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Abstract: In this paper, we investigate the optimal investment strategy for a target-return pension plan under a Wishart model using sto-
chastic optimal control methods. We consider the fact that mortality and interest rates are affected by a combination of systematic and idio-
syncratic factors, which are modelled by a Wishart model with positive values. On this basis, we analyse the correlation between stochastic
mortality and stochastic wage rates for plan members, as well as wage movements and financial market volatility. It is shown that financial
market parameters and wage rates have a significant impact on the optimal investment strategy. We provide the optimal investment strategy
and the optimal yield adjustment strategy for target-return pensions. This study provides a valuable reference for policy formulation and

implementation of target-return pension plans in China.
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0 Introduction

In the current global context of accelerated popula-
tion aging and rising medical costs for retirees, ensuring
the adequacy and stability of pension funds has become
crucial. As a result, issues related to optimal investment
strategies and structural design of pension plans have in-
creasingly garnered attention in recent years. Tradition-
ally, pension plans are mainly divided into two types:
Defined Benefit (DB) and Defined Contribution (DC).
In DB plans, future pension benefits are predetermined,
while contribution rates are adjusted as needed, with
fund managers bearing the investment risks. In DC
plans, contribution rates are predetermined, and pension

benefits depend on investment performance, with partici-
pants bearing the investment risks. Due to factors such
as population aging and increased lifespans, it is becom-
ing increasingly unreasonable for fund managers or par-
ticipants to bear all the risks alone. Therefore, reforming
existing pension plans is necessary. To this end, some
scholars have proposed hybrid pension plans that com-
bine the features of DB and DC, such as Canada’s Target
Benefit Plan (TBP) and Japan’s risk-sharing plan. More
and more Canadian fund managers are choosing TBP
and other hybrid pension plans to replace traditional DB
and DC plans. The characteristic of TBP is fixed contri-
butions and preset target benefit levels, with risks shared
among members of different generations. This plan pro-
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motes risk sharing among members and helps maintain
relatively stable benefit levels over the long term.

The core characteristic of Target Benefit Plans
(TBPs) lies in their risk-sharing mechanism, where all
risks are borne collectively by the plan members. This
risk sharing is not carried solely by individual members
but is distributed among different generations. Due to the
lack of external guarantees, the plan encourages risk
transfer among members, allowing for temporary subsi-
dies between generations, including future members who
have not yet joined the plan, to help maintain relatively
stable benefit levels. Research by Gollier and Cui et a/''™
indicated that compared to traditional DB or DC plans,
plans with effective intergenerational risk sharing can en-
hance overall welfare. This means that by spreading risks
across generations, TBPs can provide more stable retire-
ment income, reducing uncertainty and potential losses
caused by market fluctuations or extended longevity.

In life insurance and annuity products, interest rate
risk and mortality risk are the two main risk factors. Tra-
ditionally, actuaries have considered mortality risk to be
more difficult to model than interest rate risk. According
to the law of large numbers, by holding a sufficiently
large portfolio of similar contracts, mortality risk can be
diversified. Therefore, actuaries often use deterministic
methods to model mortality rates while assuming that in-
terest rates are random over the long term.

When stochastic mortality models emerged in the
1990s, the actuarial community assumed that mortality
risk was independent of interest rate risk. This assump-
tion seemed reasonable in the short term. However, cata-
strophic risks such as earthquakes or severe pandemics
could affect the economy and financial markets in the
short term, suggesting that we should consider the poten-
tial dependence between mortality and interest rates. In
the long run, it is intuitive that demographic changes will
affect the economy. For example, research by Favero et
al® suggested that slowly evolving averages are likely
related to population trends. Maurer' explored how de-
mographic shifts impact the value of financial assets and
proposed a continuous-time overlapping generations
model where birth and death rates are stochastic. His
model indicated that demographic transitions can ex-
plain most of the time variation in real interest rates,
stock premiums, and conditional stock price volatility.
Dacorogna and Cadena®™ provided empirical evidence
showing that economic and financial market behavior
changed during periods with higher mortality. Nicolini®

also indicated that the increase in adult life expectancy
during the 17th and 18th centuries might be a key factor
explaining asset accumulation and interest rate declines
in pre-industrial England. In summary, while the inde-
pendence assumption may be a useful simplification in
the physical world, it may not be entirely applicable in
the pricing world. Therefore, a pricing framework allow-
ing for dependency between mortality and interest rates,
as suggested by Miltersen and Liu et a/"™, is more rea-
sonable.

