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Abstract: The predation mechanism of invertebrates (e.g., Tortanus dextrilobatus) on plankton in aquatic population ecosystem is a
significant research topic. In this paper, the interaction between invertebrates and plankton is simulated by a modified Leslie-Gower
predator-prey model. Using the theory of reaction-diffusion equations, a priori estimate, existence, uniqueness and stability conditions of
the positive steady state solution are established. Furthermore, numerical simulations are conducted to quantitatively analyze the dynamical
behavior. The research shows that as long as the Allee effect constant satisfies the appropriate relationship and the growth rates of predator
and prey are appropriately large, the predator and prey can not only coexist, but also the coexistence mode is unique and stable under low
predation-rate. In addition, the numerical simulations show that the coexistence may be stable under high predation-rate. Meanwhile, with
the increase of predation rate, the population density of predators will decrease.
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0 Introduction where QcR" (n>1) is a bounded domain with smooth
boundary 0Q. In Ref. [1], the authors studied the
Let’s start with the following predator-prey model predator-prey model (1) and gave the conditions for the
n steady-state bifurcation and Hopf bifurcation from the
—Au=u(a(l —ru)— ——)— Q
u, = Au=ula(l =ru) u+n2) puv, (%, 1)€ (0, ), unique positive constant solution. The n,/(u+n,) used
v here named additive Allee effect, where n, and n, are
-Av=cv(l——), ,1)€ Q x(0,0), . o
vimAv=eu u+k|) (7)€ Q2x(0,0) 1)) constants of Allee effect which describing the strength
Ou Ov of Allee effect, refers to that the low density populations
== =0,xe0Q, t €(0, ), . Lo . .
on oOn may have difficulties in finding mates, promoting repro-
u(x, 0)=1,(x)=0,£0,v(x,0)=v,(x)=0,20, xecQ, duction, predation, environmental regulation and in-

breeding, which may lead to population extinction.
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Therefore, it is significant to study the mechanism of Al-
lee effect to avoid population extinction in low density
population. Some classic studies on the impact of Allee
effect on predation models can be found in Refs. [2-5].
The background and parameter meanings of this model
can be found in Ref. [1] and we omit here.

It is well known that the predator-prey functional
response is an important factor in predator-prey models,
which profoundly affects the dynamics of predator-prey
models®”. The functional response p,u in (1) is linear
function and is unbounded. This deficiency reminds us
that we can use the following Ivlev function, which can
be written as @¢(u)=1,,,(1—e™), where u is the popula-

tion density of prey, y and [, are positive constants

which represent the predation rate of the predator and
the maximum capture rate, respectively. It is clear that
the @(u) is bounded and satisfies ¢'(u)=1,,ye"" >

07 ¢ ”(u) = _Imax yz eiyu < 0’ lim ¢(u) = Imax .

A recent experiment shows that the predation rate
of Tortanus dextrilobatus expressed by y can simulate
the model that Tortanus dextrilobatus prey on zooplank-
ton in the San Francisco Estuary™. Many studies, both
modeling analysis and ecological experiments, such as
Refs. [8-11], show that the predation rate y strongly af-
fects the coexistence of predator and prey. However,
there has been no research on using the Ivlev functional
response to simulate predation of zooplankton in (1). For

the sake of simplicity, we will take /=1 in our work.

max

By introducing the following non-dimensional variables

P

u=aru, arn,=m, arn,=b, ~— =p, car=d, kar=k
ar

in (1) and dropping the superscripts of u for simplicity,
the predator-prey model (1) is given by the following

equations
B mu o
u,—Au=ula—u)— s —(=e™), (x,1)e Qx(0,0),
v,—Av=v(c— dv ) (x, 1) Q x(0, ) ©)
! u+k” ’ T

u=v=0, x € 0Q,t (0, ),
u(x,0)=u,(x)=0,20, v(x,0)=v,(x)=0,20,

Here u and v are the population densities of prey and

xeQ.

