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Abstract: In this paper, we prove the global existence of strong solutions to a two-dimensional (2D) Keller-Segel-Navier-Stokes system
with subcritical sensitivity in a bounded domain. Using energy methods, interpolation inequalities and the Gronwall lemma, we establish
uniform a priori estimates for the solutions. We prove the existence and uniqueness of global strong solutions under appropriate initial con-
ditions, along with higher-order Sobolev regularity of solutions. The result extends existing conclusions and enriches the global well-
posedness theory for chemotaxis-fluid coupled models.
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0 Introduction 0,q+u-Vg—Ag+q=nin Qx(0,0), (5)
”:O’%n - %p - %q =00n0Qx(0,),  (6)
We consider the following model of a Keller-Segel- v.o o o
— Ay 2
Navier-Stokes with subcritical sensitivity'™: (u, . p, g)(-, 0)=(tty, 19, Po> 4 N() in Q= R, (7)
Ou+u-Vu+Vr—Au=nVe (1) where u is the velocity of the fluid, z is the pressure, n,p

divi=0. @) and g denote the density of amoebae, oxygen and chemi-

cal attractant, respectively. The smooth function ¢: =
dn+u-Vn—An==V -(nS(x,n.p.q)- Vp) pectively u ¢:=9(x)

is a potential. S is the chemotactic sensitivity. Q is a
-V (nS(x.n.p.q)- V). 3 bounded convex domain with smooth boundary 0Q, v is
o,p+u-Vp—Ap=—np, 4) the unit outward normal vector to 0Q.
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The two-dimensional Keller-Segel-Navier-Stokes
system serves as a fundamental mathematical model for
characterizing the dynamic evolution of chemotactic bio-
logical populations in fluid environments®™™. Its physical
foundation stems from bidirectional coupling between
chemotactic behavior and fluid motion: biological enti-
ties form aggregation patterns through sensing chemical
(Keller-Segel
while viscous fluid flow (Navier-Stokes equations) alters

concentration gradients mechanism),
population distribution via turbulent or laminar trans-
port. The subcritical sensitivity condition further regu-
lates biological response intensity to prevent solution
blowup. This study establishes the theoretical conditions
ensuring global existence of strong solutions for the two-
dimensional Keller-Segel-Navier-Stokes system under
the subcritical sensitivity condition in bounded domains.
Beyond providing a supplementary analytical approach
for chemotaxis-fluid systems, the research advances un-
derstanding of nonlinear stability mechanisms in
biological-fluid interactions through energy estimation
methods for coupled systems. Its practical significance
lies in offering theoretical support for biomedical and en-
vironmental engineering applications, including tumor
cell migration modeling, algal bloom prediction, and mi-
crofluidic chip design. Methodologically, the developed
techniques for a priori estimates and compactness argu-
ments provide transferable mathematical tools for inter-
disciplinary research in magnetohydrodynamics and
other complex systems.

Recent advances in mathematical modeling of
chemotaxis-fluid systems have yielded significant in-
sights. Bellomo et al*' conducted a comprehensive analy-
sis of Keller-Segel models and their modifications, deriv-
ing macroscopic formulations through kinetic theory
that prevent non-physical solution blow-up. Kiselev and
Ryzhik!” demonstrated that chemotactic interactions can
achieve near-complete biological reaction efficiency (>
99%), with this enhancement being independent of reac-
tion amplitude, thereby revealing fundamental nonlinear
coupling mechanisms. In two-dimensional domains,
Wang et al”’ established global weak solution existence
for the chemotaxis-Navier-Stokes system under subcriti-

cal sensitivity conditions (o> %), providing method-

ological foundations for our strong solution analysis. For
three-dimensional cases, Fan and Li® proved vanishing
viscosity limits using L”-energy methods, though their
approach did not address stability regulation by subcriti-

cal parameters. This study presents a proof of global
strong solution existence for two-dimensional systems
with subcritical sensitivity (where y denotes the chemo-
tactic sensitivity coefficient and y" is the critical thresh-
old, satisfying y<y") in bounded domains. Through hi-
erarchical energy estimates and Poincar¢ inequality con-
trol, we reveal the deterministic role of subcritical condi-
tions in maintaining system stability.