This paper establishes a joint mortality and interest
rate risk model, where the price of the risk-free asset is
based on the Wishart process. Due to its analytical proper-
ties, this allows for considerable general correlation be-
tween mortality and interest rate risks. In the context of
the current social security system, Wang et al” solved the
continuous-time stochastic optimal control problem for
TBPs models and obtained closed-form expressions for
optimal asset allocation as well as benefit adjustment
strategies that combine benefit risk with intergenerational
transfers. However, their optimal investment in high-risk
assets is a fixed proportion relative to various predeter-
mined targets concerning future potential shortfalls.
Therefore, building upon Wang et al’s research, this study
further considers the impact of interest rate risk under sto-
chastic mortality using a new model proposed by Kaas et
al'”, the linear-rational Wishart model, which allows for
joint modeling of mortality and interest rate risks.

In our model, the pension fund can invest in both
risk-free and risky assets, with its income expenditures
depending on the fund’s wealth and specific income tar-
gets. The plan trustees aim to minimize the cumulative
squared sum of linear deviations between income expen-
ditures and preset targets over the entire distribution pe-
riod, while minimizing the portfolio risk at the end of the
period. Yong et al'" provided a detailed description of
this linear quadratic optimal control problem. Vigna!'”
considered both the investment risks faced by individuals
and the annualized risks, using a series of medium-term
goals and retirement goals linked to the expected net re-
placement rate in a discrete-time model. According to
James ~ overlapping generations (OLG) model™, plan
members are divided into young and old periods. Mortal-
ity and interest rate joint risks, as important background
risks, have a significant impact on the actual value of tar-
get benefit pensions. Zhang et al'"! investigated the im-
pact of attendant mortality and intergenerational risk on
the most investment strategies of target return pensions
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under inflation risk, based on which the impact of mortal-
ity on interest rates is considered to change the price of
risk-free assets. First, assuming mortality follows a Wis-
hart process, we present the price of risk-free assets un-
der the combined influence of mortality and interest
rates. Second, we extend the existing optimal investment
strategy models to a stochastic interest rate risk environ-
ment. Finally, we solve the Hamilton-Jacobi-Bellman
(HJB) equation of the model to obtain the optimal invest-
ment strategy and optimal income adjustment strategy
for target benefit pensions under the joint environment of
mortality and interest rates based on the Wishart process.

The structure of this paper is as follows. Section 1 de-
scribes the modeling framework. Section 2 covers the
main properties of the optimal investment strategy for tar-
get benefit pensions under a linear-rational Wishart model,
while Section 3 implements the model through some nu-
merical examples. Section 4 summarizes the paper.

1 Model Formulation

This article discusses a collective pension scheme
that involves continuous new participants and retirees at
various points in time. Its purpose is to achieve the ex-
pected return level set by the initiator, which increases at
a predetermined rate over time. At any given moment,
the actual pension received by retired members is deter-
mined by an external salary process, the randomness of
which is considered to be associated with fluctuations in
the financial market. The pension fund mainly invests in
two types of representative assets: risk-free assets and
risky assets (stocks). The plan is managed by a trustee
who is responsible for adjusting the asset portfolio and
setting the pension payments to retirees to keep the pay-
ment level as consistent as possible with the target return
while ensuring that it does not overburden future groups
(or leave them with too much capital). This issue can be
viewed as a stochastic control problem.

Let (2, F, P) be a probability space equipped
with a filtration F= {.7-',}[20, where F, is the augmenta-

tion of the natural filtration generated by a two-
dimensional standard Brownian motion. This filtration is
assumed to be complete and right-continuous, encom-
passing both financial market information and salary in-
formation at the time of retirement for the members. It is
suitable for the initiators of the pension plan, and P is a
real-world probability measure on this space.