predator, a and c¢ are the intrinsic growth rates of prey
and predator, respectively. The Allee effect constants m
and b satisfy m <ab which is called weak additive Allee
effect. dv/(u+k) is a modified Leslie-Gower term!*",

The parameter d represents the maximum average reduc-

tion rate obtained by predators, and & represents the envi-
ronmental carrying capacity of predators. For more de-
tailed biological significance of the model, one can see
Refs. [14-16]. Obviously, the corresponding steady-state
problem to (2) can be written as

VN
Au=u(a—1u) s 1-e™w, xeQ,

3 dv (©)
Av=yv(c quk), xeQ,
u=v=0, x € 0Q.

The main purpose of this paper is to clarify the in-
fluence of weak additive Allee effect and Ivlev func-
tional response on the positive solution of model (2).
The content of this paper is arranged as follows. Section
1 introduces some preliminary results. Section 2 gives
the necessary conditions and prior estimates for positive
solutions of (3). Section 3 gives the sufficient conditions
for the existence of positive solutions of (3). Section 4
gives the uniqueness and stability of the positive solu-
tion of (3). In Section 5, the dynamics of (2) and (3) are

quantitatively analyzed by numerical simulations.

1 Preliminaries

Let g(x)e C'(Q). It is well known that the follow-
ing problem
—Ap+q(x)p=¢, xeQ
$=0, x €0Q

has an infinite sequence of eigenvalues which are

Q)

bounded below. Throughout this paper, we denote the
first eigenvalue by 4,(q) and the corresponding eigen-
function does not change sign on Q. We also denote that
A,=2,(0) with the corresponding eigenfunction @,>
0, x € Q. For more detailed information, one can see
Refs. [17-19].
Now we consider the following boundary value

problem

“Au+qgxXu=au—u’>, xeQ,

u=0, x € 0Q.
According to Ref. [20], if a<A4,(g), then u=0 is the
unique non-negative solution of this problem, and it has
a unique positive solution if a>4,(q). In particular, if
q(x)=0 and a > 4,, then it has a unique positive solution,
denoted by 6, which is monotonically increasing with
respect to a. And then, for the boundary value problem
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—Au=u(a—u)— %, xeQ), 5)

x € 08,

using the upper and lower solution method, it has a

u=0,

unique positive solution u# which satisfies u<0,<a
when m<b* and a>A,+m/b. We remark here that the
condition a>A,+m/b can meet the requirements of the
condition of weak additive Allee effect, i.e.,m <ab. Fi-
nally, consider the following boundary value problem
—Av=v(c—hv), xeQ,
y=0, x € 0Q.

It has a unique positive solution, denoted by 6, if

(©)

¢>A,. Moreover, 0,.,<c/h and is monotonically de-
creasing with respect to 4. Especially, when h=k/d, de-
note the unique positive solution by v, that is V=0, 4,

According to (5) and (6), (3) has a unique semi-
trivial solution (i1, 0) if m<b*> and a>1,+m/b, and has a
unique semi-trivial solution (0,v)=(0,0,,,) and 0, ,4<
ckldifc>A,.

Lemma 12" Let g(x)e C(Q), M —q(x)>0 with the
constant M, 4,(g(x)) be the principal eigenvalue of (4).
We have the following statements:

@) r{(M—A)" (M= g(x)]>1if 4, (¢(x)) <0,

(b) r[(M = A)" (M= q(x)]< 1if 2, (g(x))> 0,

© r[(M—=A)" (M —q(x)]=1if 2, (q(x))=0.

Lemma 2 Let u(x), v(x)e C' (Q) satisfy

Ou

w(x)>0, x € Q, u|;n=0; v|n>0, a\m<0.

Then there exists ¢ > 0 such that u+¢&v> 0 for any x € Q.

