Wuhan University

NJ2830/

Article ID 1007-1202(2025)06-0540-09 DOI

Journal of Natural Sciences

2025, Vol.30 No.6, 540-548

https://doi.org/10.1051/wujns/2025306540

Cite this article: HAN Yan, DONG Yanshou, DUAN Jiangmei, et al. Fixed Point Results for Extended Con-
tractions with Various Weak Conditions in Generalized Metric Spaces[J]. Wuhan Univ J of Nat Sci, 2025, 30

(6): 540-548.

Fixed Point Results for Extended
Contractions with Various Weak
Conditions in Generalized Metric

Spaces
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School of Mathematics and Statistics, Zhaotong University, Zhaotong 657000, Yunnan, China

Abstract: In this work, we investigate several fixed point theorems in double controlled metric spaces by providing some new definitions,
which serve as a natural extension of the existing notions. Moreover, we establish its various characterizations by some typical examples.
Specifically, these examples hold in double-controlled metric-like spaces instead of usual b-metric spaces. The fixed point theorems are ob-
tained under these new concepts, without appealing to the completeness of the spaces or the continuity of the mappings. Furthermore, we
prove that the completeness in double-controlled metric-like spaces is necessary if the extended Kannan-type contractions have a fixed
point in the spaces. The results contribute to a deeper understanding of Kannan-type contractions and their applicability in the context of

fixed point theory in double-controlled metric spaces.
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0 Introduction

Fixed point results are widely used for finding solu-
tions to various differential equations and integral equa-
tions. Since the valuable Banach contraction principle
was created by Polish mathematician Banach in 1922,
many fixed point theorems about different contractions
were discussed, such as the Kannan-type fixed point
theorem™. There are lots of other important contractions
which were given by Reich®*, Ciric"™, Chatterjeal,
Hardy and Rogers?”, Bianchini®, and so on. Among
them, the Kannan-type contraction gets more attention,
since the Kannan-type fixed point theorems describe the

relationship between the contraction and the complete-
ness of metric spaces”.

Some other more generalized spaces were given by
many researchers, which extended the structure of met-
ric spaces, such as b-metric spaces'”"" and extended b-
metric spaces''”. Numerous fixed point theorems were
proved on these spaces. Whereafter, the notion of con-
trolled metric-type space was introduced in Ref. [13], as
a generation of extended h-metric space. In 2020, Mlaiki
et al' initiated a double double-controlled metric-type
space. Later, a more general concept named double-
controlled metric-like space appeared in Refs. [15-16],
which was a sharp extension of all the types of metric
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spaces mentioned above. The authors established some
fixed point results in this space.

Recently, Gornicki"” and Garai et al"® obtained
some meaningful results for Kannan-type contractive
self-mappings in metric spaces. In this paper, we prove
some fixed point theorems about extended Kannan con-
traction in double controlled metric-like spaces, by intro-
ducing the concepts of bounded compactness, orbital
compactness, weak orbital continuity, orbital complete-
ness and asymptotic regularity in double controlled
metric-like spaces. As compared to the existing results
from Refs. [15,17-19], our main results weaken the com-
pactness and completeness of the spaces, the orbital con-
tinuity and the k-continuity of the mappings. Further-
more, we prove that the completeness in double con-
trolled metric-like spaces is necessary if the extended
Kannan-type contractions have a fixed point in the set
M. Besides these progresses, we also give some ex-
amples to illustrate that our new notions and theorems
are genuine improvements and generalizations of the
corresponding results in the literature.

1 Preliminaries

First, we recall some necessary definitions in
double-controlled metric-like spaces.

Definition 17 Assume a set M= and a,f: M x
M —l1,+0) be two noncomparable functions. The func-
tion (¢ MxM—[0,4+00) satisfies for all f g heM:
Di(fg)=0=/=g
2){(£9)=C(&)),

3) (sl . (f )+ P(h. &)l (h. 8)-

In this case, (M,() is called a double controlled
metric-like space (DCMLS).

