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Qualitative Analysis and Numerical 
Simulation of a Predator-Prey Model 
for Invertebrate Predators in Aquatic 
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Abstract: The predation mechanism of invertebrates (e. g., Tortanus dextrilobatus) on plankton in aquatic population ecosystem is a       
significant research topic. In this paper, the interaction between invertebrates and plankton is simulated by a modified Leslie-Gower 
predator-prey model. Using the theory of reaction-diffusion equations, a priori estimate, existence, uniqueness and stability conditions of 
the positive steady state solution are established. Furthermore, numerical simulations are conducted to quantitatively analyze the dynamical 
behavior. The research shows that as long as the Allee effect constant satisfies the appropriate relationship and the growth rates of predator 
and prey are appropriately large, the predator and prey can not only coexist, but also the coexistence mode is unique and stable under low 
predation-rate. In addition, the numerical simulations show that the coexistence may be stable under high predation-rate. Meanwhile, with 
the increase of predation rate, the population density of predators will decrease.
Key words: predator-prey model; aquatic population ecosystem; Allee effect; Ivlev functional response; positive steady-state solutions; 
numerical simulation
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0　Introduction

Let􀆳s start with the following predator-prey model
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ut -Du = u(a(1 - ru)-
n1

u + n2

)- p1uv (xt)ÎΩ ´(0¥)

vt -Dv = cv(1 -
v

u + k1

)      (xt)ÎΩ ´(0¥)

¶u
¶n

=
¶v
¶n

= 0xÎ¶Ω                 tÎ(0¥)

u(x0)= u0 (x)≥ 0º0v(x0)= v0 (x)≥ 0º0      xÎ Ω̄ 

(1)

where ΩÌn      (n≥ 1) is a bounded domain with smooth 

boundary ¶Ω. In Ref. [1], the authors studied the 
predator-prey model (1) and gave the conditions for the 
steady-state bifurcation and Hopf bifurcation from the 
unique positive constant solution. The n1 /(u + n2 ) used 

here named additive Allee effect, where n1 and n2 are 
constants of Allee effect which describing the strength 
of Allee effect, refers to that the low density populations 
may have difficulties in finding mates, promoting repro‐
duction, predation, environmental regulation and in‐
breeding, which may lead to population extinction. 
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Therefore, it is significant to study the mechanism of Al‐

lee effect to avoid population extinction in low density 

population. Some classic studies on the impact of Allee 

effect on predation models can be found in Refs. [2-5]. 

The background and parameter meanings of this model 

can be found in Ref. [1] and we omit here.

It is well known that the predator-prey functional   

response is an important factor in predator-prey models, 

which profoundly affects the dynamics of predator-prey 

models[6-7]. The functional response p1u in (1) is linear 

function and is unbounded. This deficiency reminds us 

that we can use the following Ivlev function, which can 

be written as ϕ(u)= Imax (1 - e-γu ) where u is the popula‐

tion density of prey, γ and Imax are positive constants 

which represent the predation rate of the predator and 

the maximum capture rate, respectively. It is clear that 

the ϕ(u) is bounded and satisfies ϕ′ (u)= Imaxγe
-γu >

0        ϕ″(u)=-Imaxγ
2e-γu < 0           lim

γ®¥
 ϕ(u)= Imax.

A recent experiment shows that the predation rate 

of Tortanus dextrilobatus expressed by γ can simulate 

the model that Tortanus dextrilobatus prey on zooplank‐

ton in the San Francisco Estuary[8]. Many studies, both 

modeling analysis and ecological experiments, such as 

Refs. [8-11], show that the predation rate γ strongly af‐

fects the coexistence of predator and prey. However, 

there has been no  research on using the Ivlev functional 

response to simulate predation of zooplankton in (1). For 

the sake of simplicity, we will take Imax = 1 in our work. 

By introducing the following non-dimensional variables

ū = aru       arn1 =m      arn2 = b       
p1

ar
= p       car = d       k1ar = k

in (1) and dropping the superscripts of u for simplicity, 

the predator-prey model (1) is given by the following 

equations
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ut -Du = u(a - u)-
mu

u + b
- (1 - e-γu )v  (xt)ÎΩ ´(0¥)

vt -Dv = v(c -
dv

u + k
)   (xt)ÎΩ ´(0¥)

u = v = 0  xÎ¶ΩtÎ(0¥)

u(x0)= u0 (x)≥ 0º0  v(x0)= v0 (x)≥ 0º0        xÎ Ω̄.

