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Abstract: In the field of mathematical analysis, the Monotone Convergence Theorem (MCT), Fatou’s lemma, and the Dominated Conver-
gence Theorem (DCT) play a crucial role in the study of the interchangeability of limits and integrals (or norms). Among them, the DCT
when applied to series of numbers, namely Tannery’s theorem, has been explored to a certain extent. However, the MCT and Fatou’s
lemma related to series of numbers still lack in-depth research in existing literature. This paper proposes and proves Fatou’s lemma and the
MCT in ¢” space. By constructing counterexamples, it demonstrates that the DCT does not hold in ¢” space. In the research of series of
numbers, this paper uses the property of the infimum of real numbers to prove Fatou’s lemma for series of numbers. Taking this as a theo-
retical foundation, it further derives the MCT and the DCT related to series of numbers. Through an in-depth analysis of the logical rela-
tionships among these three theorems, an equivalence relation among them is established, and their application values in practical prob-
lems are demonstrated through examples. In addition, based on the theory of abstract measure and integration, the proofs of the three theo-
rems related to series of numbers are provided. It is particularly worth noting that the classical Fatou’s lemma and the MCT usually require
that the corresponding sequence of functions satisfies the prerequisite of being non-negative and measurable. However, Fatou’s lemma and
the MCT in ¢” space no longer impose the non-negativity requirement on the sequence of functions. This characteristic may have potential
application prospects.
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equality, where x, € K. However,

IS xl < Sl @)

It is a well-known fact that every absolutely conver- K= kS

0 Introduction

gent series in a scalar field K (where K is commonly R
or C) converges'". To be specific,

S= Sal=l S xle Sy (1)
k=1 k=1

k=n+1 k=n+1

always holds by the continuity of |- | and the triangle in-

may not necessarily hold (see (19) for example) in a

normed vector space X, where x, € X may be a function,

and z x, may indicate convergence almost everywhere

k=n+1

or point wise. Put differently, this normed vector space
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is endowed with two topologies™: one is induced by the
norm, and the other by the point-wise convergence of
vector sequences. When the two topologies in question
coincide, it becomes a reasonable and intuitive step to in-
terchange the order of taking limits and norms. This is
because norms exhibit continuity with respect to this to-
pology. However, as indicated in Ref. [3], these two to-
pologies may be distinct. Thus, interchanging the order
of limits and norms necessitates the employment of addi-
tional methods or tools.

In many practical applications, the question of
whether limits and integrals commute frequently arises.
For instance, when establishing limit distributions, if the
sequence of probability density functions { p”(x)} corre-
sponding to the sequence of random variables {Xn} con-

verges to a certain function, namely p(x), the question
arises as to whether lim f sP, (0dx= f sp(x)dx for all

Borel sets S,

In this article, several sufficient conditions that
make equation (2) hold in £” (1 < p <o) space are studied.
Generally, the Monotone Convergence Theorem (MCT),
Fatou’s lemma, and the Dominated Convergence Theo-
rem (DCT) provide sufficient conditions for interchang-
ing limits and integrals (or norms).

In fact, the MCT, Fatou’s lemma and the DCT for
abstract measure space have wide applications in many
fields, such as for random elements in convex combina-
tion spaces”, in statistical convergence'. Moreover, Fa-
tou’s lemma in several dimensions', in a separable Ban-
ach space®, in infinite-dimensional spaces” have also
been studied. On the contrary, Tannery’s theorem for se-
ries of numbers is really a special case of Weierstrass M-
test or the DCT, which is why it probably doesn’t get
much attention"”'. Meanwhile, the MCT and Fatou’s
lemma related to series of numbers have been rarely
studied in literature, and their corresponding proofs and
applications have not been systematically studied. The
three theorems for series of numbers, serving as the theo-
retical basis for interchanging limits and ¢” (1 <p <o)
norms, deserve more attention.