When u=0, system (3), (4) and (5) reduces to the
Keller-Segel system®', which received many stud-
ies!"*",

Fan and Zhao!” established some regularity criteria
when ¢g=0.

We assume that S e CZ(QX [0,00)3) has the prop-

erty that there exist S,= 0 and o >0 fulfilling
|S(x, np,q) | <S,(1+n)™

for all x € ﬁ,n?O,p?Oandq?O, (8)

where we evidently may assume without loss of general-

1
ity th —.
1ty that a < 5

When p=0, Wang et al”’ showed the global exis-
tence of strong solutions.

The aim of this paper is to generalize the results in
Ref. [7] to the case p#0, we will prove
Let wu,e H"H*,nypyq,€ H?,
ony _ opa _ 04, _,
ov ov ov
on 0Q. Suppose that ¢:=¢(x) is a smooth function and
(8) holds true. Then the problem (1)-(7) has a unique
strong solution (i, n, p, q) satisfying

u,n,p,qe L”0,T; H*)NL*(0,T; H?),
Ou,0,n,0,p,0,q€ L0, T; L>YNL*(O0,T;H') (9)

for any given 7> 0.

Theorem 1

divu,=0,ny,p, q,=0, in Q and

1 Proof of Theorem 1

This section is devoted to the proof of Theorem 1.
It is easy to show the local well-posedness of smooth so-
lutions, we only need to prove some a priori esti-
mates (9).

First, by the maximum principle, and integrating
(3) over Q x(0, ¢), we get

n,p,q=0,p<C, andfndx: fnodx. (10)
Integrating (5) over Q, we see that

%fqu+ fqu=fndx= fnodx,
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which gives
Jade<e[gude+—e) [mydx. (1
Testing (3) by n**~', using (2) and (8), we find that

ld o 1-2a (o .
o di n*dx+ = I|Vn dx

=—fnSVp-Vn2“"dx— fnSVq‘VnZ“"dx

<CJ’|Vn“'Vp‘dx+J'C‘Vn“-Vq‘dx
-2a
o [0
Testing (4) by p and using (2) and (10), we deduce
that

b} dtfp dx+f|Vp| dx+an dx=0,
which yields
fTﬂVprdxdtSC. (13)
0
Testing (5) by g and using (2), we infer that
bl dtfq dx+J"Vq‘ dx+fq dx= fnqu
<[l 4] =<Clnl. 4],
1

<5 lal, +clnli. (14)

On the other hand, we first impose the condition

that

1
0< . (15)

Then, by applying Young’s inequality under this
constraint, we observe that

2 2
e B e (S v )
2.1,
<C|va | "rCs
v 8

Summing up (12) and (14), using (13), (16) and the
Gronwall inequality, we have

Joae ]] (17)

Using the Gagliardo-Nirenberg inequality and (17),

we have
T 2ra T 2
[l o= [ e
2 T

2
nt |t de
i

<C+ CfT|| Vn'|.dt<Cforalll<r<eo,  (18)
0
and
T
2
f0||n I a<c. (19)

Testing (1) by « and using (2) and (19), we have

S il axs fIvuldr= [a9p-ude
<[ Vel nl,lul,

<Clal Jvul < Hvul+Clal ..
L 2 L

which implies
" u ||L*(0.,T;L3)+ ” u "LZ(O., T;//‘)S & (20)

Testing (5) by ¢"~' (r=2) and using (2), (18) and by
the same calculations as those in Ref. [5], we have

[qar<Croraliz<r<eo. @1)

We omit the details here.
Testing (3) by In n, using (2), and by the same cal-
culations as that in Ref. [5], we have

lexa +| .9 . C. (22)

L0, T;H") L*(0.T; H? )

+”V\/;

(2 o oSG (23)
and hence we omit the details here.
Using (23), testing (1) by Vi — Au we easily get