(2)

Here u and v are the population densities of prey and 

predator, a and c are the intrinsic growth rates of prey 

and predator, respectively. The Allee effect constants m 

and b satisfy m < ab which is called weak additive Allee 

effect. dv/(u + k) is a modified Leslie-Gower term[12-13]. 

The parameter d represents the maximum average reduc‐

tion rate obtained by predators, and k represents the envi‐

ronmental carrying capacity of predators. For more de‐

tailed biological significance of the model, one can see 

Refs. [14-16]. Obviously, the corresponding steady-state 

problem to (2) can be written as
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-Du = u(a - u)-
mu

u + b
- (1 - e-γu )v   xÎΩ 

-Dv = v(c -
dv

u + k
)    xÎΩ 

u = v = 0 xÎ¶Ω.

           (3)

The main purpose of this paper is to clarify the in‐

fluence of weak additive Allee effect and Ivlev func‐

tional response on the positive solution of model (2). 

The content of this paper is arranged as follows. Section 

1 introduces some preliminary results. Section 2 gives 

the necessary conditions and prior estimates for positive 

solutions of (3). Section 3 gives the sufficient conditions 

for the existence of positive solutions of (3). Section 4 

gives the uniqueness and stability of the positive solu‐

tion of (3). In Section 5, the dynamics of (2) and (3) are 

quantitatively analyzed by numerical simulations.

1　Preliminaries

Let q(x)ÎC 1 (Ω̄). It is well known that the follow‐

ing problem

                          
ì
í
î

-Dϕ + q(x)ϕ = λϕ     xÎΩ

ϕ = 0      xÎ¶Ω
                         (4)

has an infinite sequence of eigenvalues which are 

bounded below. Throughout this paper, we denote the 

first eigenvalue by λ1 (q) and the corresponding eigen‐

function does not change sign on Ω. We also denote that 

λ1 = λ1 (0) with the corresponding eigenfunction Φ1 >
0 xÎΩ. For more detailed information, one can see 

Refs. [17-19].

Now we consider the following boundary value 

problem

ì
í
î

-Du + q(x)u = au - u2     xÎΩ

u = 0                                   xÎ¶Ω.

According to Ref. [20], if a ≤ λ1 (q), then u=0 is the 

unique non-negative solution of this problem, and it has 

a unique positive solution if a > λ1 (q). In particular, if 

q(x)º 0 and a > λ1, then it has a unique positive solution, 

denoted by θ[a], which is monotonically increasing with 

respect to a. And then, for the boundary value problem
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-Du = u(a - u)-
mu

u + b
     xÎΩ

u = 0                                      xÎ¶Ω
(5)

using the upper and lower solution method, it has a 

unique positive solution u͂ which satisfies u͂ ≤ θ[a]≤ a 

when m < b2 and a > λ1 +m ∕ b. We remark here that the 

condition a > λ1 +m/b can meet the requirements of the 

condition of weak additive Allee effect, i. e., m < ab. Fi‐

nally, consider the following boundary value problem

                       
ì
í
î

-Dv = v(c - hv)     xÎΩ 

v = 0                        xÎ¶Ω.
                               (6)

It has a unique positive solution, denoted by θ[ch], if 

c > λ1. Moreover, θ[ch]≤ c ∕ h and is monotonically de‐

creasing with respect to h. Especially, when h = k ∕ d, de‐

note the unique positive solution by v͂, that is v͂ = θ[cd/k].

According to (5) and (6), (3) has a unique semi-

trivial solution (u͂0) if m < b2 and a > λ1 +m/b, and has a 

unique semi-trivial solution (0v͂)= (0θ[cd/k] ) and θ[cd/k]≤
ck ∕ d if c > λ1.

Lemma 1[21-22] Let q(x)ÎC(Ω̄),M - q(x)> 0 with the 

constant M, λ1 (q(x)) be the principal eigenvalue of (4). 

We have the following statements:

       

(a) r[(M -D)-1 (M - q(x))]> 1 if λ1 (q(x))< 0
(b) r[(M -D)-1 (M - q(x))]< 1 if λ1 (q(x))> 0
(c) r[(M -D)-1 (M - q(x))]= 1 if λ1 (q(x))= 0.

Lemma 2[22] Let u(x)v(x)ÎC 1 (Ω̄) satisfy

u(x)> 0 xÎΩ u|¶Ω = 0; v|¶Ω > 0 
¶u
¶n

|¶Ω < 0.

Then there exists ε > 0 such that u + εv > 0 for any xÎΩ.

2　Necessary Conditions and Prior 
Estimates

In this section, we use the upper and lower solution 

method and the strong maximum principle to establish 

the necessary condition and a priori estimate of positive 

solutions of (3).