Generally, the MCT is firstly proved, and then to
prove Fatou’s lemma by the MCT both for abstract mea-
sure space!'” and for series of numbers"”. In the follow-
ing text, we first show that the sum of the infimum is
less than the infimum of the sum in real number field. If
these elements involved in summing are non-negative,
then Fatou’s lemma for series of numbers can be ob-

tained. If we replace the sum in Fatou’s lemma and the
MCT with supremum, we obtain Fatou’s lemma and the
MCT for £ space. We also provide examples of strict in-
equality in Fatou’s lemma. Furthermore, we obtain the
manifestations of Fatou’s lemma in 7 (1 < p <+o) spaces.
And then we prove the MCT for series of numbers and
Tannery’s theorem by Fatou’s lemma for series of num-
bers. Then we prove the equivalent relationships among
Fatou’s lemma, the MCT and Tannery’s theorem for se-
ries of numbers.

We present applications of these theorems. In €7 (1 <
p <) space, we have demonstrated that series that are
absolutely convergent is also convergent. This proves
the completeness of these function spaces. In the proof
process, we have repeatedly utilized the technique of ex-
changing limits and norms. Specifically, we use the
MCT to prove that the series which is absolutely conver-
gence is in £” (1 < p <®). Moreover, we use the MCT for
p=1 and p=oco, and Tannery’s theorem for 1 <p <o to
prove that the series which is absolutely convergence
converges in the £/ norm. The application of Fatou’s
lemma also involves proving the completeness of ¢* (1 <
p <o) spaces. For a Cauchy sequence in these function
spaces, we first identify the potential limit sequence.
Subsequently, by applying Fatou’s lemma, we prove that
this limit sequence is indeed an element of the space. Ad-
ditionally, we demonstrate that the Cauchy sequence
converges to this limit sequence in the £” norm.

The paper is organized as follows. In Section 1, Fa-
tou’s lemma for series of numbers and for ¢, the MCT
for series of numbers and for {* are analyzed. We also
give the equivalent relationships of Fatou’s lemma, the
MCT and Tannery’s theorem for series of numbers. In
Section 2.1, we provide the applications of the MCT for
series of numbers and ¢*, along with those of Tannery’s
theorem. In Section 2.2, we provide the applications of
Fatou’s lemma for series of numbers and £~. In Section
3, we demonstrate that the DCT for ¢” is not valid by
providing a counterexample. In Section 4, the proofs of
the three theorems for series of numbers based on the ab-
stract measure and integration are also provided. In Sec-
tion 5, we give conclusions of this paper.

1 Theorems for Series of
Numbers and ¢~ Space

Definition 1 Let R denote the real field and N
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the set of natural numbers. The set RY of all sequences
of elements of R is a vector space for component-wise
addition and component-wise scalar multiplication. If 1 <
p<wo, {7 is the subspace of RM consisting of all se-

ucnces x = {X}
q / jeN

satisfying z|xjk’ <o, The real-valued
j=1
function | - ||
1
|| X || p:(z“lep )1’ <OO,
7

If p=co, then ¢* is defined to be the space of all

, 1s defined by

Vx e .

bounded sequences endowed with the norm

x|l .= supx|<oo, Vx e £~
j

Lemma 1  Suppose {x,, (n)},.,.y IS a sequence of

real numbers. Then for any m, N € N, we have

Sinfx. 0 ot S, o), o
and
2 }r}lrf x,(n)< gl’f gxk (n). 4)
Proof It is obvious that
gl'ka (m<x,(n), Y k=m.
Thus

N

Z nf x, (n)< Zxk (n), ¥ k=m.

Thus, (3) is derived by taking the infimum with re-
spect to k=m on both side of the above inequality. (4)
can be obtained in a similar manner.

Remark 1
x,, (n) is added to this lemma, Fatou’s lemma can be ob-

If the condition of non-negative for

tained.
Theorem 1 (Fatou’slemma for series of numbers!'”).
Suppose {x,,(n)},.,.~ 1S a sequence of nonnegative real

numbers (i.e., x,, (n)= 0 for each m, n). Then

m

> liminf x,, (7)< liminf > x,, (n). (3)
= m—o0 m—o0 =
Proof Ifx,(n)=0,VkneN, we have
N ©
gg;xk (n)< gg;xk (n), Ym,N €N, (6)

by the non-decreasing property of the partial sum se-
quence of positive series with respect to the number of
terms.

