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Abstract: Chord measures are newly discovered translation-invariant geometric measures of convex bodies in R” by Lutwak-Xi-Yang-

Zhang (Communications on Pure and Applied Mathematics, 2024), which is an extension of the surface area measure. The Minkowski

problems for chord measures was considered by Lutwak-Xi-Yang-Zhang. In this paper, we use variational method to solve the even Orlicz
chord Minkowski problem. The obtained results are an extension of the even Orlicz Minkowski problem from Haberl-Lutwak-Yang-Zhang

(Advances in Mathematics, 2010 ).
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0 Introduction

The classical Brunn-Minkowski theory is the core
of convex geometry analysis. The classical Minkowski
problem asks for the existence, uniqueness, and regularity
of a convex body whose surface area measure is equal to
a pre-given Borel measure. Lutwak!? developed the
classical Brunn-Minkowski theory into L -Brunn-
Minkowski theory. After that, the L, Minkowski problem
and related researches can be found in Refs.[3-14].

The L, Minkowski problem has been extended to the
even Orlicz Minkowski problem by Habrel et a/"* with a
series of papers on the Orlicz Minkowski theory "*'”, The
Orlicz Minkowski problem and related topics can be
found in the Refs.[18-29].

Recently, Lutwak et al"” introduced a new family

of geometric measures by studying a variational formula
on the geometric invariants of convex body integrals,
which called chord integrals. Accordingly, the L, chord
Minkowski problem was considered. Xi et al® solved
the L, chord Minkowski problem when p>1, g>1 and
the symmetric case of 0<p<1. Guo et al®” solved the
L, chord Minkowski problem for 0 <p <1 without sym-
metric assumptions. Li®" solved the discrete L, chord
Minkowski problem in the condition of p<0 and ¢ >0,
and as for general Borel measure, Li also gave a proof
but need —-n<p<0 and 1<g<n+1. Hu et al Y used
flow methods to get regularity of the chord log-
Minkowski problem of p=0. In addition, Hu ef a/® also
found the smooth origin-symmetric solution for L, chord

Minkowski problem in the case of { p>0,q>3} v
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{—n <p<0,3<g<n+1} by using same flow method™.

Zhao et al® generalized the L, chord Minkowski prob-
lem and sloved the existence of smooth solutions to the
Orlicz chord Minkowski problem.

In this paper, we use variational method to solve
the even Orlicz chord Minkowski problem.

Let K" be the collection of convex bodies (compact
convex sets with nonempty interior) in R". For K € K",
the chord integral /, (K) of K is defined as follows:

I,(K)= Lﬂ|KmE|”dE, >0,

where | K" €| denotes the length of the chord | KM €],
and the integration is with respect to the Haar measure
on the Grassmannian £" of lines in R".

Chord integrals contain volume V(K) and surface
area S(K) as two important special cases:
n+1

W, _
1K)= V). 1,(K)= 2 S(K). 1., (K)=

n n

V(K),

where w, is the volume enclosed by the unit sphere S"~".

We can see in Ref.[15] that the differential of 7, (K)
defines a finite Borel measure F, (K, -) on S"~'. Precisely,
for convex bodies K and L in R”, we have

d

Gl L& D= h0)E, &), g0,
where F, (K, -) is called the g-th chord measure of K and
h, is the support function of L. The cases of g=0,1 of

this formula are classical, which are the variational for-
mulas of surface area and volume.

FoK)= U200k (), B (K =8, (K )

where S, ,(K,-) and S,_, (K, -) are respecting the (n—2)th
order and (n — 1)-th order area measure of K.

The Orlicz chord Minkowski problem was stated in
Ref.[36] by the following form:

The Orlicz chord Minkowski problem: Suppose
¢:(0,00)—(0,0) is a continuous decreasing function. If u
is an finite Borel measure on S"~' which is not concen-
trated on a great subsphere of S"~', what are the necessary
and sufficient conditions on u , such that there exist a
convex body K € A in R" and a positive constant ¢ so
that

u=co(h)dF, (K, )?

Remark 1  When ¢(s)=s'"7, the Orlicz chord
Minkowski problem is reduce to the L, chord
Minkowski problem®**". When ¢ =1, the Orlicz chord
Minkowski problem is reduced to the Orlicz Minkowski
problem!"!,

In this paper, we consider the even Orlicz chord
Minkowski problem. Concretely, we prove the following
theorem.

Theorem 1 Let g>1 and O<a< 1. Suppose ¢:
(0,0)— (0, ) is a continuous decreasing function. If x is
an even Borel measure on S”°' that is not concentrated
on a great subsphere of S, then there exists a symmetric,

convex body K, such that
cplhy, )AF, (Ko, )=du,
a—(n+q-1)

withe=1,(K,) "' .

This paper is organized as follows. In Section 1, we

introduce some basic facts about convex bodies. In Sec-
tion 2, we give some lemmas needed for the proof of
theorems in Section 3. In Section 3, we prove the main
theorem.