2 Necessary Conditions and Prior
Estimates

In this section, we use the upper and lower solution
method and the strong maximum principle to establish
the necessary condition and a priori estimate of positive
solutions of (3).

Theorem 1
A, C>AL

Proof Let (1,v) be a positive solution of (3). Mul-
tiply both sides of the first equation of (3) by &, and in-
tegrate on €2, we can get

m_ . 1—-e™)w

fﬂ(a—/ll)cbludx: fﬁ(u+ "

This implies that a>1,. The inequality ¢>4, can be

If (3) has a positive solution, then a >

)P, udx > 0.

obtained by the second equation of (3) similarly.

Remark 1
growth rate of predator or prey is low, at least one spe-

Theorem 1 shows that when the

cies is extinct in (3).
Theorem 2  Suppose that m<b* a>2,+m/b and
(u,v) is a positive solution of (3). Then
cla+k)
R
The above two inequalities are proved in

O<u<u<O,<a, VSv<O, 4,

Proof
the same way, and we only prove the second inequality.
According to the second equation of (3) we have

dv dv
—Av=v(c— m)? v(c— 7),

dv
a+k)'
If (u,v) is a positive solution of (3), according to Theo-

dv
—-Av=v(c— m)s v(c—

rem 1 we have ¢>4,. Then

dv dv
—Av=v(c— ?)7”9:0 and —Av=v(c— m)ﬂ’bgzo

have a unique positive solution v, . .., respectively.
Thus V<v<6, 4.4 can be obtained from upper-lower
solution method and uniqueness of 6, ;. The inequal-
ity 6. yw.iy<cla+k)/d can be obtained from the nature

of 0[@. di(a+k)

3 Existence of Positive Steady-
State Solutions

In this section, we establish the existence of posi-
tive solution of (3) by using the degree theory. In order
to apply the degree theory, we make the following defi-
nitions:

X=Cl(Q)=:{ue C'"(Q)u=0,x € 0Q},
K={ueCi(Q):u=>0,xecQ},
E=XxX, W=KxK,

cla+k) i~

D={(u,v)e W:u<a+1,v< 7

Using Lemma 2, we can get
) Woo=KxK, S00=10,0)},
) Wiao=XxK, S40=Xx{0},
) Won=KxX, Sg;,={0}x X.

Lemma 3% For the mapping ¢, (x): Q x[0, 1] R".
Suppose that ¢,(x) is continuous on Qx[0,1] and
$,(x)e C'(Q) for any ¢e€[0,1] If y,€¢,(0Q) for any
t €[0, 1], then the topological degree deg(¢,,Q,v,) does
not depend on ¢.

Lemma 4 Let /- F'(y) be invertible on W,

(i) If F'(y) has a-property, then index,, (F,y)=0;
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(i1) If F'(y) has no a-property, then index,, (F,y)=(-1)’,
where o is the sum of the algebraic multiplicities of the
eigenvalues of F'(y) which are larger than one.

Let m<b*, a>A,+m/b. Then all ei-
genvalues of J, are greater than 0. Here J, is the linear-

Lemma 5

ization operator of (5) at #, i.e.,

~ mb
Jy=—A—(a—2ii— ———).
0 (Cl u (1,~{ + b)z)
Proof By m<b*, a>A,+m/b, we have u is a
unique positive solution of (5). Thus
. m
A(—a+u+ ft+b)=0'
According to m < b*, we have
. mit m mb
u> — = = - < s
@+by? u+b  (w+by

It means that a+mb/(@+b)*>m/(u+b). By the nature

of principle eigenvalue, there holds
~ mb ~
A(—a+2u+ m)»l] (—a+u+

The proof is completed.

m
ﬁ+b)_0‘

According to Theorem 2, we have any nonnegative
solution of (3) belongs to D. Then there exists a positive
constant M, such that

m_ (1—e™)w
u+b

dv —
v(c— m)+Mv =20, (u,v)e D.

