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Abstract: In this paper, we introduce the concept of the L
space R” and formulate the corresponding L

P

p.s’

-Gaussian surface area measure of a convex body in n-dimensional Euclidean
-Gaussian-Minkowski problem: Given a finite Borel measure x on "', what are the neces-

sary and sufficient conditions for the existence of a convex body whose L, -Gaussian surface area measure equals measure x? Furthermore,

we present a solution to the L, -Gaussian-Minkowski problem for the case of even measures.
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0 Introduction

In 1897, Minkowski posed the Minkowski prob-
lem™. Minkowski'* resolved its discrete 3D case. For
arbitrary measures, Aleksandrov?”, Fenchel and Jessen™
established complete solutions via variational methods,
requiring the convex body’s centroid to lie at the origin.

Lutwak®™ established the L, -Brunn-Minkowski
theory, formulating the L, Minkowski problem*”. Fur-
ther generalization emerges through Orlicz-Brunn-
Minkowski theory!*"*
Recent studies have extended Minkowski problems

, extending the L, framework!".

to Gaussian spaces. Huang ef al'' introduced the Gauss-
ian surface area measure S, ,, establishing the Gaussian-

Minkowski problem with existence and uniqueness in
classical cases. Feng et al'” proposed L, Gaussian sur-
face area measures and corresponding Minkowski prob-
lems, proving existence in normalized settings.

Let R" denote the n-dimensional Euclidean space.

Let n denote a vector in R". The s-Gaussian probability
measure p; for ECR"” and s €(0, ) is outlined in Ref.
[18] as follows:

sl

r®= [ (1= 5] o (1)

+

n

w, 2,1 . n .
) \/Zﬂ(s +1, 2),andwnls‘[hevolume

of the unit ball. When s — 07, y; is the classical Gaussian

where C, ;=

probability measure

The generalized Gaussian probability space!”*" fea-
tures the generalized Gaussian density g, ,. Ref. [21] in-
troduced a generalized Gaussian surface area measure.

Moreover, Liu et al*"

proposed the generalized Gaussian-
Minkowski problem and established the existence and
uniqueness of solutions in the smooth case.

Definition 1 Letp>1,5s>0and K€ K. The L, -
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Gaussian surface area measure of K, denoted by S, ,, is

a Borel measure on §"~' given by

1
Syenl)= pCo

for any Borel measurable #<S"'. When s— 0", then

(x-v, (x))"’(1 - %’42 )Sd’H’” (0)(2)

the L, -Gaussian surface area measure is the L,-Gauss-
ian surface area measure.

The L, -Gaussian-Minkowski Problem: If p>1,
given a finite Borel measure x4 on the §"°', what is the

sufficient and necessary condition on the measure 4 so

that there exists a convex body K e K and «a e(O,%)

7P K

The following theorem present a solution to the L, -

such that y =

Gaussian-Minkowski problem for the case of even mea-
sures.
Theorem 1  Suppose u is a non-zero finite even

Borel measure not concentrated in any closed hemi-

1 . .
sphere and a €(0,—). Then there exists an o-symmetric
n

700 K,

convex body K € K" for s €(0,o0) such that u= —222-5—.
y e ( ) lu yn (KS )1

1 Preliminaries

We introduce some notations and, for ease of refer-
ence, summarize some basic properties of convex bod-
ies. For comprehensive treatments of convex body
theory, we refer readers to the texts by Gardner™, Gru-
ber”!, and Schneider™, etc.

Let x € R”, the norm of a vector x is given by |x|=

Vx-x, X denotes ﬁ The unit sphere in R" is denoted

by §"7'. Let C(S" ") represent the set of continuous func-
tions on S"'. Furthermore, C;(S"") denotes the set of
even, positive, continuous functions on §"~'. For a finite
measure x on S"”', the total mass of x is denoted by |u| =

HU(S" ).
1.1 Convex Bodies

The set of convex bodies (compact convex subsets)
in R" is denoted by K, the set of convex bodies containing
the origin in their interiors is denoted by K7, and K/ K
denotes the set of origin-symmetric convex bodies. The
unit ball centered at the origin in R" is denoted by B”,
and its volume by w, 0K denotes the boundary
of Ke K.

