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Department of Mathematics and Computer Science, Tongling University, Tongling 244000, Anhui, China

Abstract: In this paper, the author obtains complete convergence for the maximum partial sums of m-widely orthant dependent (m-WOD)
random variables sequences under some general conditions. The results extend the complete convergence for m-WOD random variables to
a much more general type complete convergence. As the sequences of m-WOD random variables represent a very broad class of dependent
sequences, the results improve and generalize the corresponding ones in the literature.
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0 Introduction

In many probabilistic and statistical models, random variables are dependent. Consequently, scholars have intro-
duced many types of dependent random variables, such as negatively associated (NA) random variables, negatively
orthant dependent (NOD) random variables, and extend negatively dependent (END) random variables and so on.
Among these, widely orthant dependent (WOD) random variables represent one of the most general forms of depen-
dence. They were first introduced by Wang et al'", defined as follows:

Definition 1  The random variables {X nz 1} are called to be widely upper orthant dependent (WUOD)

n?

random variables, if there exist finite sequences of real numbers { gu(n), n= 1} such that for eachn>1, x,,x,, -, x, € R,
P(X,>x,, X,>x,, - X, >x,) SgU(n)HP(Xi>x,).
i=1

The random variables { X, n> 1} are called to be widely lower orthant dependent (WLOD) random variables, if

there exist finite sequences of real numbers { g(n), n> l} such that foreachn>1, x,, x,, -+, x, € R,

P(X,<x,, X,<xy, -, X,<x,) SgL(n)ll[P(X)x[).
i=1
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variables { X,, n> 1} are both WUOD and WLOD. Let g (n) =max {g,(n), g,(n) | be called dominated coefficients.
When gy(n) =g, (n) =1, {X,, n>1} are NOD random variables”. When g,(n) =g,(n) =M=>1, {X,, n>1} are

END random variables™. Therefore, WOD random variables represent a broad structure of dependent random variables.

The random variables { X,, 7> 1} are called to be widely orthant dependent (WOD) random variables, if the random

Since the concept of WOD random variables was introduced, many scholars have devoted efforts to studying
their limit properties and applications, achieving significant results. For example, Wang et al'¥ obtained the precise
large deviations; Qiu ef al* established the complete convergence and moment complete convergence of the weighted
sums; Liu et al derived the moment complete convergence; Wang et al'? and Chen et al® studied the asymptotic of
ruin probabilities in renewal risk models based on WOD sequences; Shen proved the Bernstein-type probability in-
equality; Wang ef al"” investigated complete convergence and its applications in nonparametric regression models;
Ding et al'" provided results on the complete convergence of weighted sums; Song et all'>'* analyzed the convergence
of moving average processes generated by WOD random variables, and so on.

Inspired by m-END and WOD dependence structures, Fang ef a/l'! introduced the concept of m-WOD random
variables, defined as follows:

Definition 2  For fix integer m =1, the random variables {X,,, nz 1} are called to be m-WOD if for any n>2,

iy, iy,+++, i, € N*, such that

i,— i/.‘ 2mforall 1<k#j<n,the X,, X,,---, X, are also WOD random variables.

From the definition, we see that m-WOD random variables represent a broader class of dependence than WOD
random variables. Therefore, investigating the complete convergence of m-WOD random variables is very interesting.

It is well-known that for sequencse of independent and identically distributed random variables {X,, X, n>1},
Spitzer!"” proved that EX=0 is equivalent to
in'P(|in|>sn)<oo, Ve>0. (1)
A =
and (1) is equivalent to
zn‘P(g%rﬁ‘Xj|>8n)<oo, Ve>0. (2)

However, the converse does not hold for the dependent case, as shown in Ref. [17]. Therefore, it is more interest-
ing to investigate (2) than (1), and we note that (2) implies Kolmogorov’s strong law of large numbers

1 n
—2)(,—) 0, a.s.
n &

Recently, Chen et al'*'"" obtained Spitzer’ s law for maximum partial sums of WOD random variables. Inspired by
the above study, this paper aims to generalize Chen’ s results"®" to cases of complete convergence for m-WOD random
variables.

Definition 3  The random variables {Xn, nz 1} are called to be stochastically dominated by a random variable X,
if for any x>0,

P(|x,

>x) <CP(|X|>x), n>1,
where the constant C > 0.