wla—u— )+ Mu=0,

Define mapping F: E— E as
m  (l-e™)y
u+b u

ula—u-— )+ Mu

Fu,v)=(-A+M)" .(7)

dv
V(C— m)-FMV

Then it is a compact operator and F:D— W. Thus
F(u,v)=(u,v) if and only if (#, v) is a solution of (3).
For any ¢ €[0, 1], we also define
m_ (1-e™)y
u+b u

tu(a—u— )+ Mu

F(u,v)=(-A+M)"
tv(c— i) + My
u+k

Clearly, F,(u,v):[0,(]]x D — W 1is a positive compact
operator and F, =F.
Let m<b*,a>A,+m/b. We have the
following statements:

(i) deg, (I-F,D)=1,

(i) If ¢ # 4,, then index, (F, (0,0))=0,

(iii) If ¢>4,, then index , (F, (%1,0))=0,

(iv) If ¢ <4,, then index,, (F, (i1,0))= 1.

Lemma 6

Proof
0Q. For any ¢ €[0, 1], the fixed point of F, is equivalent to

(1) It is clear that F has no fixed point on

the solution of boundary value problem

m 1—-e™)w
—Au=tu(a—u— e ( » ) ), xeQ,
—-Av=n(c— dv ), xeQ,
u+k
u=v=0, x € 0Q.

According to Theorem 2, the fixed point of F, satis-
fies u<a,v<c(a+k)/d for any ¢ €[0,1]. Thus deg, (/-
F,,D) does not depend on ¢ from homotopic invariant
property and

deg, (I-F,D)=deg, (I-F,,D)
=deg, (I-F,,D).
By the above boundary value problem has a unique solu-
tion (0,0) as =0, we have
deg, (I-F,, D)=1index, (F,,0, 0)).
Notice W(o,,m \ S0 ={KxK}\{(0,0)}. Denote L,=F,(0,0).
Then
L, :(—A+M)‘1(M 0 )
0 M
By 4,(0)=4,>0 and Lemma 1, »(L,)<1. It can derive
that /— L, is invertible on W(QO) and L, has no a-property
on W According to Lemma 4, we have
deg, (/- F, D)=index,, (F,,(0,0))=1.
(i1) Let L,=F"(0,0). Then

a—%+M 0

0 c+M

At first, we will show that /—L, is invertible on
Wen=KxK. If it is not true, then there is (&n)e W,
and (& 1)#(0,0) such that L, (&) =(& n), i.e.,

L,=(-A+M)"

~Aé=(a— %)r; xeQ,

E=0, x € 0Q.
If >0, then a-m/b=1, this is
a>m/b+2,. Thus £=0. Similarly,7 =0. This is a contra-
diction with (&#)#(0,0). Then [—L, is invertible

on W,

contrary  to

Now we claim that L, has a-property on W(OYO). By
a>m/b+/,and Lemma 1,
m

b
=1 [(~A+ M) (M~(-a+ %))]> 1.

r=r[(A+M) " (a— — +M)]

Notice that | is the principal eigenvalue of the op-
erator (-A+ M) (a—m/b+ M), and the corresponding
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eigenfunction is ¢, >0, x € Q. Take t,=1/r,, then 0 <¢, <
1 and (¢,,0)e W\ Sq.o Thus we have
m

¢1_t1(_A+M)7l(a_ b

([_tle)(¢170)T: +M)¢1

0
= (O) € S0 -

Therefore, L, has a-property. By Lemma 4, we have
index,, (F, (0,0))=0.

(iii) Obviously, (3) has a semi-trivial solution (, 0).
Notice that W,,=XxK, S,,=Xx{0}, we have
Weo\Sao=Xx{K\{0}}. Let L,=F"(i,0). There holds

0

~ mb .
a—2u— — +M —(1-e™
L=(-A+M)" (ii+ b)? (I=e™n)
0 c+M
Assume that there exists (&) € W, and

(& n)#(0,0) such that L, (& #)"=(& #n)". Then
mb

~Aé=(a—2ii— m)é—(l —e", xeQ,
-An=cy, xeQ,
E=n=0, x € 0Q.