Note that if the condition 1) is replaced by {(f,g)=0
if and only if f=g, then it is a double controlled metric-
type space (DCMTS)!", Moreover, if the triangle inequal-
ity is {(f, @)<a( f, W) (f, h)+o(h, 2){ (h, g), then it is a con-
trolled metric-type space (CMTS)!". Next, if this inequal-
ity is further written as {(f g)<a(f,@I{(f,h)+{(h,g)]
then it is an extended h-metric space (EbMS)"?. There-
fore, a double controlled metric-like space must be a
double controlled metric-type space, a controlled metric-
type space, an extended b-metric space, a b-metric space
and a metric space, but not the converse. The following
example greatly explores their relationships.

Example 1 Let M=R" and {{ MxM — R" be de-
fined as

0= f=g
T itr=g=0
1 .
C(f,g): fﬁ, 1ff>landge[0, 1),
1 .
gﬁ, 1fg>1andfe[0, 1),
1, otherwise.

The functions a, f: M x M —[1, +) are considered as

, =1,
af.g)= { r8

f+1, otherwise,

fig<l,

and (/. g)= { 2(f+g), otherwise.

Obviously, 1) and 2) of Definition 1 are satisfied.
Let’s prove that condition 3) is also satisfied.
Case1Iff>1, 0sg<]1, then

1X1+2(h+g) h%, h?l,

1
((frg= 47 s
Sy 2 ik o<n<l,
f+1
Case2 If0<f<1,g>1, then
(fD g +2htg)- 1 >l
((fe)= <
g+l : L <<l
+1
Case 3 Iff,g>1, then
1><1+2(h+g)-1, h=1,
te)=1<
(fg) (+) fop +2he) L o<ne<l
f +1 g+l
Case4 Iff,g<1, f#0 or g=0, then
1
f(fg)=1< (f+1)-h 1+2(h+g)-—h+1, h=1,

(f+D)-1+1x1,
Case 5 Iff—g—O then

C(fg)—*<(f+1) *+1><*, h=0,

if =0, it also holds.

Thus, the condition 3) of Definition 1 is satisfied in
the five cases. Therefore, (M,{) is a DCMLS. But,
{(0,0)=0 shows that (M,{) is not a DCMTS. Further-

more, (M,{) is not an extended h-metric space or a con-

0<h<l.

trolled metric-type space.
Definition 2" Let (M,() be a DCMLS and { £, } be

a sequence in M. Then,
6] { fn} converges to f(denoted f, — f) if and only if

lim ¢(f,./)=¢ (A1)
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(i1) { fn} is a {-Cauchy if and only if
lim {(f,.f,,)exists and is finite;

(ii1) (M, {) is a complete space if for every ¢-Cau-
chy sequence { 1, }, there exists /'€ M such that
lim C(f,.)=C(ff)= lim C(fof,)

2 Bounded Compactness and z-
Orbital Compactness

The concepts of bounded compactness and z-orbital
compactness were studied in usual metric spaces in Ref.
[18], which were significant in weakening the condition
of compactness. Moreover, Jaggi® and Pant et a/*!!
gave the notions of fy-orbital continuity and weak orbital
continuity in metric spaces, respectively, which general-
ized the concepts of orbital continuity and k-continuity.
In the following, we introduce the notions of extended
Kannan-type contraction, bounded compactness, t-or-
bital compactness, f;-orbital continuity and weak orbital
continuity in the framework of DCMLS. Of course, they
are true in controlled metric spaces and extended b-
metric spaces, etc.

Definition 3  Let (M,{) be a DCMLS. The map-
ping ©: M — M is said to be an extended Kannan-type
contraction if it satisfies

(. 1g)<al(f. 1)+ bl(g.78), )
for all f;g € M with f# g, where a+b=1and a,b €(0, 1).

Definition 4 Let (M,{) be a DCMLS and 7 be a
self-mapping on M. Let feM and O.(f)=
L ofofh

1) The space (M, () is said to be boundedly compact
if every bounded sequence in M has a convergent subse-
quence.

2) The set M is said to be z-orbitally compact set if
every sequence in O,(f) has a convergent subsequence
forall fe M.