In this paper, 7 ( A) denotes the indicator function of an event 4, the symbol C represents a positive constant, which
can take different values in different places, even in the same formula. Let logn =Inmax {x,e}, X*=XI(X>0), g(n) =

max{g,(n), g (n)}.

1 Some Lemmas and Main Results

Lemma 1" The sequences {X ,n= 1} are m-WOD random variables, if the functions { Sfos N 1} are non-

n

decreasing (non-increasing), then { fi(X,), n= 1} are also m-WOD random variables sequences with same dominating

n

coefficients.



SONG Mingzhu: Complete Convergence for the Maximum Partial Sums of m-Widely Orthant Dependent - -+ 551

Lemma 2" The sequences {X,, n>1} are m-WOD random variables with dominating coefficients g (). For
every j > 1, the EX;=0 and E|X}J' < oo. Then, there exist positive constants C,=C, ( D m), C,= Cz( D- m), depending only

on p and m, such that

E(SXJV’) <[¢.(p.m) +Cz(p»m)g(n)]iE\Xj|ﬂ, 1<p<2;

P2
(2w)<c pom 2E|Xr+0(p, g(n)(_ZEXﬁ) . P>2.

Lemma 3""  The sequences {X,, n>1} are m-WOD random variables with dominating coefficients g (). For
every j > 1, the EX;=0 and E|XJ' <oo. Then, there exist positive constants C,=C, ( D m), C,= Cz( D- m), depending only

on p and m, such that

(max EIXF) [ p.m) +Cz(p,m)g(n)](logn)piE|Xj|", l<p<2;

I<k<n 4=

(maX|ZX ) m)(logn)piE|X;|”+C2(p, m)g(n)(logn) (zEXZ)/z,p>2.

I<ks<n

Lemma 4%  Constant a>0,b>0, let { X,,n> 1} be stochastically dominated by X, then there exist positive con-
stants C|, C, such that the following inequalities are established:

EWX,[1(1X,|<b) <C|[ EIXFT(1X1<b) +b1 (1X1>b)],
EX,1(1X,|>0) < C,EXTI(|X]>b).

Now, we present the main results, the proofs for them will be postponed in next section.

Theorem 1 Let {Xn, nz 1} be sequences of m-WOD random variables stochastically dominated by a random
variable X with dominating coefficients g(n). Let 0<1/p<a<1, E|XP <. Assume that one of the following condi-
tions holds:

A,: Let g(x) be a nondecreasing positive function on [0, +0), such that g(x)/x" 4 0 for some 7> 0.

A,: Let h(x) be a nondecreasing positive function on [0, +), such that A(x)/x J0and z i S’Z))
n:]” n

< oo for some y> 0.
Then, for 6>max{1/2, a},
0 k
znap-ZP(]m/ax DX, -EX)| >8n”) <o, Ve>0. (3)
o1 <ksn io

If a=1, we have the following result.
Theorem 2 Let {X,,, nz 1} be sequences of m-WOD random variables stochastically dominated by a random

variable X with dominating coefficients g(n), E|XP*° <o, p>1, 0<d<p(p—1). Assume A, or A, holds. Then, for 0>
max{1/2, p/(p+5)},

0 k
)2 _ 0
;nl P(lngkag)ﬂ;()(] EX)|>en )<oo, Ve>0. 4)
Theorem 3  Let {X,,n>1} be sequences of m-WOD random variables stochastically dominated by a random
variable X with dominating coefficients g(n), E|Xf <o, p>1. Assume A, or A, holds. Then
0 k
) B
;np P(max \;(Xj EX))>en)<w, Ve>0. (5)
If ap =1, we have the following result.

Theorem 4 Let {X,, n> 1} be sequences of m-WOD random variables stochastically dominated by a random
variable X with dominating coefficients g(n), E|X|#’ (X])<o, 0<d< 1. Assume A, holds and

limsup ———-— _x)

S () ©)

then



552 Wuhan University Journal of Natural Sciences 2025, Vol.30 No.6

o) k
Sn'p Wx@(xj—EXj)pgn <o, Ve>0. (7)
1 <ksn =1

Remark 1 The m-WOD random variables encompass WOD, m-NA, m-NOD, m-END, among others. Thus, the
results in this paper extend and improve upon existing results.

Remark 2  Since stochastic domination is a weaker condition than identical distribution, the results in this paper
also hold under the condition of identical distribution.