1.1 Assessment of Direct Reputation

We assume that the process (Zt),>0 is a d-dimen-
sional Wishart process. Given a dxd matrix-valued
Brownian motion W,, the Wishart process without
jumps Z, is defined as the solution to the following d x d-
dimensional stochastic differential equation

dZ,=(kQ"Q+HZ,+Z H" )dt+ \/Z, dW (1) 0
+Q AW (1)\/Z,, t>0. (1)

Here, Z, is the initial condition, W, is the matrix-
valued Brownian motion. H € M, (the set of real dxd
matrices) Q € GL, (the set of invertible real d x d matri-
ces) and Q" its transpose. Bru™! proved existence and
uniqueness of a weak solution for equation (1).

1.2 Financial Market

Assume that the financial market offers two basic
assets for the pension trustee to choose from a risk-free
asset (bank account) and a risky asset (stock).

Proposition 1  The value of the risk-free asset
S,(#) changes over time according to

ds,(t) =r,S,(¢)det, t=0. 2)
where 7, represents the interest rate influenced by the
Wishart mortality effect. According to research by Deels-
tra et al'’, the interest rate process is affected by the
mortality rate process. Provide the interest rate process
r,:r0+Tr(RZ,) and the mortality rate process y,=y,+
Tr(MZ, ) Here, R is the interest rate weight, and M is
the mortality rate weight.

At time ¢, the price of the stock (risky asset) is de-
fined as S,(7), and the value of the risky asset is de-
scribed by a stochastic differential equation

ds,(¢) =S,(¢)[ udt+adw,(¢) ], t=0. (3)

Here, u is the appreciation rate of the stock, o is the
volatility, u and ¢ both and are positive constants. W, ()
is a standard Brownian motion. To preclude arbitrage op-
portunities, it is assumed that x> 7.

1.3 Members and Plan Provisions

Consider a plan consisting of active members and
retired members. When active members contribute to the
pension fund, retired members receive benefits from the
pension fund. Based on James’ OLG model, assume

the number of active members is n, and the number of re-
n

0+1°

at age a and retire at age r, subject to s(a) =1 and a<x <

tired members is All members join the TBP plan

w, the survival function
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~A(x—a) - i(("—c“)

s ( x) =e Inc ) (4)
where 4 is the baseline mortality coefficient, B is the
age-sensitive mortality parameter, and c is the exponen-
tial scaling factor for survival probability. Assuming the
annual salary of retirees can be expressed as

dS(¢) =S(¢)(adt+ndw (t)), t>0. (5)
where a € R is the instantaneous growth rate of wage ex-
pectations, # € Ris the instantaneous volatility of wages,
and W is a standard Brownian motion, which is assumed
to W (¢) have a correlation coefficient p with under the P
measure .

The pension plan under discussion provides mem-
bers with a lifetime annuity starting from their retire-
ment age 7. The initial annual pension payment rate is as-
sumed to be a portion of the final salary S(¢) at retire-
ment. Specifically, for retired members with a final sal-
ary, the initial pension payment rate is assumed to be
f(t)S(t), where £ (¢) can be considered as the immedi-
ate replacement rate applicable to new retirees. To deter-
mine the annual pension payment rate for a member re-
tiring at age x at time ¢, a new variable L(x,¢) is intro-
duced, which is the assumed salary of the member at the
time of retirement (x —7 years prior to retirement). This
variable is defined as

L(x,t)=S(t)e " t=0,x>r. (6)

Starting with the salary of a member retiring at time
t, predictions are made using an exponential growth rate
a. When 5> 0 and x > r, this is clearly different from the
actual salary at retirement, as well as the expected differ-
ence between the actual salary and the assumed salary
increasing with age. However, due to the decreasing
number of older members, the overall impact of this as-
sumption on the results for reasonable values of # is neg-
ligible. Additionally, this simplified assumption provides
a key advantage as it allows for explicit resolution of the
optimal control problem presented in the next section.

Assuming the plan adjusts the cost of living for pen-
sions at a fixed annual percentage of {, then for a retiree
aged x at time ¢ (retiring x — r years early), there are two
adjustment factors acting on the wage rate L(x,¢): -
represents the cost-of-living adjustment factor; () rep-
resents the control variable applicable to all retirees at
time ¢. The annual pension payment rate for retirees
aged x at time 7 is denoted as B (x, ).
B(x.t)=f(t)L(x,t)e " "=f(t)S(t)e " x>r(7)

This process includes the automatic increase of the
cost of living and adjustments to the burden capacity

driven by emerging experiences.