3) The mapping 7 is said to be f,-orbitally continu-
ous for some f;, € M if its restriction to the set O(z,f; ) is
continuous, i. e., ©:0(zf,) - M is continuous; here,
O(z.f,) represents the closure of O(z,f; ). Moreover, 7 is
said to be orbitally continuous if it is f,-orbitally continu-
ous for all f, € M.

4) The mapping 7 is said to be weakly orbitally con-
tinuous if the set

{geM: u= }1_{2 7" g implies tu= }Lrg g}

is nonempty whenever the set {fe M:u= lim 7" f} is

nonempty for u € M.

Given the above definitions, compactness of a set
implies bounded compactness and z-orbital compactness
of this set, but not the converse. In the same way, orbital
continuity and k-continuity of r imply weak orbital conti-
nuity and f;-orbital continuity, but the converse need not
be true. The next example fully illustrates this point.

Example 2 1) Let M=R" and { M x M - R* by

1, f=g=0,
o= [f—gl, otherwise.
The functions a, f: M x M —>[1,) are written as
1
=, =0,/<(0, 1],
7 g=0.1e(0,1]
! f=0.g€(.1]
a(ﬁg): g 2 2 2 2
11
max{—,—}, fg<(0,1],
{ 7 g} fg<€0,1]
1, otherwise,
1 + 1 f,ee(0,1]
and B(f,g)=1/ & 7 o
1, otherwise.

Then, (M,{) is a DCMLS by the detailed calcula-
tions. Define the mappings z,,7,: M — M as

7, (f)= (nJ{l)z’ n<f<n+lneN,
n,(H=2f+1,

for all f'e M. This implies that M is z,-orbitally compact
and boundedly compact but not z,-orbitally compact.

2) Let M=[0,2). The metric { and the functions a, 8
are defined the same as above and ©: M — M. It is obvi-
ous that M is 7 -orbitally compact but not complete.

3) Let M =[0,2). The metric { and the functions «,
are defined the same as above. The mapping ©: M — M is
given as

1+f

(=4 2~
2, 1<f<2.

0<f<l,

It is not difficult to verify that 7 is weakly orbitally
continuous. If f=2, then 7" (2)—>2, 7(z"(2))—>2=1(2).
However, 7 is not orbitally continuous, since 7" (0)— 1,
while z(z" (0)) > 1 #z(1). Likewise, we can prove that 7 is
not k-continuous for any integer k> 1, that is,

(@ (0)—> 1" (=" (0)) > 1 = ().

Hence, the conditions of k-continuity and orbital
continuity are stronger than the weak orbital continuity
for the mapping .
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Theorem 1 Let (M,({) be a boundedly compact
DCMLS and 7: M — M be an extended Kannan-type con-
traction. The mapping 7 is fy-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /* € M and for each f'e M the iterated
sequence 7" f'converges to /7, i.e., t is a Picard operator.

Proof For arbitrary f, € M, set f,=1f,_,=1"f,, n=
1. Suppose f,#f,., for all n e N. Indeed, if for some
neN, f,=f... =1, then f, is the fixed point of z. Denote
u,={(f,.f..,) for each neN. By (1), we have u,=
C(onfw)=C, ot ) <al(fo1 o f)+DC(S S )= au,  +
bu, As a+b=1 and a,be(0,1), we have (1-b)u,<
au, ,=(1-bu,_,, for all
n € N. Repeat this process, we conclude that 0< --- <u, <
U, <o <utg=C(fou /1)

So, an} u,=u" for some u >0. It follows that
Cnt)=C ot )<al(foo s oo )+ OC(f 1o T )=
1+ bu, <(a+bu,=u,, for all n,m € N, which shows
{ fn} is a bounded sequence in M. By the fact that M is
boundedly compact, the sequence { f,,} has a convergent
subsequence { f, } and f* € M such that f, — /" as i — co.

If 7 is fy-orbitally continuous, then zf, —7f". If 7 is

which gives that u,<u

n—1

au

weakly orbitally continuous, then " f,—f" for each
foe M. By weak orbital continuity of 7, we know
t'g,—/f and t"*'g,— 1f " for some g, in M. Next, let us
prove that f"=1f". Assume u'>0. We have O<u'=
lim &7, 7,)=C(f o).