Theorem 1  If (3) has a positive solution, then a >
λ1 c > λ1.

Proof  Let (uv) be a positive solution of (3). Mul‐

tiply both sides of the first equation of (3) by Φ1 and in‐

tegrate on Ω, we can get

∫
Ω
(a - λ1 )Φ1udx = ∫

Ω
(u +

m
u + b

+
(1 - e-γu )v

u
)Φ1udx > 0.

This implies that a > λ1. The inequality c > λ1 can be       

obtained by the second equation of (3) similarly.

Remark 1  Theorem 1 shows that when the 

growth rate of predator or prey is low, at least one spe‐

cies is extinct in (3).

Theorem 2  Suppose that m < b2, a > λ1 +m/b and 

(uv) is a positive solution of (3). Then

0 < u ≤ u͂ ≤ θ[a]≤ a v͂ ≤ v ≤ θ[cd/(a + k)]≤ c(a + k)
d

.

Proof  The above two inequalities are proved in 

the same way, and we only prove the second inequality. 

According to the second equation of (3) we have

-Dv = v(c -
dv

u + k
)≥ v(c -

dv
k

),

-Dv = v(c -
dv

u + k
)≤ v(c -

dv
a + k

).

If (uv) is a positive solution of (3), according to Theo‐

rem 1 we have c > λ1. Then

-Dv = v(c -
dv
k

)v|¶Ω = 0 and -Dv = v(c -
dv

a + k
)v|¶Ω = 0

have a unique positive solution v͂ θ[cd/(a + k)], respectively. 

Thus v͂ ≤ v ≤ θ[cd/(a + k)] can be obtained from upper-lower   

solution method and uniqueness of θ[cd/(a + k)]. The inequal‐

ity θ[cd/(a + k)]≤ c(a + k) ∕ d can be obtained from the nature 

of θ[cd/(a + k)].

3　Existence of Positive Steady-
State Solutions

In this section, we establish the existence of posi‐

tive solution of (3) by using the degree theory. In order 

to     apply the degree theory, we make the following defi‐

nitions:

X =C 1
0 (Ω̄)= :{uÎC 1 (Ω̄): u = 0xÎ¶Ω}

K ={uÎC 1
0 (Ω̄): u ≥ 0xÎ Ω̄}

E =X ´X W =K ´K

D ={(uv)ÎW: u < a + 1v <
c(a + k)

d
+ 1}.

Using Lemma 2, we can get

              

1) W̄(00)=K ´K S(00)={(00)}

2) W̄(u͂0)=X ´K S(u͂0)=X ´{0}

3) W̄(0v͂)=K ´X S(0v͂)={0}´X.

Lemma 3[22] For the mapping ϕ t (x): Ω̄ ´[01]®n. 

Suppose that ϕ t (x) is continuous on Ω̄ ´[01] and 

ϕ t (x)ÎC 1 (Ω) for any tÎ[01]. If y0Îϕ t (¶Ω) for any 

tÎ[01], then the topological degree deg(ϕ tΩy0 ) does 

not depend on t.

Lemma 4[22] Let I -F′ (y) be invertible on W̄y.

(i) If F′ (y) has α-property, then indexW (Fy)= 0;
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(ii) If F′ (y) has no α-property, then indexW (Fy)= (-1)σ, 

where σ is the sum of the algebraic multiplicities of the  

eigenvalues of F′ (y) which are larger than one.

Lemma 5  Let m < b2 a > λ1 +m ∕ b. Then all ei‐

genvalues of J0 are greater than 0. Here J0 is the linear‐

ization operator of (5) at u͂, i.e.,

J0 =-D - (a - 2u͂ -
mb

(u͂ + b)2
).

Proof  By m < b2 a > λ1 +m ∕ b, we have u͂ is a 

unique positive solution of (5). Thus

λ1 (-a + u͂ +
m

u͂ + b
)= 0.

According to m < b2, we have

u͂ >
mu͂

(u͂ + b)2
=

m
u͂ + b

-
mb

(u͂ + b)2


It means that u͂ +mb ∕ (u͂ + b)2 >m ∕ (u͂ + b). By the nature 

of principle eigenvalue, there holds

λ1 (-a + 2u͂ +
mb

(u͂ + b)2
)> λ1 (-a + u͂ +

m
u͂ + b

)= 0.

The proof is completed.

According to Theorem 2, we have any nonnegative 

solution of (3) belongs to D. Then there exists a positive 

constant M, such that

                    u(a - u -
m

u + b
-

(1 - e-γu )v
u

)+Mu ≥ 0

                 v(c -
dv

u + k
)+Mv ≥ 0 (uv)Î D̄.