1 Preliminaries

In this section, we will give some relative notations
and facts about convex bodies. And for more details, see
Refs.[37-39].

Let R” be n-dimensional Euclidean space. The stan-
dard inner product in R” is denoted by x-y. We write
St= {x e R"x-x=1} for the boundary of the Euclid-
ean unit ball B in R".

A convex body is a compact convex subset of R”
with non-empty interior. The set of convex bodies in R”
containing the origin in their interiors is denoted by A.
The set of convex bodies in R” that are symmetric about
the origin will be denoted by A.

A compact, convex set K € R” is uniquely deter-
mined by its support function h: R — R, where h(x)=

max {x y:yek }, for each x e R. For example, the support

function of the line segment v joining the points +v € R”
is given by
h-(x)=|x-v|, xeR.
It is trivial that for the support function of the dilate
cK= {cx: x € K} of a compact, convex K , we have
h=chyg, ¢>0. (1)
Note that support functions are positively homoge-
neous of degree 1 and subadditive. It follows immedi-
ately from the definition of support functions that for
compact, convex K, L R”,
Kc Lo hy<sh,. 2)
Consequently, the support function of a body
K e £ isbounded from above and below by positive reals.
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The set of continuous functions on the sphere S"'
will be denoted by C(S""") and will always be viewed as
equipped with the max-norm metric:

|/-g . =max, ..

for f, g€ C(S""). The subspace of positive continuous
functions will be denoted by C*(S"') and the subspace
of C*(S"") consisting of only the even functions will
be denoted by C; (5" ").

For h e C(S""), the Wulff-shape [ 4] is a compact
convex set defined by

[h]={xeR":x-v<h(v),VvesS '}

Clearly, hg,;(v)<h(v).

The set A7 will be viewed as equipped with the
Hausdorff metric. If a sequence K, of bodies in A and a
body K € A7, we say that lim K,=K provided

i—o0

||h,<,—h,< ||w—>o.

If x - u=h,(u), a boundary point x € 0K has u € "'
as an outer normal. A boundary point is said to be singular
if it has more than one unit normal vector. It is well
known that the set of singular boundary points of a
convex body has H"~'-measure equal to 0.

The inverse spherical image of a convex body K at
o< S""" which is a Borel set, denoted by (K, w), is the
set of all boundary points of K which have an outer unit
normal belonging to the set w. S, which is called the
Aleksandrov-Fenchel-Jensen surface area measure of K
is defined by Sy (w)=H""(z(K,w)), for each Borel set
wc 8", associated with each convex body K € A7 is a
Borel measure on S"'.

2 Some Lemmas

This section mainly gives some lemmas needed for
the proof in Section 3. First, we give the properties of a
simple functional.

Lemma 1" Suppose ¢: (0,90)—(0,0) is a continu-

ous decreasing function. Define the function ¢:[0, oo) -

[0.00)by ¢ (1) =

—ds Forc>0and O<a< 1, we have

o(s)
im #) G)
and
11n01 ¢t(t) 0. 4)

Moreover, the derivative of ¢ is increasing and the func-
tion ¢ is convex.

The following lemma is a slight variant of a stan-
dard result about differentiability under an integral sign.
Lemma 2" Let ¢:(0,00) — (0,00
differentiable, / — R be an open interval, and
h:IxS"'— (0,0), (t,u) > h(tu)

be a continuous function such that the partial derivative

) be continuously

% (t,u) exists for all (z,u)e IxS" " If % is bounded and

h is bounded from above and from below by positive
numbers, then the function H : I — (0, «0) defined by

H() = [ (gen)(u)du(u),

for ¢t € 1, is differentiable on / and

H(t) = Lnla((g;h)(t,u)d,u(u).

Moreover, if 8((;5 ° h)/at is continuous with respect

to ¢, then H'is continuous.

To solve the maximization problem, we use the
variational formula in the following lemma.

Lemma 3% Let ¢ >0. Suppose that g: "' >R is
continuous and %, : "' —(0, ) is a family of continuous
functions given as follows:

h,=h,+tg+o(t,"),
for each t €(—d,d) with 6>0. Here, o(t,-)e C(S"') and
o(t, ")/t tends to 0 uniformly on S ' as t— 0. Let K, be
the Waulff-shape generated by /4, and K be the Wulft-
shape generated by 4,. Then,

Sl K= [ g(v)ar, &,

3 The Even Orlicz Chord
Minkowski Problem

Let ¢#0 and O<a < 1. Suppose ¢ : (0,0)— (0, 0) is

a continuous decreasing function. Define the function ¢:
[0,00) — [0,0) by ¢()= f —ds For each non-zero

even finite Borel measure u on S"', define the func-
tional @, (h): C*(S"" )—)]R by

LY [ (pen)d

The followmg theorem shows that if the maximiza-

n-+
@, (="

tion can be obtained, the even Orlicz chord Minkowski
problem has a solution.