Moreover, 0 <u" = }1{2 u, = ILHO} (.7 f,)=Cf,
T f)<al(f, o )+bL(tf ", T f ), whichmeans u"={(zf",
o f)<{(f",1f")=u", a contradiction. Thus, u"=0 and
=17, i.e, [ is a fixed point of 7. For the uniqueness
of 7, if 7f=f for some fe M, then {(f,/")=C(f;¢f )<
al(f,1)+bL(f", 11" )=0, lead to a contradiction.

For 7 is a Picard operator, since a+b=1 and
a,b €(0, 1), we can infer that

(oS D)=L o ) <al(f,. o)+ )
=al(f,- /. )HOC( S )=al(f,. 1) O(n —> o0).

Hence, f,,,=1" fy—f (n— o), i.e., 7 is a Picard op-
erator.

Theorem 2 Let (M,{) be a r-orbitally compact
DCMLS and 7: M — M be an extended Kannan-type con-
traction. The mapping 7 is fy-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /* € M and for each f'e M the iterated
sequence t" f'converges to /7, i.e., t is a Picard operator.

Proof The proof is similar to Theorem 1. We first
get the sequence f,=1f,_,=1"f,,n=1. Suppose f,#f,.,
for all n e N. Indeed, if for some neN, f,=f.., =1,
then £, is the fixed point of z. Without loss of generality,
we assume that f,#f,., for all neN, then u,—>u >
0 (n—> ) by using analogous arguments as above. Be-
cause M is r-orbitally compact, there is a convergent sub-
sequence {f,} of { fn} and f"eM such that
f.,—f asi— . By f,-orbital continuity or weak orbital
continuity of 7, we obtain 7f, - 1f". The rest proof is
similar to Theorem 1.

Remark 1
extensions of the results in Refs. [17-18]. The results in
these literature always rely strongly on the compactness
of the metric spaces. Moreover, Theorem 2.2 in Ref.

The main theorems in our paper are

[17] needs the continuity of the mapping and Theorem
2.1, 2.2 in Ref. [18] need orbital continuity or k-continu-
ity. However, the continuity condition is weakened by
weak orbital continuity and the compactness of the
spaces is relaxed by bounded compactness and orbital
compactness in our results. In addition, we extend a=b=

1
5 to a,b €(0,1). As a consequence, we have more conve-

niences for applications in the future.

From the above two theorems, we immediately ob-
tain the following several assertions.

Corollary 1  Let (M,{) be a boundedly compact
DCMTS and 7:M — M be an extended Kannan-type con-
traction. The mapping 7 is f;-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /* € M and for each f'e M the iterated
sequence 1" f'converges to f/”, i.e., t is a Picard operator.

Corollary 2 Let (M.{) be a r-orbitally compact
DCMTS and : M — M be an extended Kannan-type con-
traction. The mapping 7 is f,-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /* € M and for each f'e M the iterated
sequence 7" f'converges to /, i.e., t is a Picard operator.

Corollary 3  Let (M,{) be a boundedly compact
CMTS and 7: M — M be an extended Kannan-type con-
traction. The mapping 7 is f,-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /~ € M and for each f'€ M the iterated
sequence 7" f converges to f, i.e., T is a Picard operator.

Corollary 4  Let (M,{) be a r-orbitally compact
CMTS and 7: M — M be an extended Kannan-type con-
traction. The mapping 7 is fy-orbitally continuous for
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some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /€ M and for each f'e M the iterated
sequence 7" f'converges to f/, i.e., t is a Picard operator.

Let (M,{) be a boundedly compact
EbMS and ©: M — M be an extended Kannan-type con-

Corollary S

traction. The mapping 7 is fy-orbitally continuous for
some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /~ € M and for each f'€ M the iterated
sequence 7" f'converges to /7, i.e., T is a Picard operator.

Let (M,{) be a z-orbitally compact
EbMS and 7: M — M be an extended Kannan-type con-
traction. The mapping 7 is fy-orbitally continuous for

Corollary 6

some f, € M or weakly orbitally continuous, then 7 has a
unique fixed point /™~ € M, and for each f'e M, the iterated
sequence 7" f converges to /7, i.e., 7 is a Picard operator.