Assuming the plan has a pre-set target total retire-
ment benefit B” at time 0, representing the initial pay-
ment rate provided by the plan to the current retiree
population. The benefit target grows exponentially at a
rate of f, but it does not necessarily equate to the auto-
matic cost-of-living adjustments applicable { for pension
payments. Then at time ¢( >0), the total target benefit
is B'e.

The actual total payment rate for all retirees at time
tis B(t), that is

B(t)=—"

0+1
= 911 S(X)f(t)S(t)e—wfz)(x,,.)' )

Meanwhile, contributions are injected into the fund.
Assume that each active member has an instantaneous

s(x)B(x,1)

contribution rate of ¢, at time 0, expressed in terms of $1
per year. It is assumed that contributions increase over
time, with a growth rate identical to the deterministic
component of the growth rate a applicable to wages.
This assumption is motivated by three factors. First, al-
though salaries may experience random fluctuations
(shocks), these fluctuations are not substantial in prac-
tice, making it reasonable to ignore them for the purpose
of calculating contributions. Second, this article aims to
focus more on return risk rather than contribution risk.
Third, simplifying the model in this way allows for an
explicit solution to the optimal control problem. There-
fore, the total instantaneous contribution rate of all ac-
tive members at time ¢ is
C(t)=ns(x)ce”, t=0. 9)
In the following sections, based on the dynamics of
fund investments, contributions from active members,
and benefits paid to all retirees, the wealth process of the
pension fund for the aforementioned pension scheme
will be constructed. Building upon the objectives dis-
cussed previously, a continuous-time stochastic optimal
control problem for the target benefit plan is established.

1.4 Wealth Process Under the Wishart
Mortality Process

Proposition 2 Assume that the pension plan man-
agers can allocate funds into two types of assets men-
tioned in (2) and (3): risk-free assets and high-risk as-
sets. They use the returns from these investments to pay
for retirement benefits. Let 7 () denote the proportion of
funds invested in risk assets at time ¢, then the entire
wealth variation process can be described by a stochastic
differential equation.
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ds, () dS,(1)
Si(1) So(1)
The value of the wealth process under intergenerational risk follows the dynamic process below:

dX(t):X(t)[n +(1-7) ]+ [C(t)-B(t)]ds, (10)

¥ (1) =X (0){[mu+ry+ Tr(RZ,) —ar,— aTr (RZ,) |de+odW,(1)| + [C (1) - B(1)]d an
X(0) =x,.
Proof dX(t):X(t)[ ds, — )(?((t))}+[c(t)—3(t)]dt
=X (){x[ udt+odW,(1) ]+ (1-z)rde} + [C(r) -B(¢)]dt
=X (){z[pdt+0dW,(1)] + (1=a)[r,+ Tr (RZ,) Jde | + [C (1) = B(r) ]dr
zx(t){[mwonr(kz,)—nro—nTr(Rz,)]dt+nadW2(¢)}+[c(t)—B(z)}dz. (12)

The plan faces discontinuity risk (due to intergenerational transfers or excessively high or low funding) that can
be measured by the squared deviation between the actual final value of the fund X (7) and the predetermined final tar-
get. The earnings risk is assessed by considering the difference between the actual total earnings expenditure and the
updated total target earnings B"e”. The trustees of the pension plan aim to minimize these two types of risks simultane-
ously. In the continuous-time framework, the goal of asset allocation and earnings distribution is to minimize the ex-
pected discounted loss over the remaining time, where "loss" refers to the defined earnings risk and discontinuity risk.
Considering that participants may be concerned about both the risk of insufficient earnings (i.e., earnings below the tar-
get level) and the volatility of earnings (i.e., deviation from the target level), it is reasonable to include linear and qua-
dratic terms of earnings risk in the loss function. Let the objective function at time ¢ be J (£ x,s ), with fund value x and
hourly wage s, defined as:

T
J(tx,s) =E”,,{J [(B(u) —B*eﬁ‘)z—ll(B(u) —B*e/’*)] x e du+,( X (T) —xoe"’r)ze”‘“r ,
e (13)
J(Tox,s) =iy X (T) —x,e) e,

In this context, both 4, and 4, are non-negative constants that represent the penalty weights for negative deviations
between B(u) and B'e” and the achievement of the final fund objective. The expectation in (13) is conditional on time,
value, and hourly wage. The choices of 4, and 4, reflect the unique risk balance among the stakeholders in each TBP.
The specific combination of penalty weights is an integral part of the overall design of the plan and is not within the
purview of the plan trustees to alter.