Remark 3  Taking d=1 in Theorem 4, we obtain the result of Theorem 1.1 in Ref. [17]. Taking 6 =1/2, h(x)=
g(x) in Theorem 4, we obtain the result of Theorem 1.2 in Chen et al’ s". Therefore, our results extend and improve
the results in Refs. [17-18].

2 Proof of Theorems

Proof of Theorem 1  Noting X;=X,"— X", hence to prove (3), it only to prove that, for any >0,

w k
zn”"’zP(max|z(X,+_EX+)| >€”9/2) <o, Ve>0,
n=1 Jj=1

I<ksn 4

and

I<ks<n 4

» k
zn""zP(maﬂE(X,_EX,N >5”9/2) <o, Ve>0.
n=1 j=1

By Lemma 1, {X;, n>1} and {X,, n>1} are also m-WOD random variables sequences with dominating

coefficients g(n), n = 1. Therefore, without loss of generality, we assume X, =0, n>1.
For a fixed n =1, for 1 <j<n, denote

Y,=XI(X<n')+n'l(X,>n"), Z,=X,~Y,=(X,~n")I(X,>n").

nj n

Then

0 k © k @ n
Snv2p maxE(X,—EX,)|>en”) < zn“p‘zP(maX|2(Y,?,—EY,”)|>gn”/2) - zn“”‘zP(U{X,>n“})
n=1 j=1 n=1 Jj=1 n=1 j=1

I<ksn I1<ks<n

< EnzP(mkaX Ii(Ynj—EYnm >8n"/2) + 2;1“1’*2210()(9#) =, +1L,.

Thus, to prove (3), we only need to show /, <o and 7, < 0.
Combining with Lemma 4 and condition ap — 1 >—1, we obtain
L<CS o P(X>nt) =C S ne S P(k < X<(k+ 1))
n=1 n=1 k=n
0 k ©
=C O P(k“<X<(k+1)") Dt <C O kv P(k*<X<(k+1)*) < CE|XY <. (8)
k=1 n=1 k=1

By Lemma 1, {Ynj—E Ynj} are also m-WOD random variables with the same dominating coefficients.

For I,, by Markov’s inequality and Lemma 3 , we have that for any v>max {2, p},

0 k 0 X n n V2
LSCEn“”2”"E{1I11§1X|Z(Yn,-_Exy')|v} Scznapiz*ﬂv(bgn)v zEYnj|"+g(n)(2E|Ym-|2) |::111+112' (9)
n=1 sksn Jj=1 ‘ n=1 Jj=1 Jj=1 »

For /,;, combining with Lemma 4 and the condition 6> {1/2, a} , we obtain

I, < Cin“”’z’”"(logn)vi[EX/."'I(XJ.Sn") +nP(X>nt)] < S v(logn) [ EX'T(X<n) +nP(X>n)]
n=1 Jj=1 n=1

< Cin“”""’"(logn)v[ EX'n [ (X<n®) + EX'n“ " P(X> n“)} < Cin"’“’"‘)”(logn)v< 0. (10)

n=1

n=1

For [,,, we have
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n

v/2
S Ex(x<n) +n2“P(Xj>n“)]}

Jj=1

I,< in“"‘z‘f’”(logn)vg(n)
n=1

2

<Cin“”’z"””/z(logn)vg(n)[Ele(XSn") +n2“P(X>n")]L2. (11)
n=1

To prove /,, <o, we consider two cases:

2 -1 2
Case 1: When p =2, the condition E|XF’ <o implies E|X[* <o, taking v>max 1 p, (aé)@_ 1+ T) , (20;p_+1y) , then
) Cin””‘z‘”"*"/z”(logn)v, if A, holds
112 gCwz‘nap—z—()v+v/2(logn)"g(n)|:Ev)(2:|"/2< n;l <. (12)
=1 Cznap—z—f)v+v/2+1+y(10gn)" g(n) if AL holds
= nh’ (n)’ ’
. 2(ap—1+r) 2(ap+y) .
Case 2: When 1 <p <2, under E|Xf <o, taking v>max {2, , , we obtain
2(0-a)+ (ap—1) 2(0-a) + (ap-1)
I,< Cin“‘”’z’gv”’/z(log n)vg(n) [EX”n"‘(z””I(XS n“) +E ”n“(z”’)P(X> n“)]w2
n=1
< C inap—z—()v+\//2(log n)vg(n)na(Z—p)vQ( EXp)V/Z < C inap—2—()v+v/2+av—apv/2 ( log n)vg(n)
n=1 n=1
C inap727HV+V/2+uvfapv/2+1(logn)"y lfAl holds
n=1
< . ) <00, (13)
ap=2—Ov+vi2+av—apvi2+1+y v g :
C;n (logn) nh () " if A, holds

From (8)-(13), the proof of Theorem 1 is completed.