There is an example in which the mapping 7 has a
fixed point since it satisfies our results. However, the
space is incomplete and the mapping is not continuous,
which means that our results are meaningful.

Example 3 Let M=(-1, 1]U {2} and define the met-
ric S Mx M — R" by

k. /=g=0.

((f8)= {k]f—g,

for all f,ge M, where k>0. The functions a,pf: M x
M —[1, +o0) are written as

otherwise’

1
—+1, f=0,g#0,
are)-ld " IT0E
1, otherwise,
lgl+1, f=0,g#0,
and f(f.g)= .
1, otherwise.
Furthermore, define the mapping ©: M — M by:
A
= # 17
o R
0, f=1.

Obviously, 7 is not continuous but f;-orbitally con-
tinuous for f, e(—1, 1)U{2}. Moreover, (M,{) is an in-

complete but r-orbitally compact DCMLS. Take a=

i, b= 2 There are the following two cases for f#g.

4 4
(i) Iff=1and g# 1, then
k& —ol< Lancols 2kle- 8
C(rf,rg)—ks 0<4k|1 O|+4k‘g 5’
=al(f.7f)+b{(g 12).

On the other hand, if f#1 and g=1, it is obviously

true by the symmetry of the double controlled metric.
(i) If , g € M with f=1,g#1 and f#g, then

1

; <344

<
k5

+k

cat=k|L - 8 £

3
+2k|o- & | =attimnbite )

Therefore, the mapping 7 has a unique fixed point
in M by Theorem 1. Since 7(0,0)=k> 0, the space is not
a DCMTS (or CMTS, EbMS etc.). Furthermore, a=5b=

% is a special case of a+b=1,a,b €(0, 1). Hence, the ex-

isting theorems in the literature are not applicable here.

3 Asymptotic Regularity and
Orbital Completeness

In the following, we obtain the fixed point theo-
rems of generalized contractive mapping in orbitally
complete DCMLS, under the condition of asymptotic
regularity. The continuity of the mapping is relaxed. At
first, we give the definitions of asymptotic regularity and
r-orbital completeness in DCMLS.

Definition 5 Let (M, {) be a DCMLS. The map-
ping =M — M 1is said to be asymptotically regular, if
11316 {@ f,77 f)=0 for all fe M.

Definition 6 Let (M,{) be a DCMLS. The space
(M, {) is said to be r-orbitally complete, if every {-Cau-
chy sequence which is contained in O,(f) for some
f€ M converges in M. Every complete DCMLS is r-or-
bitally complete for any 7z, but a r-orbitally complete
DCMLS needs not be complete.

The following theorem is obtained under a general-
ized version of extended Kannan-type contraction,
where a, b €[0, +).

Theorem 3
regular mapping on the z-orbitally complete DCMLS.
The mapping 7 is fy-orbitally continuous for some f, € M

Let :M — M be an asymptotically

or weakly orbitally continuous and satisfies
(. rg)<al(f.1)+bl(g 18). 2
for all £, g € M, where a,b €[0, +). Then, 7 has a unique
fixed point /"€ M and for each fe M the iterated se-
quence 7" f converges to /7, i.e.,7 is a Picard operator.
Proof For arbitrary f, € M, set f,=1f,_,=1"f),n=
1. Suppose f,#f,,, for all n e N. Indeed, if for some
neN,f,=f,., =1, then f, is the fixed point of 7. Thus,
we consider that f,#f, ., for any n € N. For all m>n, we
have ((f,.1,) =, .o, 1) <al(f, 1.7, )+ bC(f, o

o1 )=al(f, 1o f)+DC(S01a ).
According to asymptotic regularity, lim {(f,_,,f,)=
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0, so { fn} is a {-Cauchy in M. Since (M, {) is r-orbitally
complete, there exists /€ M such that f, — " as n — .
We shall prove zf "=/", i.e., /" is the fixed point of .

If 7 is f,-orbitally continuous, then f,=t, f,—f for
each f, e M.

If 7 is weakly orbitally continuous, then 7" f, —f~
for each f, € M. By virtue of weak orbital continuity of z,
we know t"g,— f" and "*'g,— 7" for some g, in M. It
implies /" =1f" since t""'g,—f". /" is a fixed point of 7.