The value function is defined as:

d(tx,s):= I(rgr)lJ(t,x,s),t,x,s>O. (14)

Consequently, we have formulated a continuous-time stochastic optimal control framework to model the target ben-
efit pension plan.. In the following sections, our goal is to find the optimal strategy that solves this optimal control problem.

2 Model Solution

In this section, we employ the standard method to solve the optimal control problem (14) and derive a closed-form
expression for the optimal policy. The closed-form expression for the optimal policy is denoted as (n*, f *). Firstly, we

derive HJB equation associated with the stochastic control problem (14). Using variational methods and Ito’s formula,
we can obtain the following HIB equation:

0+ [x(r0+Tr(RZ,)) +au—nr,—aTr(RZ,) +C(t) —B(t)]gox+asgos+ %nzazq)”

min
nf

+%112s2¢m+p7mnsq)xx+ [(B(t) —B*eﬁ’)z—/ll(B(t) —B*e’“)}e’"’} =0, (15)

with boundary conditions
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o(T,x,s) =/12(x—xoe’“r)ze”“r, (16)
where ¢,,0.,0..0,,0, and ¢ are the partial derivatives
of p(t,x,5).

The following theorem details the optimal asset al-
location and return adjustment policy for the optimal
BT

2

control problem (14). We denote J= to simplify

notation, where ¢ is the Sharpe ratio of the risky asset.

Theorem 1  Theorem 1 addresses the optimal
control problem (15), providing strategies for optimal as-
set allocation and return adjustments, along with the cor-

responding expression for the value function.

n*(t,x,s)z—g(Zx-i—Q(t)), (17)
0+1
nss(x)

f(txs)= [/IZP(t)(2x+Q(t))+/1]+ZB*e”’],

(18)
#(t,x,5) =2, P(t)(*+0(t)x) +K(¢), (19)
where P(¢)and Q(t) are

P (l‘) _ er,,t72).2(r(,+Tr(RZ,)>t, (20)
0 ( [) — eZ’(*TT(RZ,) ~2i,ry~22,Tr(RZ,))
2C(t)

T . +To(RZ) + 2+ 2, Te(RZ) @D

Proof First, it is easy to see that the minimization
problem (15) with respect to 7 and f can be accom-
plished through the following two related minimization
problems. The values of 7 and f are given by the follow-

ing equations:

min {(p,+ [xr,—nr,+7r,u+c(f)]¢x

1
+asg, + ) T’clp, + pn’ansq)m} =0, (22)

mfin{—B(t)goﬁ %nzszgosﬁ [(B(t) —B*e’”)2

I, (B(1) —B*eﬂ’)}e"“’} -0. (23)
Based on the above equation, we can solve for
‘ __ 0P+ PSPy,
7' (t,x,s) = P (24)
Fxs) = 0 (g 10 12Be). (25
2nss(x)

Next, we find an explicit expression for ¢(zx,s).
Based on the terminal condition (16), we assume the
form of ¢(z,x,s) to be

o(t,x,5) =de"P(¢)(x*+Q(t)x) +R(t)xs
+U (t)s*+V(t)s+K (1), (26)

where P(1),0(t),R(t),U(t),V(t),K(t) are functions
to be determined. From the boundary condition (16), it
can be seen that
P(T)=1,0(T) =—2x,e"",K(T) =xje"",
R(T)=U(T)=V(T)=0. (27)
Differentiate each variable in equation (26) yields
¢,:ize”‘“’{ —r P()[¥*+0(t)x] +P(1)Qx
+P [ x>+ Q(t)x]} +Rxs+Us*+V,s+K,
¢.=R(t)x+2U (t)s+V (1),
¢.=de " P(t)[2x+0(t) | +R(¢)s,
¢.xx:2j'2€7"ntp(t)7 ¢xs:R(t)5 ¢ss:2U(t)
Substitute the above expression into equations (22)
and (23), then substitute the resulting sum into the HIB
equation (15), and combine like terms.
/lze'“’[( —ry+24,7,)P(t) +p,}x2
+[U,+ (2a+;72)U(t)]s2+/lze’“"‘[( -r,0(t) +0,
+,0(t) +2C (1)) P(t) +PO(1) [x+ [V, +aV (1)
—(8°0(1) +dpnQ (1) =C (1) +2,P (1) O (1) +4,
+ZB*e/”)R(t)}s+ [Rt+ (r,—20*+a—25py
~20,P(t))R(t) |xs+ K+ [(32,+B'¢") B3
+1,C (1) P(1)Q(t) e
=0.