By virtue of equations (3) and (6), along with the

transitive nature of inequalities, we can derive
N

2 inf x,(n)< jnf > x, () Q)

n=1

We take the limit as m — oo on both sides of equa-

tion (7). By invoking the property that allows us to ex-
change the order of the limit and the finite-summation,
we obtain

th inf x,(n)< lim inf zxk (n), (8)

—w k=m m—>w k=m

Letting N — o on both sides of (8), and noting that
lim inf is just the hm 1nf we have (5).

m—w k=m
Theorem 2 (Fatou’s lemma for £” space). Suppose
{x, (m)},..,.n 1 a sequence of real numbers. Prove that

(n)< hm inf sup x,, (n). )

—> 0

sup hm 1nf X

nz1
Proof
liminf x,, (n)< hm 1nf sup x,, (n),Vn e N.

m-—» o

m
nz1

It is obvious that

Thus
sup liminf x,, (n)< hm 1nf sup x,, (n).

n=1  Mo® n>1

Remark 2 In Theorems 2 (Fatou’s lemma for £~
space) and 4 (the MCT for £~ space), it’s not necessary
for x,,(n) to be non-negative. But in applications of this
paper, we only encounter non-negative situations.

The following Example 1 illustrates that equations
(3), (5) and (9) can obtain strict inequality.

Example 1 Let
1, k=n
0, kzn’
where n, k€ N. Then llgIklgf; x, (D+ llsrklsf; x, (2)+ llgIklgf; x,(3)=0<

x,(n)=

3 0 0
1= inf zxk (n); 2 liminf x, (1)=0<1= lim inf lek (n);

1<k<3

and sup llm 1nf x,(m)=0<1= hm 1nf sup x, (n).

n>1 n>1

Corollary 1 (The manifestations of Fatou’s lemma

in (1 <p<+w) spaces). Suppose {x,, (1)}, ..~ 1S a se-
quence, where x,, (n)e R. We have

Iim x,, () ..< lim inf | x, ()] ... (10)

and

[lim x,, (n)| 2 < 11m1nf||x mll 2, V1<p<o, (11)

P’
provided all expressions that appeared in the above two
inequalities are meaningful.

Proof || lim x, )l .= sup |lim x,, () = sup lim

n=1 nx1 M=

|x,,(m) = sup liminf|x, (n) < liminf sup |x,, (n)|= liminf
m-—» 0 m-— o0 n=1 m-—» o0

n=1

I x, ()l ..

The inequality in the above equation is due to (9).

If 1 <p <o, then |[lim x, (2= | lim x,, (0 =
m—» o0 n=1 m—> 0

Slim |x,, (mf < liminf | x,, (n)f = liminf | x,, @)l *.
n:ln’l*)w m—» o0 =1 m-—» 0

The inequality in the above equation is due to (5).
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Remark 3 If the condition
x,m<x,,.,(n), Voom e N
is added in Fatou’s lemma, the inequality in Fatou’s
lemma will become the equality in the MCT.
Theorem 3 (the MCT for series of numbers!?).
Suppose that {x,,(n)},.,.y 1S @ sequence of nonnegative
real numbers (i.e., x,, (n)=0 for each m,n). Suppose that

x,(n)<x,,, (n) for each m,n. Set x,,,= lim x,, (n). Thus

ixm: lim ixm (n). (12)
n=1 m%wnzl

Proof By Fatou’s lemma, we have

ixw: ilim x,, (n)= ilim infx, (n)
=1 m—» 0 m—» 0

< lim inf zxm (m)= lim zxm (n). (13)

m—>

Since x,(n)<x,,, (n)<x,(n), we have zxm (n)<

n=1

ixmﬂ (m)< ixw (n). Thus
n=1 n=1

}11210 ixm (m)< ixw (n). (14)

By (13) and (14), we have (12).
The MCT and Fatou’s lemma for se-
ries of numbers are equivalent to each other, that is, they

Corollary 2

can be proven to each other.