Proof of Theorem 2  For fixed n>1, 1 <j<n, denote

Y,

n

an:)(j_ Y = (Xj_np/(pm))I(ij>np/(p+a))'

Z)(jl()(jsn"/(‘”‘”) +np/(/7+15)]()(j>np/(p+5)),

0
The method and the proof for Theorem 2 are the same as Theorem 1, so they are omitted.
Proof of Theorem 3  The condition E|X} <o, p> 1, implies that £]X] <o . Consequently, there exists a positive
integer N such that EXT(X> N)<e/8.
Forj=1, let
Y=X1(X,<N)+NI(X>N). Z=X-Y,= (X,-N)1(X>N).
Then
) k © k © k
Zn”zP(lmkax | >(X,—EX)| >en) < S P( max I >(Y,—EY))| >en/2) + > P( max 1>(Z,-EZ)] >8n/2)
<ksn i1 : el <ksn o1 ; el <ksn i1 : :

n=1
=0+, (14)
Thus, to prove (14), we only need to show that /; <oo and /, < .

For I,, noting {(Y,.—E Y).j= 1} are sequences of m-WOD with dominating coefficient g(n) for n>1 by Lemma 1.
By Markov’s inequality, Lemma 3 and Lemma 4, taking v > max { P2, 2Ap—1+7), 2Ap+y) }, we have

V2
2E|n|"+g(n>(ZlEm2)
j=1 =1

© k 0
I,<C zn”z”E{ max |2(Yj—EY,.)|”} <C>w(logn)
a=1 <ksn e N =

San”’z’v(logn)vi{EX/."](X;SN) +N'P(X>N)]

j=1
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V2

+C2n” *(logn)'g n){zEX I(X,<N)+N*P(X>N)
<cSw i (logn) +C w2 (logn) g(n)
n=1 n=1

Cin”"’v(logn)va Cin”’z’”“”(logn)v, if A, holds
" " <o, (15)

<
. v 022y v gm)
C,Z - (logn)'+ C;n” 2271 (Jog ) e if A, holds

Forn>N, j=1, let
Zy=(X,-N)I(N<X,<n)+ (n—-N)I(X>n).

nj
By definition of Z; and Z,, we get
N Ez,< SEXI(X>N) <nefs, EEZ zEX 1(X,>N) <ness.

j=1 j=1
For I,, we obtain

+Cin”2P(UXj>n)
n=1 Jj=1

izj > 3ne/8) <C in”’z P(EZ,; >3ne/8
n=1 Jj

I4SCin”2P(iZj+ iEZI >n8/2) SCin”’zP
n=1 j=1 =1 n=1 j=1

<C>n? P(E(Zn; —EZ})+ D EZ)}>3ne/8 | +C > n""' P(X>n)
n=1 Jj=1 j=1 n=1

sCEn“P(@(Z;, —EZ,{,-)|>ng/4) O P(X>n) =, +1,. (16)
— j=1 n=1
For I,,, by E|Xf <, p> 1, we have
0 0 0 k 0
Lo<CO W > P(k<X<k+1) <CYOP(k<X<k+1)D w'<CYk"P(k<X<k+1) <CEX’<w.  (17)
n=1 k=n k=1 n=1 k=1
For I,,, taking v>max {2, p}, we have
v/2
4]\62# " VE|2( ~EZ}) <CZnF o 2E|Zn,| +g(n (2E|Zn,2) }=: L.
By Lemma 4 and /,, < 0, we get
4”\Czn‘” > VE[EX 1(X<n) +nVP(X,>n)] <CYw [EX"1(X<n) +n°P(X>n)]
n=1
sCzn"’l"’EXVI(Xs n)+C O P(X>n) <COw ' "D EX'I(k-1<X<k) +CEX"
n=1 n=1 n=1 k=1
(18)

<SCY W EX'I(k-1<X<k)+CEX"<CEX"<®,
k=1

For I,,,, we have
v/2

412_C2np o Z EX 1(X<n)+n P(X >n) SCznP*Z*V/Zg(n)[EXZI(XSn) +n2P(X>n):|V/2,
Jj=1

n=1

The proof of /,;, <o will be conducted under the following two cases.
Case 1: When p =2, the E|XF <o implies that EX? < o0, taking v>max {p, 2Ap—1+71), 2(p+ y)}, then

