‐
dard inner product in Rn is denoted by x × y. We write 

Sn - 1 = { }xÎRn: x × x = 1  for the boundary of the Euclid‐

ean unit ball B in Rn.
A convex body is a compact convex subset of Rn 

with non-empty interior. The set of convex bodies in Rn 
containing the origin in their interiors is denoted by Kn

o. 
The set of convex bodies in Rn that are symmetric about 
the origin will be denoted by Kn

e.
A compact, convex set KÎRn is uniquely deter‐

mined by its support function hK: Rn®R, where hK (x)=

max{ }x ×y : yÎK , for each xÎRn. For example, the support 

function of the line segment 
-
v joining the points ±vÎRn 

is given by
h-

v (x)= | x × v |  xÎRn.

It is trivial that for the support function of the dilate 

cK = { }cx: xÎK  of a compact, convex K , we have

hcK = chK c > 0. (1)

Note that support functions are positively homoge‐
neous of degree 1 and subadditive. It follows immedi‐
ately from the definition of support functions that for 
compact, convex K, LÌRn,

KÍ LÛ hK ≤ hL. (2)

Consequently, the support function of a body 
KÎKn

o is bounded from above and below by positive reals.
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The set of continuous functions on the sphere Sn - 1 
will be denoted by C(Sn - 1 ) and will always be viewed as 

equipped with the max-norm metric:

 f - g
¥
=maxuÎ Sn - 1| f (u)- g(u) | 

for f, gÎC(Sn - 1 ). The subspace of positive continuous 

functions will be denoted by C+ (Sn - 1 ) and the subspace 

of C+ (Sn - 1 ) consisting of only the even functions will  

be denoted by C +
e (Sn - 1 ).

For hÎC(Sn - 1 ), the Wulff-shape [h] is a compact 

convex set defined by

[h] = {xÎn : x × v ≤ h (v ) "vÎ Sn - 1}.

Clearly, h[ ]h (v)≤ h(v).

The set Kn
o will be viewed as equipped with the 

Hausdorff metric. If a sequence Ki of bodies in Kn
o and a 

body KÎKn
o, we say that lim

i®¥
Ki =K provided

 hKi
- hK

¥
® 0.

If x × u = hK (u), a boundary point xÎ¶K has uÎ Sn - 1 

as an outer normal. A boundary point is said to be singular 
if it has more than one unit normal vector. It is well 
known that the set of singular boundary points of a    
convex body has Hn - 1-measure equal to 0.

The inverse spherical image of a convex body K at 
ωÌ Sn - 1 which is a Borel set, denoted by τ(Kω), is the 

set of all boundary points of K which have an outer unit 
normal belonging to the set ω. SK which is called the 
Aleksandrov-Fenchel-Jensen surface area measure of K 
is defined by SK (ω)=Hn - 1 (τ(Kω)), for each Borel set 

ωÌ Sn - 1, associated with each convex body KÎKn
o is a 

Borel measure on Sn - 1.

2　Some Lemmas

This section mainly gives some lemmas needed for 
the proof in Section 3. First, we give the properties of a 
simple functional.

Lemma 1[15]  Suppose φ: (0¥)®(0¥) is a continu‐

ous decreasing function. Define the function ϕ: )[0¥ ® 

)[0¥  by ϕ (t ) = ∫
0

t 1
φ(s)

ds. For c>0 and 0<α<1, we have

lim
t®¥

ϕ(ct)
tα

=¥ (3)

and

lim
t® 0+

ϕ(t)
tα

= 0. (4)

Moreover, the derivative of ϕ is increasing and the func‐

tion ϕ is convex.

The following lemma is a slight variant of a stan‐
dard result about differentiability under an integral sign.

Lemma 2[15] Let ϕ:(0¥) ® (0¥) be continuously 

differentiable, IÌR be an open interval, and
h : I ´ Sn - 1® (0¥)  (tu)  h (tu)

be a continuous function such that the partial derivative 
¶h
¶t

(tu) exists for all (tu)Î I ´ Sn - 1. If 
¶h
¶t

 is bounded and 

h is bounded from above and from below by positive 
numbers, then the function H : I®(0¥) defined by

H (t ) = ∫
Sn - 1

( )ϕ  h ( )tu dμ ( )u 

for tÎ I, is differentiable on I and

H ′(t ) = ∫
Sn - 1

¶ ( )ϕ  h
¶t ( )tu dμ ( )u .