For the uniqueness of /7, if g" € M, 1g"=g", then

(8= g )<al(f",of ") +bl(g .78 )=0,
which yields /"=g". Hence, /" is the unique fixed point
ofrandf,=t, f,—>/f (n— ).

Corollary 7 Let M — M be an asymptotically
regular mapping on the z-orbitally complete DCMLS.
The mapping 7 is f, -orbitally continuous for some f, € M
or weakly orbitally continuous and satisfies

(1)< k(£ 1)+ (g 19)) (©))
for all g € M, where k €[0,+). Then, 7 has a unique
fixed point /" e M, and for each fe M, the iterated se-
quence 7" f converges to /7, i.e.,  is a Picard operator.

Now, if a €[0,+),b €(0, 1) and the noncomparable

functions a:M x M —[1,+©), f:Mx M —>[1,%), both the
limits lim a( £,f,) and lim S(f,f,) exist and are finite for

any f.f, € M and f,=1" f,,n > 1, then the condition "7 is f,
-orbitally continuous for some f; € M or weakly orbitally
continuous" in Theorem 3 can be deleted.

Theorem 4 Let zM— M be an asymptotically
regular mapping on the z-orbitally complete DCMLS.
The mapping 7 satisfies

(. 1g)<al(f. o) +bC(g 7Q), “)
for all f,g e M, where a €[0,+x),b €(0,1). If for any

ffo €M, f,=1"f, and the noncomparable functions a:M x
M —>[1,+00), f:M x M—)[l,%), both the limits lim a(f,f,)
and lim p(f.f,) exist and are finite, then 7 has a unique

fixed point /" e M, and for each fe M, the iterated se-

quence 7" f converges to /7, i.e., T is a Picard operator.
Proof By the proof in the previous part of Theo-

rem 3, we know that there exists /€ M such that

f,— " as n— o0. By employing (4), we have,

(U )<alf SIS o)+ 1T

<a(f" oIS o)+ of Nal (. 1,)+ b 1))

which implies

(=B of NS o )<l S o). )

+ap(tf,. of (. )

From the fact that 0<b<1, ﬁ:MxM—)[l,%) and
both the limits lim a(f,f,) and lim S(f,f,) exist and are

finite, we get {(f”, 7/ )=0, so f =1f". Similar to Theo-
rem 3, the conclusion is true.

Corollary 8 Let M — M be an asymptotically
regular mapping on the z-orbitally complete DCMLS.
The mapping 7 satisfies

(1)< k(£ )+ (& 1)) (%)
for all f,g € M, where k €(0,1). If for any f,f, € M, f, =

7" f,, and the noncomparable functions a:M x M —[1,
+00), f:M x M —)[1,%), both the limits lim a(f,f,) and
lim B(f.f,) exist and are finite, then 7 has a unique fixed

point /™ € M and for each f'e M the iterated sequence 7" f
converges to /7, i.e., 7 is a Picard operator.

Remark 2 Theorem 3 is an improvement of Cor-
ollary 2.10 in Ref. [19]. Similarly, Theorem 4 is an ex-
tension of Theorem 3.1, 3.8 in Ref. [15], since our
spaces are t-orbitally complete DCMLS instead of com-
plete metric spaces. In addition, we establish the contrac-
tive mappings with generalized Lipschitz constants,
where the constants a,b €[0, +), instead of limiting in

[O,%). Moreover, the continuity of the mapping is weak-

ened by weak orbital continuity in the theorems which is
necessary in Theorem 3.3 of Ref. [22], Corollary 2.10 of
Ref. [19].
Example 4 Let M =[0,2) and
1, f=g=0,
<(fe)= { |f—gf’, otherwise,

for all f;g € M. Define the noncomparable functions «, f5:
MxM—R by

2(f+g)
VL f¢ gv
wfg)=1 /-8
2, otherwise,
flz +1, f#0,g=0,

and,B(ﬁg): gl_z +1’ f:O,g?fO,

2, otherwise.

At first, we check that (M, () is a DCMLS. Condi-
tions 1) and 2) of Definition 1 hold by a simple verifica-
tion. Now, we infer that it meets the condition 3) in four
cases.