Define mapping F: E®E as

F(uv)= (-D+M )-1

æ

è

ç

ç

ç
ç
çç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷
÷÷
÷

÷

÷

÷u(a- u-
m

u+ b
-

(1- e-γu )v
u

)+Mu

v(c-
dv

u+ k
)+Mv

. (7)

Then it is a compact operator and F: D®W. Thus 

F(uv)= (uv) if and only if (uv) is a solution of (3).

For any tÎ[01], we also define

Ft (uv)= (-D +M )-1

æ

è

ç

ç

ç
ç
çç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷
÷÷
÷
÷

÷

÷tu(a - u -
m

u + b
-

(1 - e-γu )v
u

)+Mu

tv(c -
dv

u + k
)+Mv

.

Clearly, Ft (uv): [0t]´ D ® W is a positive compact 

operator and F1 =F.

Lemma 6  Let m < b2a > λ1 +m ∕ b. We have the 

following statements:

(i) degW (I -F, D)= 1,

(ii) If c ≠ λ1, then indexW (F, (0,0))= 0,

(iii) If c > λ1, then indexW (F, (u͂,0))= 0,

(iv) If c < λ1, then indexW (F, (u͂,0))= 1.

Proof  (i) It is clear that F has no fixed point on 

¶Ω. For any tÎ[01], the fixed point of Ft is equivalent to 

the solution of boundary value problem

ì

í

î

ï
ïï
ï
ï
ï

ï
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ï
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ï

-Du = tu(a - u -
m

u + b
-

(1 - e-γu )v
u

)     xÎΩ

-Dv = tv(c -
dv

u + k
)                                     xÎΩ

u = v = 0                                                         xÎ¶Ω.

According to Theorem 2, the fixed point of Ft satis‐

fies u ≤ av ≤ c(a + k) ∕ d for any tÎ[01]. Thus degW (I -
FtD) does not depend on t from homotopic invariant 

property and
     degW (I -FD)= degW (I -F1D)

                      = degW (I -F0D).

By the above boundary value problem has a unique solu‐

tion (00) as t = 0, we have
degW (I -F0D)= indexW (F0(00)).

Notice W̄(00) ∖ S(00)={K ´K}∖{(00)}. Denote L1 =F ′0 (00). 

Then

L1 = (-D +M )-1( )M 0
0 M

.

By λ1 (0)= λ1 > 0 and Lemma 1, r(L1 )< 1. It can derive 

that I - L1 is invertible on W̄(00) and L1 has no α-property 

on W̄(00). According to Lemma 4, we have

degW (I -FD)= indexW (F0(00))= 1.

(ii) Let L2 =F′ (00). Then

L2 = (-D +M )-1( )a -
m
b
+M 0

0 c +M
.

At first, we will show that I - L2 is invertible on 

W̄(00)=K ´K. If it is not true, then there is (ξη)Î W̄(00) 

and (ξη)¹ (00) such that L2 (ξη)T = (ξη)T, i.e.,

ì
í
î

ïï

ïïïï

-Dξ = (a -
m
b

)ξ     xÎΩ

ξ = 0                         xÎ¶Ω.

If ξ > 0, then a -m ∕ b = λ1, this is contrary to 

a >m ∕ b + λ1. Thus ξ º 0. Similarly,η º 0. This is a contra‐

diction with (ξη)¹ (00). Then I - L2 is invertible 

on W̄(00).

Now we claim that L2 has α-property on W̄(00). By 

a >m ∕ b + λ1 and Lemma 1,

r1 = r[(-D +M )-1 (a -
m
b
+M )]

   = r[(-D +M )-1 (M - (-a +
m
b

))]> 1.

Notice that r1 is the principal eigenvalue of the op‐

erator (-D +M )-1 (a -m ∕ b +M ), and the corresponding 
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eigenfunction is ϕ1 > 0 xÎΩ. Take t1 = 1 ∕ r1, then 0 < t1 <
1 and (ϕ10)Î W̄(00) ∖ S(00). Thus we have 

   (I - t1 L2 )(ϕ10)T = ( )ϕ1 - t1 (-D +M )-1 (a -
m
b
+M )ϕ1

0

                                 = ( )0
0

Î S(00) .

Therefore, L2 has α-property. By Lemma 4, we have 

indexW (F (00))= 0.

(iii) Obviously, (3) has a semi-trivial solution (u͂0). 

Notice that W̄(u͂0)=X ´K, S(u͂0)=X ´{0}, we have 

W̄(u͂0) ∖ S(u͂0)=X ´{K ∖{0}}. Let L3 =F′ (u͂0). There holds

L3 = (-D +M )-1( )a - 2u͂ -
mb

(u͂ + b)2
+M -(1 - e-γu͂ )η

0 c +M

.