Proof  Theorem 3 illustrates that the MCT can be
proved by Fatou’s lemma. We direct the reader to Ref.
[13] for the proof demonstrating that Fatou’s lemma can
be established through the MCT for numerical series.

Theorem 4 (the MCT for £ space). Suppose that
{x,,(M},...n 15 @ sequence of real numbers. Suppose that

x,(n<x,,, (n), VmneN. Set x,,= limx,(n). Prove
that
sup lim x,, (n)= hm sup x,, (). (15)
n=1 m—» 0
Proof By (9), we have
sup hm 1nf x,,(n)< 11rn 1nf sup x,, (n).
nz1 n=1
Since x, (n)<x,,,,(n), Vm,n € N, the liminf in the

m—»o

above inequality can be written as lim. That is

m—»o0

sup hm x, (n)< hm sup x,, (n).

n=1 M
Conversely, we are required to establish inequality
in the opposite direction. Since x, (n)< lim x,, (n), we

have sup x,, (7)< sup 1im x,, (n). Thus

nzl nz1 M7
lim sup x,, (7)< sup hm x,, (n).
m—» 0 n=1 n=1 m-—>

Then (15) is obtained.

Theorem 5 (The DCT for series of numbers known
as Tannery’s theorem"*'"). Suppose that {x,, (1)}, . is a

sequence of real numbers. lim x, (n)=x,(n), |x,,(n) <
m-—w

M (n), and zM (n)< oo, then
n=1

lim i|xm (m)=x..(n)=0; (16)
and

lim zxm (n)= Zxx (n). (17)

m-—»w© oy =1

We will prove Tannery’s theorem by using Fatou’s
lemma. The proof without Fatou’s lemma and the MCT
can be found in Refs. [10-11].

Proof  Since ,lnlgl x,,(m)=x,(n) and |x,,(n) <M ),

we have that [|x,(n)—x,(n)|<2M(n). Thus 2M(n)-
|x,, (n)—x,, (n) = 0. By Theorem 4, we have

> liminf M ()~ . (), ()
< li’ran iilf i(ZM m)—1|x,. (n)—x,, (n)).

Subtracting 2(2M (n)) from both sides of this in-
n=1

equality yields
S liminf (-fx. (1), (9)< liminf > (~}r. (1), (1)
n=1 n=1
Thus
2 lim sup (., (n) —x, (1> lim sup qu (m)=x, (m)

Since lim x,, (n)=x,(n), the left-hand side of the

above-mentioned inequality equals 0. Thus

0= limsup 2(|x (n)—x, (n)

m—» o

> liminf > (v, (1) —x, (1) >0.
m— n=1

Thus, (16) is proved. (17) can be obtained by (16)
immediately.

Corollary 3
bers can be proved by Tannery’s theorem provided that

Fatou’s lemma for series of num-

zhm inf x, (n)<oo. (18)

m—>ow k=m

Proof It is obvious that 1nf X, (n)< lim 1nf x, (n).

m—ow k>

By (18) and Tannery’s theorem, we have
}gll ; gl’f x,(n)= 211m inf x,(n).

- kzm

By (4), we have
Sinf 5 jf S 0
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and
lim sz x(m)< lim inf 2xk (n),
Thus,
zhm inf x, (n)< lim inf zxk (n).
n= =1

m—>o k=m m—o k=m

Theorem 6 A normed vector space X is com-
plete if and only if every absolutely convergent series in
X converges'>'Y,

This theorem will be used to prove Example 2.

2 Applications

2.1 Applications of the MCT and the DCT

Example 2 Prove that every absolutely convergent
series in €7 (1 <p <o) converges. Thus {* (1 <p< o) are
complete.