By ¢>4,, we have #=0 in K. If ££0, then the above
boundary value problem can be written as

mb
(@+by
&=0, x € 0Q.

According to J, is invertible (see Lemma 5), we

—AE=(a—2ii— X xeQ,

have £=0. This contradiction leads to /— L, being invert-
ible on W,

By Lemma 1 and ¢ > 4,, we also have
r=r[(A+M)" (c+ M)]=r[(-A+ M) (M —(-c)]> 1.
Notice that r, is the principal eigenvalue of (-A+
M) (c+M) and the corresponding eigenfunction ¢, > 0.
Take t,=1/r,, then #,€[0,1]. Thus (0,¢,)e W0\ Suos

and

=L)0,y = 2B A=
It shows L, has a-properties. According to Lemma 4,
there holds index , (F, (&, 0))=0.

(iv) It follows from the proof of (iii) that L, is in-
vertible on W,

Now we claim L, has no a-properties on W@O). Ifit
is not true, then there exist 0<#<1 and
(#3.64)€ Wi\ Sao such that (I—1Ly)@s.¢,)" € Sior
Thus

€S0 -

¢, —t(-A+M) " (c+M)p,=0.

Notice that ¢, € K\{0}, then 1/¢ is one eigenvalue
of the (-A+M)"'(c+M). On the other hand, by c<4,
and Lemma 1 we have r,=r[(FA+M) " )c+M))]<1,
which is a contradiction.

According to L, has no a-property on W, and
Lemma 4, we have

index, (F(, 0)=(-1y’,
where o is the sum of the algebraic multiplicities of the
eigenvalues of L, which are larger than one.

Assume that 1/u>1 is the eigenvalue of L;, and
the corresponding eigenfunction is (& #)". Then L, (& #5)" =
(1/u)(& n)". This can be written as

—AE+ME=u(a— 20— (alzl;;y +M)E—(—e7 ), x € Q,
-An+Mn=ulc+M)y, xeQ,
E=n=0, xedQ.
If 0, then the inequality
024, (M1 —w)—uc)y>2,(—c)=4,—c
holds from the second equation of the above boundary
value problem. This is a contradiction with ¢ <4,. Thus
n=0. So ££0. Then from the first equation of the above

boundary value problem we have

~ mb
2A, (M1 —p)—wa—2u—
022, (M(l~p)~pla =20~ =700
. m
>A (—a+u+ 12+b)_0'

This is an obvious contradiction. Therefore, L, has
no eigenvalue greater than one, that is =0 and then
index,, (F, (u,0))=1.
It is similar to Lemma 6 that we can get Lemma 7.
Lemma7 Letc>A4,
(1) If a> A, (yv)+m/ b, then index,, (F, (0,v))=0,
(ii) If a <2, (yv)+m/ b, then index,, (F, (0,v))=1,
where v and F are given by (6) and (7), respectively.
Theorem 3 If m<b’, a>A,(pW)+m/b, c>A,
then (3) has at least one positive solution.
Proof From the additivity of the degree, combin-
ing Lemma 6 and Lemma 7 we have
1=deg(/-F.,D)
#index,, (F, (0,0))+ index,, (¥, (4, 0))+index,, (F, (0, 7))
=0+0+0.
Therefore, (3) has at least one positive solution.
Remark 2

prey can coexist as long as the Allee effect constant satis-

Theorem 3 shows that predator and

fies the appropriate conditions and the growth rates of
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predator and prey are appropriately large.

4 Uniqueness and Stability

In this section, we use the stability theory of linear
operators to discuss uniqueness and stability of positive
steady-state solutions. First, the following Lemma 8§ is
given.