C S i A, holds
1412<C2n” 2o (n)(EX?) <! o) <. (19)
p—2—-v2+1+y .
C zn’ ’ W’ lfAZ holds

n=1



SONG Mingzhu: Complete Convergence for the Maximum Partial Sums of m-Widely Orthant Dependent

555
Case 2: When 1 <p <2, under the condition E|X} <o, taking v>max {2

2(p—1+ 2(p+
) (p T), (p y) , we have
p—1 p—1
412\C2n1’ 2o () EX*n* P I(X<n) +EX'n?"P(X>n)]
n=1

n=1

<C znﬂ—Z—v/Z n(z—p)v/zg(n)(EXp)v/z
8 C Y22 if A holds
< Cznp*ZJrv/prv/Zg(n) < =

n=1

B <0,
C znp72+v/27pv/2+l+y M
n=1

(20)
ati(n)’ if A, holds
From (14)-(20), the proof of Theorem 3 is completed

Proof of Theorem 4 We get E|X| <o by E|X|A’(X])< . Consequently, there exists a positive integer 4 such
that EXI(X>A)<e/8. Forj=1, let

then

0 k 0
Sntp p?x|z()(j—EXj)|>gn) < znlp(
n=1 sksno i3 n=1

Y,=X1(X<d)+A4l(X>4), Z=X~Y,= (X ~4)I(X,>4)

© k
p?xz(Yj—EYj)|>an/2) + znlp(pkax|2(2j—EZj)|>6n/2 I+1
<ksn =1 =1 <ksn im1

For I, be the same as /, in Theorem 3, taking v> 2(y + 1), we have

(21)
I5<C2n logn) JrCZn’l 2+ (logn)' ngh’(’zl)a) (22)
Noting hJIZn) 1, taking hJ’Zn) >A.For1<j<n,let

Zy=(X-4)1 (A <X<
By the definitions of Z; and Z,, we have

n n
h,;(n)) ' (h(n) _A)I(X’> h(n))

S EZ <nels, S EZ)<nels.
= =
For I, as 1, in Theorem 3, we have
1< Cin" P(|i(2n; —EZ)) >n8/4) +C§P(X> nih’ (n)) =y +1 (23)
= e P
By (11), we have sup —— hlx) <C. Since 0<h(x)T, 0<d<1, we get
h(x/h(x))

h(l’l) = 5 n
o <CEP{Xh (X)> c}

n=1

I,< CiP
n=1

XK (X)>

n | n < > 5
h&(n)h (ha(n))} \C;P Xh' (X)>n

sCiiP(k<CXh"(X)<k+l

) <C kP (k< CXI (X)<k+1) < CEXI’ (X)<w (24)
n=1k=n k=1
For [, taking v>2, we have
v/2
Gl\Czn" “E|z( —EZ)<C O 2E|Z,,'/.|"+g(n)(2E|Z,,’,2) ‘:; PO S (25)
=1 j=1 j=1
By h(x)T (x 1 and I, < 0, we have
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© n . n ' n
In=C 3 B, ’(Xf hﬂ()) (hé(n))P()(’> hf"(n))

- n n . n - n
scz EX" I(X\ h‘T) (hé(n)) Pl X> W(n)) sC;n "EX I(Xs hé(n)) +C;P(X> h(j(n))
< Cin”iEX”[( k=1 xe kL cexm o)< CiEX”](k_l <X< k)szr CEXI (X)
e = h (k—1) h* (k) Py (k=1 h (k) | i=
< Cik"’*‘EX”I(k;l <X< ——)+CEXK (X)< czEXI( k=l oy K ) L cexw (X)
& 7 (k—1) h" (k) 7 (k—1) (k) | B0 (k)
< CEX+ CEXH (X) <. (26)
For /,,,, we have
o0 n 2 "
_ i ) n n n
Iélz_cgn g(n) 121 EX, I(st h”(n)) + (h”‘(n)) P(Xj> h“(n))
" vi2
n n n n
< c;n ! v/zg(n)[ 0 (X< 0 +EX ) 1(X> hﬁ(n)ﬂ
<C>n'g(n )W( )[EX]”“<CE 56(/2’;)) 0. (27)
n=1
From (21)-(27), the proof of Theorem 4 is completed.
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