Theorem 2 Let ¢>0 and x be a nonzero even
finite Borel measure on "' that is not concentrated on a

great subsphere of $”'. If the maximization problem
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sup{®,, (hx he C*(S"")]
has a solution 4, e C*(S""), then there exists K, e A
such that cp(h, )dF, (K, )=du.
Proof Define h,=h,+tg for geC(S""),
t (=0,0) for 6>0. For sufficiently small |#|, the family
h,e C*(S""). By Lemma 2 and Lemma 3, the function
t— @, (h,) is differentiable at 0. By the fact that 4, is a

maximizer,

d
0= a(p%q (h/)|t:0

a—(n+q-1)

=1, () [ e, (k)

~[ iy g0

Since g € C(S"") is arbitrary and using the fact that
hy= h almost everywhere for F ([ ] -), we have
o=(n+q-
L,([h]) " y (0(h DAF, ([ Ay ], v)=du().
Let [ho] =K, e A, we have
cp(hy, )AF, (Ko, v)=du(v),

a—(n+q-1)

where c=1,(K,) """ .
Next, we will prove the main theorem by showing

that @, attains a maximum .
Theorem 3 Let ¢>0 and O<a<1. Suppose ¢:
(0,0)— (0, ) is a continuous decreasing function. If x is
an even finite Borel measure on S ' that is not concen-
trated on a great subsphere of S"°', then there exists a
convex body K, € A such that
cp(hy)dF, (Ko ) =du

a—(n+q-1)

withe=1,(K,) """ .
Proof Fors>0, let w,: (0,00)— R be defined by

nO=("H [l

From (3) we conclude that }im w,(f)=—. In par-

n+q I (B)n+q 1 _

ticular, for each s, there is a positive number »,>0 such
that
t>r, =y (1)<0. )
We use B to denote the centered unit ball in R”. For
every r>0,

r LB - g |

[1]60),,.
r

n+qg-1
¢¢,q (hrB): +

n+q—1
a

~( 1By

By the equation of (4), it follows that @, (h,, ) is positive
for small positive 7.

Hence, there exists K € A such that
D, ,(K)>0. (6)

The Wulff-shape [/4] associated with a given function
he C!(S" ") is origin symmetric and has a support func-
tion /;,; with satisfies 0<#;,;<h. Since ¢ is increasing
and 1, (hg,))=1,(h), we deduce @, (W< P, (hppy)-

Next, we will show that the search for a function at
which @, attains a maximum can be further restricted
to support functions of origin symmetric convex bodies
contained in some ball of fixed radius. To this end, first
note that the continuous function on §"',

v f h.du,
g

is positive since u is not concentrated on a great sub-
sphere. Thus there exists a s €(0, o) such that
j h,du=s, forevery ve S" . @)
| ul”s
Let K € A and choose v, € S~ such that for a suit-
able real r,>0 the point 7,v, is an element of K with
maximal distance from the origin. Since K is origin
symmetric, the line segment with endpoints *r,v, is
contained in K. From (3) and (2), we deduce ry/h, < hy.
The monotonicity of ¢, Jensen’s inequality, and (7) there-
fore yield

f () du> f S”ilqs(rkhgk)dﬂ

>|,u|¢ >|,U|¢(S”’1<)-

1
m Js"* rhy du

Since K cry B, the 1ast inequality show that

?,,(h)= "+q L1 ey - ol
<"+Lri‘fq(ﬂ>m—|ﬂ|¢(s~rK>
_[nra=ly gy |u|¢(i rk))
=y, (ry)

From (6) we therefore conclude that there exists a
real r=r,>0 such that
re>r=ao, (K)<0. ®)
It follows from (6) and (8) that in order to find a
maximum of the functional @, , on C;(S""), it is suffi-
cient to search among support functions of members of
the set
F={Ke K:KcrB}.

Let {K,} be a maximizing sequence in JF for @, , i.c
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lim &, , (h,, )=sup {®,,(h K e F}.
Obviously, the sequence {K,.} is bounded. By the

Blaschke’s selection theorem, there exists a convergent
subsequence, which we also denote by {K,.}, with
!E’Iyl) K,=K,, where K, is origin symmetric. Hence, K|, is
origin symmetric. Let #,=h, and by the continuity of
functional @, , we deduce that

é.9
n+qg-—1 - .
P g ([ T2 @, ()=, ()= lim @, , (A )

=sup{¢¢,q(hK):Ke .7-'} >0.
Consequently, K, has non-empty interior and thus
K, € K. Therefore, &, is a solution of the maximization
problem for Theorem 2. This completes the proof.
Remark 2 When ¢(s)=s'"?, Theorem 3 is reduce
to the Theorem 4.2 of Ref. [31] in the case of p>1.
When g=1, Theorem 1 is reduced to the Theorem 1 of
Ref.[15].
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