Proof = We use Theorem 6. Suppose {x,};., ¢’

and Dl x/l ,=B<ow where x,={x,(j)}... Let |x;|=
k=1
e ¥, = E\xa Y=Yk} X=>x,
k=1 k=1
I y,l,< EII xll < EII x,ll ,=B <o by the triangle in-

equality of ¢, norm, and \X<J)|—|2xk ()< Z|xk(/)|—

k=

Then

{EAGI

Y(j), Vj e N. We claim X e ¢, and lim|| X— zka =
n—>®0 -1

Thus, the series X= zxk converges in the £, norm.
k=1

Di<p<o. [ X15= 3| X(¥< D YGY
j=1 j=1

= > limY,(jy'= lim DY, (jy= lim| Y|l 1< B’ <o,
j:]l?—>00 H—)OO/_:] n— o0

where the third equality is due to the MCT for series of
numbers. Thus X e £,. By the DCT for series of numbers

and |X— D x, P <(X|+]> x, Y <QYY e ', we have
j=1 j=1
lim | X— > xll 7= lim Y x-S x,p=>0=0.
* i=1 Ry = i=1 i=1

2)p=c0. | XIl..= suplX(j}< sup¥())
j =1

= sup hm Y, ()= hm sup

jz1 !

Y, ()= lim|| Y,|| ,.<B<oo,
where the third equahty is due to the MCT for £*. Thus
X e £”. Since EH x| ,=B <o, we have lim 2 | xll .=

* kn+1

0. If we can prove

lx= Sl =1 Y sl S hnl.. 19)

k=n+1 k=n+1

then we can obtain lim | X— zxk | ,=0.In fact,

k=

| x- zx,fn 1S wll=supl S x, ()
k=n+1 JZl k=n+1
< sup z bee ()
JZ1 k=n+1
= sup hm z . ()= hm s.u? z . (/)
21 k=n+1

N

< lim z sup |x, () = hm z Il xl .= z Il xll .

k=n+1 j>1 k=n+1
where the fourth equality is due to the MCT for ¢~
Thus, (19) is proved.

In the above proof process, when 1 <p <o, we use
Tannery’s theorem to prove that this series converges in
the £” norm. When p =0, we used the MCT to prove that
this series converges in the £* norm. It is worth noting
that when p=1, the MCT can also be used to prove that
this series converges in the £' norm. It suffices to prove
(2). The proof process is as follows.

0

x-Sl = 13wl = 31 S 5 0

k=n+1 Jj=1 k=n+1
0 0 © N
<O Ix(= 2 NG
j=lk=n+1 * k=t
= 1im S > [x,()= lim Z SlnGi= Yl
Jj=lk=n+1 k=n+1j= k=n+1

where the fourth equality is due to the MCT for series of
numbers. Thus (2) is proved. Usually, the completeness
of I7(1<p<) can be proved by using the DCT™

However, as pointed out here, the completeness of L'
can also be proved without the DCT by using the MCT.

2.2 Applications of Fatou’s Lemma
Example 3 Prove that every Cauchy sequence in
£” (1 < p <) converges. Thus ¢” (1 < p <o) are complete.
Claim 1 Each Cauchy sequence in £*(1<p<m)

converges point wise. In fact, if {x,}7_, is a Cauchy se-

n=1

quence in £” (1 <p <o), where x,,:{xn( )}7’:1. According

to the definition of Cauchy sequence, we have that Ve >
0, 3N e N such that

| x,—x,ll , <&, Vn,m>N. (20)

<(2\x Y=,

x|l ,. VI<p<ooand \xn( )—xm( )\s sup |xn( ) =x,(/)]
j=1

Since |x -

= | x,—x,|l ., we have that |x,(j) —x,(j)|<e, Vm,m>N
for each j € N. That is for each fixed j e N, {xm(j)}::, is
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a Cauchy sequence. By the completeness of the field R,
there exists a x(j)€ R such that

lim x,,(7) =x(/)

for each j e N. We will prove that x={x()}, € ¢ in
the next step.