When the coefficients of x?, 5%, xs, x and s as well as

(28)

the constant term are all zero, the equation holds true.
This leads to the following system of equations:

(—ro+22,r,)P(t) +P,=0, (29)

U+ (20+77)U(2) =0, (30)

(=r,0(t) +0,+7,0(t) +2C(¢))P(¢) +P,0(1) =0, (31)

Vi+aV (t) - (6°0(t) +pn0(t) — C(¢)

+0,P(t)0(t) +2,+2B ") R(t) =0, (32)

R+ (r,—28*+a—20pn—24,P(t))R(t) =0, (33)

K+ [(32,+B'¢")B'e"~22+2,C (1) P(1)0(t) Je"=0.

(34)

Solve equations (29), (30), (31), (32), (33), and (34)

under the boundary conditions given in equation (27).

P (t) _ erot—ZAz(YﬂJrTr(RZ,))t’ (35)
0 ()= e21(—Tr(RZ,) ~2),ry~2,Tr(RZ,))
_ 2C(1) 36)

~ro+Tr(RZ,) +22,7,+ 20, Tt (RZ,)
U(t)=R(t)=V(t)=0. (37)
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3 Numerical Analysis

In this section, we will analyze the optimal invest-
ment strategy results for a target-benefit pension plan un-
der linear rational Wishart mortality risk through numeri-

cal examples. Similar to Refs. [5,9-10], the parameter
values are assumed as shown in Table 1. By varying the
parameter values of the model, we use graphs to intui-
tively present the optimal investment strategies under
different risks.

Table 1 Parameter values for numerical simulation
B’ T o p K u o 0 A B n a
100 20 0.03 0.02 3 0.05 0.15 5.32%  0.00022  0.000 002 7 0.01 30
r ¢ o X, p A A 7 n c S,
65 0.02 0.1 4000 0.1 15 0.2 0.01 100 1.124 1

This study examines how the dependency structure
between mortality rates and interest rates influences in-
vestment strategies for target return pension funds. We
posit that both mortality and interest rates are shaped by
a combination of systematic and idiosyncratic factors.
To maintain positivity in modeling, we adopt frame-
works such as the multi-factor Cox-Ingersoll-Ross (CIR)
process and the Wishart process, consistent with the
methodology proposed by Liu ef al. This modeling
choice holds critical relevance for risk management, par-
ticularly when addressing latent dependencies between
these financial variables. Among the models evaluated,
the Wishart process proves most advantageous, as it ac-
commodates intricate dependency structures while ensur-
ing positivity. The analysis herein centers on a Wishart
process formulation to explore these dynamics.

-0.5 04 0.06 0,
0.007 —0.008)’ ( 0., 0.006)’

001 zF 10
2 ok x=lo o)
z2 001 0 0

This analysis explores how variations in Wishart-
distributed mortality risks influence the pricing dynam-

o

ics of risk-free assets. By systematically adjusting pa-
rameters within asset model (1), we assess the sensitivity
of risk-free asset valuations. Stability assessments spe-
cifically target perturbations to the diagonal elements of
matrix @ and sub-diagonal components of matrix Z, rais-
ing critical questions about the robustness of expected
rate metrics under parameter shifts. Empirical evidence
from tabulated data reveals an inverse relationship: el-
evated initial correlations between mortality rates and in-
terest rates correspond to diminished risk-free asset
prices, see Table 2 and Table 3. Notably, intensified

mortality-interest rate correlations exacerbate price vola-
tility in these ostensibly safe instruments. These findings
underscore a dual causal pathway—mortality patterns in-
fluencing interest rate structures, which subsequently re-
shape risk-free asset valuations—thereby compelling in-
vestors to continually recalibrate their strategic asset al-
locations. As mortality-driven interest rate fluctuations
ripple through markets, portfolio managers must navi-
gate evolving risk profiles, dynamically shifting invest-
ment weights between risk-free and risky assets to opti-
mize returns amidst increasing systemic interdependen-

cies.