The support function, /,: S"'— R, of a nonempty
compact convex set K, is the continuous function on the
unit sphere §"°', defined by /A, (u)=max{u-x:xecK}.
The radial function, p,: S""' — R for K is the continuous
function, defined by p, (x)=max{1: ix € K}.

For K € K7, the polar body K™ of K is defined by
K'={xeR:yeKk, x-y<l}.

Let he C*(S""), the Wulff shape [k] associated
with / be defined as [A]={x e R x-v<h(v), veS" '}
The collection of nonempty compact convex sets can be
viewed as a metric space with the Hausdroff metric,

where the Hausdorff distance between K and L is de-

fined by
d(K,L)=min{t>0: Kc L+tB",LcK+1tB"}.
1.2 The Radial Gauss Map of a Convex Body
For K € K7 and each v € §"7', the hyperplane
H.w)={xeR:x-v=h;(v)}
is called the supporting hyperplane to K with unit nor-
mal v. For o 0K, the Gaussian image of ¢ is defined by
vi(o)={re S" " xe H (v)forsome x e o} =S" .
For 7 8", the reverse Gaussian image of 7 is de-
fined by v} (7)={x € 0K: x € H(v) for some v € 57} K.
Huang et al” gave the definitions of radial Gauss-
ian image. For K € K” and # =S, the radial Gaussian
image a,(u) is the set of outer unit normals of K from
the boundary points p, (#) u, for some u € #; that is,
ax(=JveS" " ipc@u-v=hv)}.
Denote chS”‘le;s the set of u € S”°' such that a, (u)
contains more than one point; that is, the point
px(@)u € 0K has more than one outer unit normal. We
now define the radial Gauss map a,: S" "\w,—S""',

satisfying a({u}) = {a,(u)}.

2 Variational Formulas for the L, -
Gaussian Surface Area Measure

In this section, we derive the variational formula
for the L, -Gaussian surface area measure.

Lemma 1 (Ref.[16], Lemma 3.2) Let K € K and
ge C(S""). Suppose 6>0 is sufficiently small so that
for each t €(—4, d), there is h,=h,+tg>0. Then,

. p[h‘](u)_pK(u) (o (1))
e =y P+

=Y t
for almost all u € S*' with respect to spherical Lebesgue

measure. Moreover, there exists a constant M >0, such
that
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| Py )= p )| <M |1 ] 3)
for all u € §"~" and ¢ €(-6, ).

Theorem 2 Let Ke K, s€(0,0), ge C(S"™").
Then,
1
(At tg)" D=7, (K)
ELHOI t = fs" lgdSv,‘,Ap.,K'
1
Proof Leth,= (h’,’<+tg)”, then
1 1_
h=(hi+tg) =h+ lijhfjp Yat+olt)
=h+ %h}{”gﬁo(t), (@)

where o(7) is the same order infinitesimal of z It is evident
that [A, ]e K when ¢ is sufficiently small. By the defini-
tion of the s-Gaussian probability measure in (1) and em-
ploying polar coordinates, we obtain the following ex-
pression:

L[y s
== | I—T)r drdu.  (5)

t 2\ s
Denote F(t)= f (1 - %) r"~' dr. By the mean value
0

theorem and (3), we have
| F(puy )= F(p @) | = [ F'O)] | py @)= pi@)|
<M|F'©®)] |¢].
where 0 is between p, ,(u) and p, (u). Therefore, by defi-
nition of F, we have |F'(0) is bounded from above by
some constant M,. Furthermore, there exists M,=M,M>
0 such that

[E(pu, @)= F(pu) <M, 1.
Together with (5), the dominated convergence theorem,
Lemma 1, (4) and (2), we attain

; ([(h?<+tg); -7, (K)

1%0

1

- Slrul n—1
_I’Lrglc Js'l‘fﬂ(u)( ) drdu

+

Pk (”)
A0 ) du

- CLJ S% hi” (w)g(ay (u))( 5Pk 2(u) )

o g (K(x))( slal ) aH ()

sn @'

-] ewas,, .

which is the desired conclusion.

3 The L, -Gaussian-Minkowski
Problem and Its Solution

In this section, we focus on the normalized version
of the L, -Gaussian-Minkowski problem for even mea-

sure when s €(0,). For 0<a<% and p>1, we first

transform the problem of the existence of solutions to
the L, -Gaussian-Minkowski problem into the following

maximisation problem:
sup{F,(f)fe C.(S" ")} (6)
where F: C;(S""') = R is given for fe C/(S""') by

F=rllr) =] 7 de ™)

For K € K7, denote F,(K)=F (hy).