Let m<b*,a>A,+m/b,c>A,. There
exists a constant >0 small enough, such that any posi-

Lemma 8

tive solution of (3) is nondegenerate and linearly stable
when y < (if the positive solution exists).
Proof Assume that it is not true. For {y,}7, with
y,— 0, there exists a sequence of positive solutions
{(u,, v}, of (3), which are degenerate or unstable.
Now we suppose there are x, and (&, %, ), which sat-
isfy Re(y,)<0and [l &Il 2+ | 7/l 2.=1, such that

L(u,.v,) & 77:') =u, (&, 7]:’) 5

where L, , is the linearization operator of (3) at (u,,v,),

ie.,
CAE—(a—-2u)E+ D¢
(u,+ by’
+y,V € yué +(1 € e )77,':,“,-5,-, X € Qv (8)
2
—An,—(c— +k) w d:k)zf =un,;, xel
51:771:07 x € 0Q.

Obviously, (u,v,)—>@,v") as y,—0, where v" is a
unique positive solution of the boundary value problem

dv
—Av=v(c— —
v=vc u+k

v=0, x € 0Q.

Multiplying &, and #, both sides of the first and second
equations in (8), respectively, then integrating on Q and
adding the results, we can get

w= [ 1IVEF+IVaFax

o TP @u-ar M e - & N
2dv, av?
— 2 —_— ! n
J e e G endax
Note that Re(y,)<0, [ &l %L+ [l 7/l 2.=1 and u,, v, are

both bounded according to Theorem 2. Thus {y,}7, is
also bounded. Suppose u,—>u, Re(1)<0 (take subse-
quences if necessary). By L” estimates for (8), both ¢
and 7, are also bounded in W?*”(Q) for Vp>n. So there
exists a convergent subsequence of (&,,7;), which is still

denoted by (&, 7,) for the sake of convenience, such that
&—E n,—>n in W (Q). Taking the limit in (8) with
respect to y,— 0, then (, f ;7) satisfies

“AE—al+2ué+ —— I b)z E=ué, xeq),

2dv" dv™ B )
_A;/l C}’]"l‘ +k 7] (~+k)2 é:_lurl’ X e Qv
E=n=0, X €0Q,

under the condition of weak convergence. According to
the regularity theory, (& #) is a pair of classical solution
of (9). It means that x is a real number and < 0.

If ££0, then u is an eigenvalue of the problem

—Ag ¢ =ug,
¢=0,

Combining with Lemma 5, there holds

—ag+2up+ ——— xeQ,

(u+ b)2
x € 0Q.

mb mb
i+ b)2)>/11( a+u+( by

which is a contradiction. Thus =0 and (9) can be writ-

0zuzA, (—a+2u+ =0,
>u=

ten as

*

dv
K n=un,
x € 0Q.

xeQ),

n=0,
Similarly, if # 20, then

Ozpuz=i (-

also a contradiction. So (5 7)=(0,0), Wthh is a new
contradiction with || &Il 2+ [l » |l 2.=1.

Theorem 4  Let m<b®, a>A,(yW)+m/b, ¢>1,,
and o be a positive constant small enough, then (3) has a
unique non-degenerate and linearly stable positive solu-
tion if y < 4.

Proof By Theorem 3 and Lemma 8, the existence
of positive solution is clear. So we only show the rest of
this Theorem.

At first, it is easy to verify that both trivial solution
(0,0) and semi-trivial solutions (u,0), (0,v) are all non-
degenerate, linearly stable and isolated. According to the
compactness theory™, (3) has at most a finite number of
positive solutions, which are recorded as {(u;,,v;)|i=

2, .-+, k}. It is similar to the proof of Lemma 8§ that /—
F'(u,,v;) is invertible on W,, . Notice that W, , =Xx
X=5,,., we have W, \S, , =3. Thus F'(u,v,) has
no a-property.