Moreover, if ¶ (ϕ  h) /¶t is continuous with respect 

to t, then H ′ is continuous.
To solve the maximization problem, we use the 

variational formula in the following lemma.
Lemma 3[30] Let q > 0. Suppose that g : Sn - 1®R is 

continuous and ht : S
n-1®(0¥) is a family of continuous 

functions given as follows:
ht = h0 + tg + o(t×)

for each tÎ(-δδ) with δ > 0. Here, ο(t×)ÎC(Sn - 1 ) and 

ο(t×)/t tends to 0 uniformly on Sn - 1 as t® 0. Let Kt be 

the Wulff-shape generated by ht and K be the Wulff-
shape generated by h0. Then,

d
dt

| t = 0 Iq (Kt )= ∫
Sn - 1

g ( )v dFq (Kv).

3　The Even Orlicz Chord 
Minkowski Problem

Let q ¹ 0 and 0 < α < 1. Suppose φ : (0¥)®(0¥) is 

a continuous decreasing function. Define the function ϕ:

)[0¥ ® )[0¥  by ϕ(t)= ∫
0

t 1
φ(s)

ds . For each non-zero 

even finite Borel measure μ on Sn - 1, define the func‐

tional Φϕq (h): C+ (Sn - 1 )®R  by

Φϕq (h)=
n + q - 1

α
Iq ([h])

α
n + q - 1 - ∫

Sn - 1
( )ϕ  h dμ.

The following theorem shows that if the maximiza‐
tion can be obtained, the even Orlicz chord Minkowski 
problem has a solution.

Theorem 2  Let q > 0 and μ be a nonzero even    

finite Borel measure on Sn - 1 that is not concentrated on a 
great subsphere of Sn - 1. If the maximization problem
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sup{Φϕq (h): hÎC+ (Sn - 1 )}
has a solution h0ÎC+ (Sn - 1 ), then there exists K0ÎKn

e 

such that cφ(hK0
)dFq (K0×)= dμ.

Proof  Define ht = h0 + tg for gÎC(Sn - 1 ), 

tÎ(-δδ) for δ > 0. For sufficiently small | t |, the family 

htÎC+ (Sn - 1 ). By Lemma 2 and Lemma 3, the function 

t®Φϕq (ht ) is differentiable at 0. By the fact that h0 is a 

maximizer,

0 =
d
dt
Φϕq (ht )| t = 0

   = Iq ([h0 ])
α - (n + q - 1)

n + q - 1 ∫
Sn - 1

g(v)dFq ([ ]h0 v)

- ∫
Sn - 1

1
φ(h0 )

g(v)dμ(v).

Since gÎC(Sn - 1 ) is arbitrary and using the fact that 

h0 = h[ ]h0
 almost everywhere, for Fq ([h0 ] ×), we have

Iq ([h0 ])
α - (n + q - 1)

n + q - 1 φ(h[ ]h0
)dFq ([h0 ] v)= dμ(v).

Let [h0 ] =K0ÎKn
e, we have

cφ(hK0
)dFq (K0v)= dμ(v)

where c = Iq (K0 )
α - (n + q - 1)

n + q - 1 .

Next, we will prove the main theorem by showing 
that Φϕq attains a maximum .

Theorem 3  Let q > 0 and 0 < α < 1. Suppose φ:

(0¥)®(0¥) is a continuous decreasing function. If μ is 

an even finite Borel measure on Sn - 1 that is not concen‐
trated on a great subsphere of Sn - 1, then there exists a 
convex body K0ÎKn

e such that

cφ (hK0 )dFq(K0× ) = dμ

with c = Iq (K0 )
α - (n + q - 1)

n + q - 1 .

Proof  For s > 0, let ψs: (0¥)®R be defined by

ψs (t)= (
n + q - 1

α
Iq (B)

α
n + q - 1 -

|| μ ϕ(st)

tα
)tα.

From (3) we conclude that lim
t®¥

ψs (t)=-¥. In par‐

ticular, for each s, there is a positive number rs > 0 such 
that

t > rsÞψs (t)< 0. (5)

We use B to denote the centered unit ball in Rn. For 
every r > 0,

Φϕq (hrB )=
n + q - 1

α
rα Iq (B)

α
n + q - 1 - ϕ(r) || μ

 = (
n + q - 1

α
Iq (B)

α
n + q - 1 -

|| μ ϕ(r)

rα
)rα.

By the equation of (4), it follows that Φϕq (hrB ) is positive 

for small positive r.