Assume that there exists (ξη) Î W̄(u͂0) and 

(ξη)¹ (00) such that L3 (ξη)T = (ξη)T. Then

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

-Dξ = (a - 2u͂ -
mb

(u͂ + b)2
)ξ - (1 - e-γu͂ )η     xÎΩ

-Dη = cη         xÎΩ

ξ = η = 0          xÎ¶Ω.

By c > λ1, we have η º 0 in K. If ξ º0, then the above 

boundary value problem can be written as

ì

í

î

ïïïï

ïïïï

-Dξ = (a - 2u͂ -
mb

(u͂ + b)2
)ξ     xÎΩ

ξ = 0                                           xÎ¶Ω.

According to J0 is invertible (see Lemma 5), we 

have ξ º 0. This contradiction leads to I - L3 being invert‐

ible on W̄(u͂0).

By Lemma 1 and c > λ1, we also have
r2 = r[(-D +M )-1 (c +M )]= r[(-D +M )-1 (M - (-c))]> 1.

Notice that r2 is the principal eigenvalue of (-D +

M )-1 (c +M ) and the corresponding eigenfunction ϕ2 > 0. 

Take t2 = 1 ∕ r2, then t2Î[01]. Thus (0ϕ2 )Î W̄(u͂0) ∖ S(u͂0), 

and

(I - t2 L3 )(0ϕ2 )T = ( )t2 (-D +M )-1 (1 - e-γu͂ )ϕ2

0
Î S(u͂0) .

It shows L3 has α-properties. According to Lemma 4, 

there holds indexW (F (u͂0))= 0.

(iv) It follows from the proof of (iii) that L3 is in‐

vertible on W̄(u͂0).

Now we claim L3 has no α-properties on W̄(u͂0). If it 

is not true, then there exist 0 < t < 1 and 

(ϕ3ϕ4 )Î W̄(u͂0) ∖ S(u͂0) such that (I - tL3 )(ϕ3ϕ4 )TÎ S(u͂0). 

Thus

ϕ4 - t(-D +M )-1 (c +M )ϕ4 = 0.

Notice that ϕ4ÎK ∖{0}, then 1 ∕ t is one eigenvalue 

of the (-D +M )-1 (c +M ). On the other hand, by c < λ1 

and Lemma 1 we have r2 = r[((-D +M )-1 )(c +M ))]< 1, 

which is a contradiction.

According to L3 has no α-property on W̄(u͂0) and 

Lemma 4, we have

indexW (F(u͂0))= (-1)σ,

where σ is the sum of the algebraic multiplicities of the  

eigenvalues of L3 which are larger than one.

Assume that 1 ∕ μ > 1 is the eigenvalue of L3, and 

the corresponding eigenfunction is (ξη)T. Then L3 (ξη)T =
(1/μ)(ξη)T. This can be written as

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

-Dξ +Mξ = μ((a - 2u͂ -
mb

(u͂ + b)2
+M )ξ - (1 - e-γu͂ )η) xÎΩ

-Dη +Mη = μ(c +M )η    xÎΩ

ξ = η = 0    xÎ¶Ω.

If ηº0, then the inequality
0 ≥ λ1 (M (1 - μ)- μc)> λ1 (-c)= λ1 - c

holds from the second equation of the above boundary 

value problem. This is a contradiction with c < λ1. Thus 

η º 0. So ξ º0. Then from the first equation of the above 

boundary value problem we have

                0 ≥ λ1 (M (1 - μ)- μ(a - 2u͂ -
mb

(u͂ + b)2
))

         > λ1 (-a + u͂ +
m

u͂ + b
)= 0.

This is an obvious contradiction. Therefore, L3 has 

no eigenvalue greater than one, that is σ = 0 and then
indexW (F (u͂0))= 1.

It is similar to Lemma 6 that we can get Lemma 7.

Lemma 7  Let c > λ1.

(i) If a > λ1 (γv͂)+m ∕ b, then indexW (F (0v͂))= 0,

(ii) If a < λ1 (γv͂)+m ∕ b, then indexW (F (0v͂))= 1,

where v͂ and F are given by (6) and (7), respectively.

Theorem 3  If m < b2    a > λ1 (γv͂)+m ∕ b        c > λ1, 

then (3) has at least one positive solution.

Proof  From the additivity of the degree, combin‐

ing Lemma 6 and Lemma 7 we have
1 = deg(I -FD)

  ¹ indexW (F (00))+ indexW (F (u͂0))+ indexW (F (0v͂))

  = 0 + 0 + 0.
Therefore, (3) has at least one positive solution.