1

Lemma 2  Let O<a<ﬁ and p>1. If an

even function f, is a maximizer to the optimization
problem (6), then f, must be the support function of
an o-symmetric convex body; that is, there exists an
o-symmetric convex body K € K such that f, = A, .

Moreover, K, satisfies
IL( — S‘,’,\,.P», K, (8)
(K

Proof Note that for each fe C;(S""), h,,<fand
the Wulff shape of /4, is the same as that of /. So ac-
cording to (7), we have I, (/)< F (h ).

Therefore, the maximizer of (6) f, must be the sup-
port function of some o-symmetric convex body
K, e K!. We now use the variational formula to establish
that K, satisfies (8). To this end, for each ge C,(S""),

consider the family of Wulff shapes

1
K,= [(hﬁ&tg)p} e K,
for ¢ small enough.
Since f,=h, is a maximizer of (6) and the defini-
tion of F, given in equation (7) and by Theorem 2, it
follows that

d

O:a

oE ) =K [ gas,, - | edu
st st

Note that the above equation holds for every
ge C,(S""). Therefore, we conclude that K, satis-
fies (8).

Lemma 3 1

Let O<a< Z,p>1 and s €(0,). For

sufficiently small »>0, we have F, (#B")> 0.
Proof From the definition of F| given in equation



538

Wuhan University Journal of Natural Sciences 2025, Vol.30 No.6

(7), we have

1 o

slxf \¢
s sl ] -5 o ] e

G

1 4

r tZ s
_ nw,, (1_‘2) tn—] dt _r11|lu|

+

4

1
r stt\

1-——| ¢ 'dt

“ J>0( 2 ) d

nw, .
=r %( C) - — "l |. 9)
, -
It follows from L’Hopital’s rule® that when 0 <a < %,
we have
1 1
r st2 s St2 s
1— — n—1 1- 2 n—1
. fo( 2 ) "t de ‘ a > ) r
lim - = lim *
r—>0° i r—>0° l,]
r(l r(l
L
=alimr “=oo. (10)
r—0"

According to (9), (10) and p>1, for r is sufficiently
small, F,(rB")> 0.

Proof of Theorem 1 By Lemma 2, it suffices to
show that a maximizer to the optimization problem (6)

exists. We assume that {K,}7, is a sequence of o-
symmetric convex bodies and
lim £, (K;)=sup{F,(f)fe C(S"")}=F,(rB")>0.

Choose 7,>0 and u, e S""' such that r,u,e K, and r,=
max p (u).
uec S“" !

It is simple to notice that K, r,B". We claim that 7,
is a bounded sequence from above with upper bound M.
Otherwise, by taking a subsequence r,, we may assume

that lim , = +oo. Since K, r, B" and (7), we have

Joo
FK)< Loy | i
g K
Since r,u, € K,, we have hy (v)>r, u, -v. Therefore, we
have

F.(K)< Ly my-r]

ves!

b (i)

veu,
i

By the fact that x is even and not concentrated in any
closed hemisphere, there exists a constant c¢,> 0 such that

/ vz, (12)

{ves” ‘:v~u"2()}
as r; —>+oo, y,(r, B")—> 7, (R")=1. Therefore, according
to (11), (12),

FU(K)< Lys By =11 cp<0

as j — . The above equation is in contradiction to
lim F (K, )=sup{F, (f).fe C.(S"")}>0.
Jjo® J
This leads to a contradiction. Therefore, the sequence of

convex bodies {K,};, is uniformly bounded.

We use Blaschke selection theorem and assume (by
taking a subsequence) that {K,}7, converges to some
K, € K in Hausdorff metric. Note that by the continuity
of the s-Gaussian volume with respect to the Hausdorff

metric, definition of F, and F',(rB")> 0, we have

ST (K 2 FL(Ky)= lim F,(K,)> 0.
Combining the inequality mentioned above, with the
fact that K, is o-symmetric, implies that K, contains the

origin in its interior. Therefore, the convex body K|, is a
maximizer to the optimization (6).
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