Claim 2 x={x(j)}7, is in " (1 <p<o). For g =1,
there exists N, € N such that

I xm—xNOH ,Sg=1, Vm=N,. (21)
1) I1<p<o. By (21), we have
liminfl| x, —x, [ 2 <ep=1.

By (11), we have [ x—x,[ 2= [[lim (x,—xy )l 2<
liminf|l x,—x, || 2<ef=1. That is to say that {x(;)—
o (Je e Thus ()=t (/) —xu ()3 +
{xNﬂ(j) ) 1s in £ since {an(j) 7, e " and £’ is closed
for addition.

2) p=o. By (21), we have

liminf| x, —x, [ .<&=1.

m—»o©

By (10), we have |[|x—x,[l .= [Ilim (x,—xy )l .. <

»<&=1. That is to say that {x(j)—

xy(j)zeen. Thus {x () =tx (/) —x (/)3 +
<{)cNﬂ(j)}~j.';l is in £* since {xj\,ﬂ(j) ", el” and £~ is closed

liminf x,, —x,,
m—> 0

for addition.

Claim 3 {x,}; , converges to x={x( j )};?‘;1 in the
norm of £”. Since {x, },_, is a Cauchy sequence in £*, we
have that Ve >0, 3N e N such that

Ix,~x,ll ,< =, Ynm>N. (22)

2 2
Case 1 1<p<w. By (22), we have that
liminf|| x, —x,|l ;’<(%)", Vn>N.

m—o

By (11), we have |[[x—x,| 2= ||r1ni£1010(xm—x,,)||§j<

. €
liminfl| x,— x| 2<(Z Y <é’, Vn>N.
m—>o 2

In short, Ve>0,3NeN, st. | x—x,[ <& Vn>N.
Thus {x, }7_, converges to x={x ( j ) 1 in the norm of £”.

n=1

Case 2 p=o. By (22), we have that

%, Vn>N.
By (10), we have [|x—x,[l .= [lim (x,—x,)l .<

ligligglfll () =%, () .<

. €
liminf| x,—x,| .< = <&, Vn>N.
m—» o0

2

In short, Ve>0, INeN,s.t. | x—x,[| , <& Vn>N.
Thus {x,},_, converges to x ={x ( j ) 7, in the norm of £~

n=1

Thus €7 (1 < p <) are complete.

3 Discussion

We have introduced Fatou’s lemma and the MCT
for ¢*. So, is there a dominated convergence theorem
for £*?

We will derive a proposition in £” by analogy with
the DCT. Subsequently, we will demonstrate the falsity
of this proposition by constructing a counterexample.

Proposition 1  Suppose that {a,, (n)},,,.y 1s a real

number sequence, lim a,, (n)=0 for each n € N. There ex-
m-—» 0

ists a M={M(n)},.y € £*, such that |a, (n) <M (n). Then

lim sup |a,, (n)|=0.

m-—» 0 n=1
Example 3 Consider an infinite dimensional matrix
composed of {a,, (n)},., .

1 0 0

1

b} 1 0

1 1

3 2
r 1 1
m m—-1 m-2

m (n): 0 for eaCh ne N,

and there exists a M={M(n)},.y € * with M(n)=1,n=
1,2, -+, such that

It is easy to verify that lim a

la,, (m)|<Mmn)=1. (23)

However, | a,l .= sup a, (n)=1+>0(m — ). Thus

nzl
Proposition 1 is false. In other words,
lim| a, @l ,.=1£0= [[lima,®l ., (24)

even though (23) is valid. Equation (24) provides us
with an example where the order of limit and norm can-
not be swapped.