Hence, there exists KÎKn
e such that

Φϕq (K)> 0. (6)

The Wulff-shape [h] associated with a given function 

hÎC +
e (Sn - 1 ) is origin symmetric and has a support func‐

tion h[ ]h  with satisfies 0 < h[ ]h ≤ h. Since ϕ is increasing 

and Iq (h[ ]h )= Iq (h), we deduce Φϕq (h)≤Φϕq (h[ ]h ).

Next, we will show that the search for a function at 

which Φϕq attains a maximum can be further restricted 

to support functions of origin symmetric convex bodies 

contained in some ball of fixed radius. To this end, first 

note that the continuous function on Sn - 1,

v ∫
Sn - 1

hv̄ dμ

is positive since μ is not concentrated on a great sub‐

sphere. Thus, there exists a sÎ(0¥) such that
1

|| μ ∫Sn - 1

hv̄ dμ ≥ s for every vÎ Sn - 1. (7)

Let KÎKn
e  and choose vKÎ Sn - 1 such that for a suit‐

able real rK > 0 the point rKvK is an element of K with 

maximal distance from the origin. Since K is origin  

symmetric, the line segment with endpoints ±rKvK is  

contained in K. From (3) and (2), we deduce rKhv̄K ≤ hK. 

The monotonicity of ϕ, Jensen􀆳s inequality, and (7) there‐

fore yield

∫
Sn - 1

ϕ ( )hK dμ ≥ ∫
Sn - 1

ϕ ( )rKhv̄K dμ

           ≥ | μ |ϕ ( 1

|| μ ∫Sn - 1

rKhv̄K dμ) ≥ | μ |ϕ(s × rK ).

Since KÌ rK B, the last inequality show that

   Φϕq (hK )=
n + q - 1

α
Iq ([hK ])

α
n + q - 1 - ∫

Sn - 1

ϕ ( )hK dμ

                   ≤ n + q - 1
α

r αk Iq (B)
α

n + q - 1 - | μ |ϕ(s × rK )

                   = ( n + q - 1
α

Iq (B)
α

n + q - 1 -
|| μ ϕ(s × rK )

r αk ) r αk

                   =ψs (rK ).

From (6) we therefore conclude that there exists a 

real r = rs > 0 such that

rK > rÞΦϕq (K)< 0. (8)

It follows from (6) and (8) that in order to find a 

maximum of the functional Φϕq on C +
e (Sn - 1 ), it is suffi‐

cient to search among support functions of members of 

the set

F = {KÎKn
e:KÌ rB}.

Let {Ki} be a maximizing sequence in F for Φϕq, i.e
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lim
i®¥

Φϕq (hKi
)= sup{Φϕq (hK ):KÎF}.

Obviously, the sequence {Ki} is bounded. By the 

Blaschke 􀆳 s selection theorem, there exists a convergent 
subsequence, which we also denote by {Ki}, with 

lim
i®¥

Ki =K0, where Ki is origin symmetric. Hence, K0 is 

origin symmetric. Let h0 = hKo
 and by the continuity of 

functional Φϕq, we deduce that
n + q - 1

α
Iq ([h0 ])

α
n + q - 1 ≥Φϕq (h0 )=Φϕq (hK0

)= lim
i®¥

Φϕq (hKi
)

                                          = sup{Φϕq (hK ):KÎF} > 0.

Consequently, K0 has non-empty interior and thus 
K0ÎKn

e. Therefore, h0 is a solution of the maximization 
problem for Theorem 2. This completes the proof.

Remark 2  When φ(s)= s1 - p, Theorem 3 is reduce 

to the Theorem 4.2 of Ref. [31] in the case of p > 1. 

When q = 1, Theorem 1 is reduced to the Theorem 1 of 

Ref.[15].
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偶偶Orlicz弦弦Minkowski问题解的存在性问题解的存在性

陈秋月 1，金海林 1†，赖丹丹 2，李苏薇 1

1. 苏州科技大学 数学科学学院，江苏 苏州 215009

2. 上海大学 数学系，上海 200444

摘要摘要：：2024年，Lutwak等人引入凸体的弦测度 (Communications on Pure and Applied Mathematics, 2024)。经典

的表面积测度是一种特殊的弦测度。关于弦测度的Minkowski问题是凸几何中新的研究热点。本文采用变分方

法研究 Orlicz 情形下偶弦测度的 Minkowski 问题解的存在性，所得到的结果是 Haberl-Lutwak-Yang-Zhang 

(Advances in Mathematics, 2010) 关于偶表面积测度的Orlicz Minkowski问题的推广。
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