1) Iff=g=0, then
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2x14+2x1, h=0,

fo)=1<
(9 2~h2+(22+1)-h2, h#0.

2) Iff=0,g#0, then

2><1+(12+1)-g2 h=0,
{(fg=g'< g
2.1 h#0.
3) Iff=0,g=0, then
{(fg)=r"
2-f2+2x1, h=0,
1
< 2x0+ ﬁ+1) h, h#0,f=h,
25{12’1) | f-n]+ (+1) B, h#0.f#h.

For the third inequality, if /> 4, we have
‘2(f+h) el e

=2/’ =N |+h2+1—f2:f2—h2+1>0.
If f<h, then

—+1

2(f+h) 2
fish+1< A | f-hl+ 1) -n
holds obviously.
4) Iff+#0,g#0, then
{(fo=If-gf
21+ +1) g%, h=0,
< h#0,f=h,
‘Z(f”’) | f=n[ h#0,f#h.
Since ;fj =2, the last inequality holds. Thus,

(M, {) is a DCMLS but not a DCMTS while f=g=0,
{(f,2)=0, that is f=g<«{(f,2)=0. It is straightforward
to show that (M, {) is not a CMTS or an EbMS. More-
over, (M, {) is not complete

Next, choose a, b > —, define the mapping :M — M

by:
Lo el
3
7= 4y f 4
T, fe[gaz)-

Then, 7 is asymptotically regular and weakly or-
bitally continuous but not orbitally continuous or k-con-

tinuous. Indeed, for any /' e[%, 2),

=2 2L o 22 o
which shows 7 is not orbitally continuous. We can de-
duce that 7 is not k-continuous in the same manner. At
last, let us show that the inequality (2) is satisfied in the
following three cases.

1) For all f,g e[O,%), if=1g=1, {(¢f,7g)=0, then it is

true.

2) Forauﬁge[i,z), of= 4+f o= 4%,
6/—4 6g—4
o= |T5E \f7 Leesa|
w5t el 25|
=al(f.7)+bl(g Q).

For the second inequality, we only need to prove
S5+ 5 (6847 >(f-2)'>0.

In fact, for £, g e[i ,2),

2

(f-gr<|3 2| =5 < 2 < T/~ 9+ 3 (6g-9).
3 9 3
Hence, (2) holds.
4 4 4+g
3) For allfe[O,g),g E[g,Z), f=1,1g= — we have

B 4+g 2_ 3-g ‘2

116 4
7|f 1‘ g7

<a|/-1[+b|g-
=al(f.7)+b{(g Q).

Similarly, for the third inequality, we have
684 ~(g-37>0.

In fact, — (6g 4y > E > 2—5 2(g-3)*, for ge[ ,2).

Thus, (2) holds.

4+g ’2
7

By similar analysis, (2) holds for all /' e[%,2), ge

[0,%). Therefore, 7 has a unique fixed point by Theorem

3. Since a,b e[%,

continuous or orbitally continuous, we can conclude that
those known results in the literature that need these con-

+00), (M, {) is incomplete and 7 is not

ditions can not cope with this class of examples, indicat-
ing that the main results in our paper are genuine gener-
alizations of the known results.
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4 Completeness and Fixed Point

In this section, we show the relationship between
the completeness of DCMLS and the existence of fixed
points. In other words, the necessary and sufficient con-
dition for the existence of a fixed point in DCMLS is
that the spaces must be complete.

Theorem 5 Let (M,{) be a DCMLS. For any
f.fo e M, define f,=17"f,,n=1. The limits ,,l,,iglma(fm’f”)

and lim p(f,f,) exist and are finite. If every mapping z:

M — M satisfies
(. 1g)<al(f. o)+ bl(g 1Q), (6)
for all ;g e M with f#g and a+b=1,a,b €(0, 1), it has a
unique fixed point, then (M,{) must be a complete
DCMLS.
Proof
(M, ) is not complete, then we have a (-Cauchy se-

Proving by contradiction. Suppose that

quence { fn} in M, which is not convergent. If { fn} has a
convergent subsequence { fn} of { f,,} such that
fo.—f €M, then foralln>n,