4 Proofs of Three Theorems for
Series of Numbers Based on the
Abstract Measure and Integration

Usually, the general term of a positive series zxj is
j=1

nonnegative. Here we can assume that its general term
can take positive infinity. That is
x: N—[0,]
J=>x())- (25)
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Define the measure space (N, P(N), ), where P(N)
is the power set of N, and u is the counting measure de-
fined by

|4], if A is finite
+o0, if 4 1s infinite
for all 4 € P(N), where |A| denotes the cardinality of the

set A. In this case, the function defined in (25) is measur-

(A=

able, and

o tau= || s3] xdu= S0

Then
lim Nx'X[Lan/‘: lim zx(j): zx(j)-
=1 i

n—» o

By the MCT of abstract integral and the fact that
lim x - y, ,=x, the left-hand side of the above equality is

just f xdu. Thus
N

[ 2=

Hence, Fatou’s lemma and the MCT for series of
numbers are inherently valid, since positive series are ex-
pressible as Lebesgue integrals in the context of abstract
measure spaces. Nevertheless, series with conditional
convergence cannot be treated as Lebesgue integrals.
This is because Lebesgue integrability implies absolute
integrability; that is, a function is considered Lebesgue-
integrable if and only if its absolute value is also
Lebesgue-integrable. Fortunately, the proof process of
the DCT for series of numbers only requires the use of
Fatou’s lemma for the positive series and the linear prop-
erties of the convergent series.

The following is a proof of Theorem 5 by using Fa-
tou’s lemma for the abstract measure and integration.

Proof Since ”111_I>r016 x, (n)=x,(n), |x, (1) <Mn), we
have that |x_ (n)—x,, (n) <2M (n). Thus

2M (n)—|x,, (n)—x,, (n)| = 0.

Thus, 2 M(n)= > liminf M (n) - Ix. ()~ x, (n))
= [ timinf @M~ Jx. (1) —x, (M)du

< liminf [ M)~ . (1)~ x, ()

= liminf i(ZM(n) = x.(m)—x,, (n))

S 2M i)+ liminf (-, (1), ()

Subtracting ZZM (n) from both sides of this in-
n=1

equality yields
0< liminf  (~|x, (n)—x,, (n)).
m—> 0 n=l1
Thus

0> limsup i(lxw (n)—x,, (n))

m-—»o0

> liminf » (x,, (m)—x,, () >0.
m—® n=1

Thus, (16) is obtained.

5 Conclusion

In this work, Fatou’s lemma and the MCT for £~
space are proposed and proved. Moreover, we systemati-
cally analyze the interrelationships of Fatou’s lemma,
the MCT and Tannery’s theorem for series of numbers,
revealing the underlying theoretical links among these
important results. We also found some applications for
these theorems in £” (1 < p <o) spaces. It should be noted
that in Example 2, where the MCT is applied, Fatou’s
lemma can also be used instead. Finding the applications
of these theorems is the next research direction.
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1 SEKIE2ABE Beer 55240, e 75487K 553000
2. PR IN2ERBE REHE2ABE, = FF 1L 678000
3. R R BBEABE, Y0 548 343009

WE . eea o, RIRRscE R (MCT) | LRSI B ERIECE . (DCT) 1EMRS D (BEEE0
(AT SRS b AR SCBEA . Hor, AE IS SO BN ] T RO G RN 4R E MUAS . B Tannery € B, 4%
BRI BRI, 5 ZAAHSC R RO IR A RCEOE BRI S FE, AEA SCRRP 8= TRADTSE . AR SCER T
UEWL T €7 25 8] A3 1A 5 | B0 B S5 B Tl A S BB, TR T PR SO B £ S e PPN . ERR
TG FEITI, A B MR, W] T B nE G B, IR O JEas, gE— DA
5 BRSO O ) SR SOE PR Tannery . ARSCOMHr =38 Z [ A2 B OCHK , S IX =4 a BRI A5 A
%, Jfild S s AR SEPR IR B o Behh, ST SR IS, ASGEA T T T RO
X =AEBRAIEN] o R, 2k PG | B BRSO B R SRR N eR B A T A AT B AR F T
2SN T P 5 S BRSO PR 13k — BRI, ASFRXT ek B AR (b 2K . X4 ] A AR
FHIS

REIA: HONGAG RSB S SOE B ik T S soE B