Remark 2  Theorem 3 shows that predator and 

prey can coexist as long as the Allee effect constant satis‐

fies the appropriate conditions and the growth rates of 
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predator and prey are appropriately large.

4　Uniqueness and Stability

In this section, we use the stability theory of linear 
operators to discuss uniqueness and stability of positive 
steady-state solutions. First, the following Lemma 8 is 
given.

Lemma 8  Let m < b2a > λ1 +m ∕ bc > λ1. There  

exists a constant δ > 0 small enough, such that any posi‐

tive solution of (3) is nondegenerate and linearly stable 

when γ < δ (if the positive solution exists).

Proof  Assume that it is not true. For {γ i }
¥
i = 1 with 

γ i® 0, there exists a sequence of positive solutions 

{(uivi )}
¥
i = 1 of (3), which are degenerate or unstable.

Now we suppose there are μ i and (ξ iη i ), which sat‐

isfy Re(μ i )≤ 0 and ‖ξ i‖2
L2 +‖η i‖2

L2 = 1, such that

L(uivi )
(ξ iη i )

T = μ i (ξ iη i )
T,

where L(uivi )
 is the linearization operator of (3) at (uivi ), 

i.e.,

 

ì

í

î

ï

ï
ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

-Dξ i - (a - 2ui )ξ i +
mb

(ui + b)2
ξ i                                  

  +γ ivie
-γiuiξ i + (1 - e-γiui )ηi = μ iξ i                     xÎΩ

-Dη i - (c -
2dvi

ui + k
)ηi -

dv2
i

(ui + k)2
ξ i = μ iηi   xÎΩ

ξ i = η i = 0                                                          xÎ¶Ω.

         (8)

Obviously, (uivi )®(u͂v* ) as γ i® 0, where v* is a 

unique positive solution of the boundary value problem

ì
í
î

ïï

ïïïï

-Dv = v(c -
dv

u͂ + k
) xÎΩ

v = 0 xÎ¶Ω.

Multiplying ξ i and η i both sides of the first and second 

equations in (8), respectively, then integrating on Ω and 

adding the results, we can get

μ i = ∫
Ω
[ |Ñξ i|

2 + |Ñη i|
2 ] dx

    + ∫
Ω
[ |ξ i|

2 (2ui - a +
mb

(ui + b)2
+ γ ivie

-γiui )+ (1 - e-γiui )ηi ξ̄ i ] dx

    - ∫
Ω
[ |η i|

2 (c -
2dvi

ui + k
)+

dv2
i

(ui + k)2
ξ iη̄i ] dx.

Note that Re(μ i )≤ 0, ‖ξ i‖2
L2 +‖η i‖2

L2 = 1 and ui vi are 

both bounded according to Theorem 2. Thus {μ i }
¥
i = 1 is 

also bounded. Suppose μ i® μ Re(μ)≤ 0 (take subse‐

quences if necessary). By Lp estimates for (8), both ξ i 

and η i are also bounded in W 2p (Ω) for "p > n. So there 

exists a convergent subsequence of (ξ iη i ), which is still 

denoted by (ξ iη i ) for the sake of convenience, such that 

ξ i® ξ      η i® η in W 1p (Ω). Taking the limit in (8) with    

respect to γ i® 0, then (μ ξ η) satisfies

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

-Dξ - aξ + 2u͂ξ +
mb

(u͂ + b)2
ξ = μξ             xÎΩ

-Dη - cη +
2dv*

u͂ + k
η-

dv*2

(u͂ + k)2
ξ = μη     xÎΩ

ξ = η = 0  xÎ¶Ω

      (9)

under the condition of weak convergence. According to 
the regularity theory, (ξη) is a pair of classical solution 

of (9). It means that μ is a real number and μ ≤ 0.

If ξ º0, then μ is an eigenvalue of the problem

ì

í

î

ïïïï

ïïïï

-Dϕ - aϕ + 2u͂ϕ +
mb

(u͂ + b)2
ϕ = μϕ      xÎΩ 

ϕ = 0                     xÎ¶Ω.

Combining with Lemma 5, there holds

0 ≥ μ ≥ λ1 (-a + 2u͂ +
mb

(u͂ + b)2
)> λ1 (-a + u͂ +

mb
(u͂ + b)2

)= 0

which is a contradiction. Thus ξ º 0 and (9) can be writ‐

ten as

ì
í
î

ïïïï

ïïïï

-Dη - cη +
2dv*

u͂ + k
η= μη       xÎΩ

η = 0  xÎ¶Ω.