S S S s o)+ B IS,
which convergent to 0 for i — . This means we can as-
sume that all elements of { f,,} are distinct. Let S={f,:
n € N}. Since the sequence { ﬁ,} does not converge in M,
we obtain {(f,5)>0 for all fe M—S. For any fe M, if
feM-S, then there is an integer n,e N such that
C(fontn)<al(f,S)<al(f.f,). for all m>n, and arbitrary
n € N, that is

(ot )<al(ff,), Vm=n,and Vn € N. 7
If '€ S, then f'=f, for some n, € N. Since {f,,} isa
{-Cauchy sequence, there exists some 7 € N such that
(ot )<L (fro ) Y= 1G> 1g. ®)
Define ©:M — M by
S, iffeM-=S,

7f=

fu» iffeSandf=f, .

Now, it is enough to check (6). There are three cases.

Case 6 If f,g € M-S, then 7f=f, and 7g=/,. Without
loss of generality, we assume that n,>n, By (7), we get

(. 1g)=C(/,-1,)=C(S, -, )<al(1.1,)=al (L),
that is, {(¢/, 7)< al(f. o)+ b{(g. 72).

Case 7If ,ge M-S, then f=f, and g=f, for some
my,n, € N, and 7f=f,,,7g=f,.. Without loss of generality,
we assume that m > ng. By (8), we have

(W 19) =L)< DL, ) = DC (7. ),
which implies that {(zf, 7g) < al(f. of )+ b{ (g, 12).
Case 8 If fe M-S, g, then g=f, for some

n, €N, and tf=f,, 7g=f,. If ng=n, by inequality (7), we

get
¢t 7g)=L(we. o )=C(fypo ) ) <al (L1, )= al (£ 7),
which () <al(f)+bl(wg.g). 1f
n,>ng, inequality (8) yields
((1e)=C(f, 2 )) <bC(fy- S, )= DE(E 18),
which also gives that {(zf, 7g) < al(f, 7f )+ b{ (g, 7g). Com-
bining the above three situations, we always have

{(df.7g)<al(f.7)+bl(g 1) for all fgeM with f=g,
which means 7 satisfies (6) but has no fixed point in M.

implies that

It is a contradiction. Therefore, the initial assumption is
not right and the space (M, {) must be complete.

From the proof process of Theorem 5, we immedi-
ately conclude that if the spaces are replaced by b-metric
spaces or metric spaces, the condition "the limits

lim a(f,.f,) and 1151510 B(f.f,) exist and are finite" can be

omitted.

Corollary 9  Let (M, () be a b-metric space. If ev-
ery mapping t:M — M satisfies

((t7e)<al(f. 1) +b((g Q).

for all ;g e M with f#g and a+b=1,a,b €(0, 1), it has a
unique fixed point, then (M, {) must be a complete b-
metric space.

Remark 3 Theorem 5 and Corollary 9 generalize

the classic theorems in Ref. [18], since a=b= % is ex-

tended to a+b=1,a,b (0, 1) and the metric spaces are
extended to b-metric spaces and DCMLS.

5 Conclusion

In this paper, we investigate fixed point theorems
for extended Kannan-type contractions in DCMLS, pro-
viding significant generalizations of existing results. We
introduce some concepts such as bounded compactness,
7-orbital compactness, weak orbital continuity and as-
ymptotic regularity in DCMLS, which relax the tradi-
tional requirements of completeness and continuity. The
key contributions include establishing the existence and
uniqueness of fixed points under weaker conditions,
demonstrating that completeness is necessary for the ex-
istence of fixed points in DCMLS and illustrating the ap-
plicability of these results through concrete examples.
The work extends classical theorems by generalizing the
contraction constants and broadening the scope to vari-
ous generalized metric spaces.

In the future, we may consider further investigating
fixed points for Hardy-Rogers-type and Ciric-type con-
tractions in DCMLS. Additionally, applications to non-
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linear integral equations and differential equations could
be studied. Another promising direction is to extend
DCMLS to more abstract settings, such as double con-
trolled cone metric-like spaces over Banach algebras.
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