+ul + | 6.u <C. (24

" u "L 0.T;H")

Testing (3) by n“'(£=2), using (2) and (22), we

L*(0,T; H*) L*(0,T;L%)

have
1d
€ dt

<[V +a|n|vai|aesc|Vp+g)| || | Vo],

n'dx+ 74“; ) f|Vn%|zdx= fnSV(p+q)Vn”'dx

1 ok . .
<Clve+a ] Qn [1ve [E+ | |01 vn'],

DI
which gives
T 2
[ntax+ [ [|vn] drdi<Ctorali2a<t<on.  (25)
0

By the standard L*-estimate of heat equations, it fol-
lows from (5), (25) and (24) that

], (26)
It follows from (4), (5), (22) and (24) that
| @.p. a61)||L(0”) C. 27)

Applying 0, to (1), testing by 0,u, using (2), (3),
(24) (25) and (22), we have

5 dtf|a dx+ [|Vouldx
:—fa,u-Vu-atudx+ f@,n Vo atudx:—fa,u-Vu-a,udx
+ j (An—div(un+nS-Vp+nS-Vq)Veo,udx

=— f@,u-Vu~6,udx+ J(—Vn+un+nS (Vp+V@)V(Vpo,u)dx
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2
<|Vul, Jou| . +Cdval,.+lul,lnl,
Vip+q)| )| Vou|,

A0\ Va ]+ 1+ [ V(p+g)

+|n

L‘l

<C||6,u

B

L+ CHC| V) .,

Vo,u "Lz

1
< gIvoul.+clou].+clvn

which leads to

” Ou "L"«LT;F>+ ” Ou "L?«lr:H‘)< C. (28)
And thus
|| u ||L"(0.T;HZ)+ "u "LZ(()YT;[-p)S C (29)

Applying 0, to (4), testing by 0, p, using (2), (10),
(28), (29), (25) and (22), we have

1d

S ] (@) ac+ [|vop[ax+ [n(0.p) ax
:—fé,u-Vp'ﬁ,pdx— J@,np@,pdx

=f6,u-p-V8tpdx+ div(un +nSVp+nSVq—Vn)po, pdx

= f@,u -p- V@,pdx—f(un +nSVp+nSVq—Vn)V(pd, p)dx

<|p| Nou| | ver| +cdul dnl +Clnl.|Vir+a)|,.)
[Vl ] Jvor|+[vellor],.
<C|vo.p|.+Cca+|Vp+a)| . +1Vnl,)
(vop|.+|vel lor],.)
<slvor+crc|viora . +clvol.
sVl +Clvali|opl.
which gives
|o.p ”mo,m* |o.p Hy(o,wf C (30)
and hence
120, 0P i, < C (31)
Similarly to (30)-(31), we have
[09], st 104, < C (32)
1S Pl e 63)
Similarly to (26), we have
Inll,. . <C (34)

Now testing (3) by 0,n— An, it is easy to verify that
+ 7| +|on <C,  (35)

" n "L“(O,T:H') L*(0,T;H?) L*(0,T;1%)
we omit the details here.
Applying 0, to (3), testing by 0,n, using (2), (34),
(35) and (28)-(33), we arrive at
1d 2 2
S5 J(@n) e+ [|vonax
= [ou-Vn-omdc+ [6[nsV(p+q)] - Vonds

=— f@,u -nVo,ndx + f[a,nSV(p +q)+ n(% on+

%ja, P g—ja,qW(pw)mSV(a,p+a,q>]va,ndx

< " alu "LZ” n ||L’|| Va’n ||L2+ C(" (a’n’ a’p’ a’q) ||L‘” V(p+q) ”L‘
+[vep|,+[voq], )| von]
<C|Von|.+C(|on

2

12

~Flarl,+logl, )] von

2

1
< glvanl +ceclan] +clop,+Clog]|

e
which implies
[0m] gzt 100 ] < C: (36)
whence
1720,y 12 0y S (37)

This completes the proof.
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