Similarly, if ηº0, then

0 ≥ μ ≥ λ1 (-c +
2dv*

u͂ + k
)> λ1 (-c +

dv*

u͂ + k
)= 0

also a contradiction. So (ξη)= (00), which is a new     

contradiction with‖ξ i‖2
L2 +‖η i‖2

L2 = 1.

Theorem 4  Let m < b2 a > λ1 (γv͂)+m/b c > λ1 
and δ be a positive constant small enough, then (3) has a 
unique non-degenerate and linearly stable positive solu‐
tion if γ < δ.

Proof  By Theorem 3 and Lemma 8, the existence 
of positive solution is clear. So we only show the rest of 
this Theorem.

At first, it is easy to verify that both trivial solution 
(00) and semi-trivial solutions (u͂0) (0v͂) are all non-

degenerate, linearly stable and isolated. According to the 
compactness theory[23], (3) has at most a finite number of 
positive solutions, which are recorded as {(uivi ) | i =
12k}. It is similar to the proof of Lemma 8 that I -
F′ (uivi ) is invertible on W̄(uivi )

. Notice that W̄(uivi )
=X ´

X = S(uivi )
, we have W̄(uivi )

∖ S(uivi )
=Æ. Thus F′ (uivi ) has 

no α-property.
Furthermore, F′ (uivi ) has no eigenvalue which is 

greater than 1. According to Lemma 4, indexW (F 

106



WANG Lijuan et al: Qualitative Analysis and Numerical Simulation of a Predator-Prey Model …

 (uivi ))= 1. From the additivity of degree and combin‐

ing Lemma 6 and Lemma 7, we have
1 = degW (I -F D)

=∑
i = 1

k

indexW (F (uivi ))     + indexW (F (00))

   +indexW (F (u͂0))+ indexW (F (0v͂))

= k + 0 + 0 + 0 = k.

It follows that k = 1. The uniqueness of the positive solu‐

tion is obtained.

Remark 3  Theorem 4 shows that, as long as the 

Allee effect constant satisfies the appropriate relation‐

ship and the growth rate of predator and prey is appropri‐

ately large, the predator and prey not only coexist, but 

also the coexistence mode generated by low predator ef‐

ficiency is stable.

5　Numerical Simulations

In this section, some numerical simulations for (2) 

and (3) in one-dimensional Ω = (02π) will be carried out 

to verify the qualitative results of this paper. The algo‐

rithm used here is Pdepe in MATLAB. The initial value 

is taken as

(u0 (x)v0 (x))= h( 2|sinx| |sin(x/2)| )              (10)

where h is a positive constant. The principal eigenvalue 

of -d2 /dx2 under the homogeneous Dirichlet boundary 

conditions is λ1 = 0.25 when Ω = (02π)[24]. By the prop‐

erty of the principal eigenvalue we have

λ1 (γv͂)≤ λ1 (
γc(a + k)

d
)= 0.25 +

γc(a + k)
d



and

a > λ1 (γv͂)+m/b only if a > λ1 + γc(a + k)/d +m/b.

(i) Existence of steady-state solutions

As is well known, when the solution of (2) does not 

change with time, it is called the steady-state solution of 

(2), which is the solution of (3). The other remark here is 

that the weak Allee effect constant relationship m < ab 

can be satisfied when a > λ1 +m/b. A large number of nu‐

merical simulations are consistent with Theorem 3. 

Some examples are provided in the following state‐

ments, where the parameters are given by
h = 0.1 k = 0.8 b = 0.5 d = 0.3 m = 0.2 γ = 0.6.

Let a = 0.1 < λ1 +m/bc = 0.2 < λ1. (3) has a unique   

solution (00), which is shown in Fig. 1.

Let a = 0.7 > λ1 +m/bc = 0.2 < λ1. (3) has a unique 

semi-trivial solution (u0), which is shown in Fig. 2.

Fig. 2　Steady-state solution (u0)

Fig. 1　Steady-state solution (00)
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Let a = 0.1 < λ1 +m/b c = 0.6 > λ1. (3) has a unique 

semi-trivial solution (0v), which is shown in Fig. 3.

Let a = 3 > λ1 + γc(a + k)/d +m/b     c = 0.3 > λ1, (3) has 

a positive solution (uv), which is shown in Fig. 4.