Furthermore, F'(u;,v,) has no eigenvalue which is
index,, (F,

greater than 1. According to Lemma 4,
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(u;,v;))=1. From the additivity of degree and combin-

ing Lemma 6 and Lemma 7, we have
l1=deg, (I-F, D)

k
= > index, (F, (u,.v,)) +index, (F. (0,0))
i=1

+index,, (F, (&, 0))+ index,, (F, (0,V))
=k+0+0+0=~f.
It follows that k=1. The uniqueness of the positive solu-
tion is obtained.

Remark 3 Theorem 4 shows that, as long as the
Allee effect constant satisfies the appropriate relation-
ship and the growth rate of predator and prey is appropri-
ately large, the predator and prey not only coexist, but
also the coexistence mode generated by low predator ef-

ficiency is stable.

5 Numerical Simulations

In this section, some numerical simulations for (2)
and (3) in one-dimensional Q=(0,2r) will be carried out
to verify the qualitative results of this paper. The algo-
rithm used here is Pdepe in MATLAB. The initial value
is taken as

(uy (x), vy (x))=h( 2|sinx|, |sin(x/2)|), (10)
where 4 is a positive constant. The principal eigenvalue
of —d?/dx* under the homogeneous Dirichlet boundary
conditions is 1,=0.25 when Q=(0,2n)**. By the prop-
erty of the principal eigenvalue we have

ye(a+k) ye(a+k)

)=0.25+

and

a>A, (yW)+m/b only if a> A, +yc(a+k)/d+m/b.

(i) Existence of steady-state solutions

As is well known, when the solution of (2) does not
change with time, it is called the steady-state solution of
(2), which is the solution of (3). The other remark here is
that the weak Allee effect constant relationship m <ab
can be satisfied when a >, +m/b. A large number of nu-
merical simulations are consistent with Theorem 3.
Some examples are provided in the following state-
ments, where the parameters are given by

h=0.1, £=0.8, b=0.5, d=0.3, m=0.2, y=0.6.

Let a=0.1<A,+m/b,c=0.2<4,. (3) has a unique
solution (0, 0), which is shown in Fig. 1.

Let a=0.7>A,+m/b,c=0.2<4,. (3) has a unique

semi-trivial solution (u, 0), which is shown in Fig. 2.

0.10

Fig.1 Steady-state solution (0, 0)

0.2

3 4 5
O X

0.10

Fig.2 Steady-state solution (u, 0)
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Let a=0.1<A,+m/b, c=0.6>4,. (3) has a unique
semi-trivial solution (0, v), which is shown in Fig. 3.

Let a=3>4,+ycla+k)/d+m/b, c=0.3>1,, (3) has
a positive solution (u, v), which is shown in Fig. 4.

Fig.3 Steady-state solution (0, v)

v(x, 1)

Fig. 4 Steady-state solution (,v)

(ii) Influence of y on the positive steady-state so-
lutions

A large number of numerical simulations will
verify the existence of steady-state solution when y is
sufficiently small. One of examples is shown in Fig. 5,
which is consistent with the existence of positive solu-
tion in Theorem 4, where the parameters take

h=0.1, k=0.8, b=0.5, d=0.3, m=0.2,

a=1, ¢=0.3, y=0.000 1. (11)

Furthermore, a large number of numerical simula-
tions show that predator and prey density decrease with

the increase of predation rate y. One of the examples is
shown in Fig. 6, where y=0.001, 0.1, 1,2, 2.8 and the
other parameters are given by (11).