Table 2 The impact of matrix Z and the interest rate mortality
dependence on risk-free asset prices in the Wishart process

Z,) Do Price
-0.002 —0.489 493 6 5.210447 1
-0.001 5 -0.367 1202 5.204 596 3

0 0 5.187083 4
0.001 5 0.367 120 1 5.169 630 0
0.002 0.489 493 6 5.163 8254

Table3 Theimpact of matrix Q and the interest rate mortality
dependence on risk-free asset prices in the Wishart process

(28 Po Price
-0.01 -0.294 2210 6.658 698 2
-0.006 -0.244 746 8 7.090 873 4

0 0 6.935373 8

0.006 0.244 746 8 63815167

0.01 02942210 5.657 111 0
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Figure 1 illustrates that the optimal investment ratio
7" (¢) exhibits an initial progressive increase, approach-
ing a peak near unity before experiencing a gradual de-
cline toward 0.6 by year 18. This trajectory indicates dy-
namic adjustments in the allocation to risky assets over
time. During the scheme’s early phase, when pension re-
turns are particularly unfavorable and risk-free interest
rates remain susceptible to mortality-induced fluctua-
tions, pension trustees are compelled to pursue aggres-
sive strategies, channeling funds into riskier assets. Fol-
lowing the recovery phase, however, the investment ap-
proach transitions systematically, balancing exposure be-
tween risky and risk-free assets as the terminal phase ap-
proaches. This evolution reflects adaptive risk manage-
ment responding to both market conditions and temporal
constraints inherent in pension funding dynamics.

Figure 2 investigates how interest rate fluctuations
impact the optimal allocation proportion of risk-free as-
sets under distinct Wishart-modeled mortality risk sce-
narios. Variations in the parameters governing asset
model (2), specifically r, induce corresponding adjust-
ments in risk-free asset valuation. The illustration re-
veals a clear inverse relationship: rising interest rates
consistently reduce investments in risky assets. Notably,
when interest rates reach 0.04, temporal dynamics be-
come increasingly influential. As time progresses, pen-
sion fund trustees demonstrate heightened risk aversion,
progressively shifting toward full allocation to risk-free
assets. This pattern suggests that elevated interest rates
combined with extended investment horizons fundamen-
tally alter risk tolerance, prompting conservative portfo-
lio strategies that prioritize capital preservation over risk
exposure.
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Fig. 1 Evolution of the investment ratio " over time ¢
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Fig. 2 Variation of the investment ratio 7" over time 7 at
different interest rates r,

4 Conclusion

This study investigates how mortality-interest rate
dependencies influence risk-free asset pricing. We model
these dependencies through systematic and idiosyncratic
factors constrained to positive values (e. g., multifactor
CIR or Wishart frameworks). Our analysis reveals that
advanced models capturing nonlinear mortality-interest
rate interdependencies—such as the Wishart process—
render traditional pairwise linear correlation inadequate
for explaining risk-free asset valuations. This under-
scores critical limitations in conventional risk manage-
ment when confronting latent dependence structures. No-
tably, the Wishart model emerges as particularly effec-
tive for insurance product pricing due to its capacity to
replicate intricate multivariate dependency patterns.
These findings advocate for adopting sophisticated sto-
chastic frameworks to address systemic risks arising
from unobservable mortality-macroeconomic linkages.

Building on this, this paper explores the optimal in-
vestment strategy for a target benefit pension plan that
takes mortality risk into account under the Wishart
model. We assume that mortality and interest rates are
influenced by a combination of systematic and idiosyn-
cratic factors that can be modeled by a positive-valued
Wishart model. Based on this model, we obtain the true
wealth process of pensions and use the HIB equation to
find the optimal asset allocation for a target-return pen-
sion plan. By fixing certain parameters, we analyze the
effect of these parameters on the optimal asset allocation
of the target-return pension plan, thus providing a more
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effective investment strategy for investors in target-

return pension plans.
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