(ii) Influence of γ on the positive steady-state so‐

lutions
A large number of numerical simulations will 

verify the existence of steady-state solution when γ is 

sufficiently small. One of examples is shown in Fig. 5, 

which is consistent with the existence of positive solu‐

tion in Theorem 4, where the parameters take
          h = 0.1 k = 0.8 b = 0.5 d = 0.3 m = 0.2

a = 1 c = 0.3 γ = 0.000 1.                                    (11)

Furthermore, a large number of numerical simula‐

tions show that predator and prey density decrease with 

the increase of predation rate γ. One of the examples is 

shown in Fig. 6, where γ = 0.001 0.1 12 2.8 and the 

other parameters are given by (11).

In addition, our numerical simulations show that    

under appropriate parameters, (3) has still the positive 

steady-state solution even if the γ is large, which needs 

to be theoretically proved in future research. One ex‐

ample is shown in Fig. 7, where the parameters take

h = 0.1 k = 0.8 b = 0.5 d = 4 m = 0.2

a = 3.2 c = 2.8 γ = 3 000. (12)

Fig. 4　Steady-state solution (uv)

Fig. 3　Steady-state solution (0v)

Fig. 5　Existence of steady-state solutions, γ = 0.000 1
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(iii) Influence of γ on the stability of positive 

steady-state solutions

We change the initial value parameter h to simulate 

the disturbance of the initial value. For the convenience 

of discussion, the maximum norm of u with respect to x   

(denote it by  u  ) is plotted by Pdepe. If u and v do not 

change with initial values after a long period of time, 

then u and v are stable. Otherwise, the steady-state solu‐

tion is unstable. In fact, a large number of numerical 

simulations show that a positive steady-state solution is 

stable regardless of whether the γ is large or small.

For example, let γ = 0.000 1 and h = 0.1 

0.4 0.8 1.2, the other parameters are given by (11), see 

Fig. 8. This shows that the positive solution is stable, 

which is consisted with the stability of positive solution 

in Theorem 4.

Let γ = 3 000 and h = 0.1 0.4 0.8 1.2, the other      

parameters are given by (12), see Fig. 9. This shows that 

the positive solution is also stable, but the theoretical 

proof of this conclusion needs to be studied further.

Fig. 6　Existence of steady-state solutions, γ = 0.001 0.1 1 2 and 2.8

Fig. 7　Existence of steady-state solutions, γ = 3 000

Fig. 8　Stability of steady-state solutions, γ= 0.000 1
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6　Conclusion

We simulate the interaction between invertebrates 
and plankton using a modified Leslie-Gower predator-
prey model with the Ivlev type functional response func‐
tion, which is used to describe the fact that Tortanus dex‐
trilubatus prey on zooplankton. Meanwhile, we also fo‐
cus on the Allee effect in the model. Our research shows 
that under the Allee effect, predators and prey can coex‐
ist. Specifically, the growth rates of predators and prey 
can control the uniqueness of the coexistence pattern, 
which is consistent with the actual situation. We employ 
some numerical simulations primarily to verify the ratio‐
nality of the conditions in this article, such as Lemma 8 
and Theorem 4, etc. At the same time, we also verify the 
stability of the steady-state solutions by making small 
perturbations to the initial values. In a sense, these stud‐
ies only provide a framework for model dynamics, and 
there are still some things that have not been studied, 
such as simulating the non-enclosure of habitats using 
Neumann boundary conditions, then the properties of 
constant and non-constant solutions of the model will be 
an interesting problem. In fact, more complex coexis‐
tence patterns of predator-prey systems can be examined 
through Turing pattern and Hopf bifurcation.
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水生种群生水生种群生态系统中具有无脊椎捕食者的捕食食饵模型定性分析与数值模拟态系统中具有无脊椎捕食者的捕食食饵模型定性分析与数值模拟

王利娟， 姜洪领†， 和锦婵， 赵琪， 井苗苗， 赵继红

宝鸡文理学院 数学与信息科学学院， 陕西 宝鸡721013

摘要摘要：：无脊椎动物（例如溞溏水蚤）对水生种群生态系统中浮游生物的捕食机制是一个重要的研究课题。本文

采用改进的Leslie-Gower捕食-食饵模型模拟了无脊椎动物和浮游生物之间的相互作用。利用反应扩散方程理

论，建立了正稳态解的先验估计、存在性、惟一性和稳定性条件。此外，利用数值模拟定量分析了模型动力学

行为。研究表明，只要Allee效应常数满足适当的关系、捕食者和食饵的生长速度适当大，捕食者和食饵不仅

可以共存，而且在低捕食率下共存模式是惟一且稳定的。此外，数值模拟表明，在高捕食率下，也可能共存。

同时，随着捕食率的增加，捕食者的种群密度会减小。

关键词关键词：：捕食-食饵模型；水生种群生态系统；Allee效应；Ivlev型功能反应函数；正稳态解；数值模拟
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