In addition, our numerical simulations show that
under appropriate parameters, (3) has still the positive
steady-state solution even if the y is large, which needs
to be theoretically proved in future research. One ex-
ample is shown in Fig. 7, where the parameters take

h=0.1, k=0.8, b=0.5, d=4, m=0.2,
a=3.2, ¢=2.8, y=3000. (12)

Fig. 5 Existence of steady-state solutions, y=0.000 1
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025

y=0.001
020 — y=0.1

y=1
015} 7=2

7=2.8
010}
0.05

0 2 4 6

X

Fig. 6 Existence of steady-state solutions, y=0.001, 0.1, 1, 2 and 2.8

Fig. 7 Existence of steady-state solutions, y=3 000

(iii) Influence of y on the stability of positive
steady-state solutions
We change the initial value parameter 4 to simulate

the disturbance of the initial value. For the convenience

of discussion, the maximum norm of u with respect to x
(denote it by | u]|) is plotted by Pdepe. If  and v do not
change with initial values after a long period of time,

then u and v are stable. Otherwise, the steady-state solu-

25
—h=12
2.0 =-==h=0.8
- -==h=04
% 4 | h=0.1
g 1.0
> 0.5
0 5 10 15 20

tion is unstable. In fact, a large number of numerical

simulations show that a positive steady-state solution is
stable regardless of whether the y is large or small.
For let y=0.0001

example, and /=0.1,

0.4, 0.8, 1.2, the other parameters are given by (11), see
Fig. 8. This shows that the positive solution is stable,

which is consisted with the stability of positive solution

in Theorem 4.

12
—h=12
1.0 ---h=038
P L o h=04
& M\ |- h=0.1
o
E 067
2 0.4
=
02t
0 20 40 60 80 100

Fig. 8 Stability of steady-state solutions, y=0.000 1

Let y=3000 and %£=0.1, 0.4, 0.8, 1.2, the other
parameters are given by (12), see Fig. 9. This shows that

the positive solution is also stable, but the theoretical

proof of this conclusion needs to be studied further.
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N
‘g — =12
---h=08
% ; — !
i e h=0.1
= o5}
0 2 4 6 8 10

Maximum of v

25
— =12
-- = h=08
.......... =04
----- =0.1
0 2 4 6 8 10

Fig. 9 Stability of steady-state solutions, y=3 000

6 Conclusion

We simulate the interaction between invertebrates
and plankton using a modified Leslie-Gower predator-
prey model with the Ivlev type functional response func-
tion, which is used to describe the fact that Tortanus dex-
trilubatus prey on zooplankton. Meanwhile, we also fo-
cus on the Allee effect in the model. Our research shows
that under the Allee effect, predators and prey can coex-
ist. Specifically, the growth rates of predators and prey
can control the uniqueness of the coexistence pattern,
which is consistent with the actual situation. We employ
some numerical simulations primarily to verify the ratio-
nality of the conditions in this article, such as Lemma 8
and Theorem 4, etc. At the same time, we also verify the
stability of the steady-state solutions by making small
perturbations to the initial values. In a sense, these stud-
ies only provide a framework for model dynamics, and
there are still some things that have not been studied,
such as simulating the non-enclosure of habitats using
Neumann boundary conditions, then the properties of
constant and non-constant solutions of the model will be
an interesting problem. In fact, more complex coexis-
tence patterns of predator-prey systems can be examined
through Turing pattern and Hopf bifurcation.
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KEMBESRE T EA TTEFEM R NS 8 A A SEER
TAIGE, ZEPbalT,  FERER, BRI, R, RXdka
FXG SO B B 515 BRNEBE, BRVE FX8 721013

. JUEHEZY) (FIanEERKE) SRR A S R i A Y i B ULED R — D EZE PR IRE. AR
K HIBCEE 1) Leslie-Gower fitl 8 - & IS IURAN 1 IO MESH W) MRl A2 90 Z M1 AR AR T o AR S 47 B3O e B
W, BN TIERRASAR R SRS . AEAEE . MR E TR AR ISk, TR b TR S )2
oo BEFERM, A Allee 50N H B /LIl A SC A . i MIE I AYAE KOS 2K, il B3 A A
APPSR, T ELAE I R T IR AR — HARE R . AN, BUERUIRE, TEmdl R, WwrledtAr .
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