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Abstract: The purpose of this paper is to investigate the generators and relations for little g-Schur superalgebra u, (2

1, 3). The basis of

u, (2| 1,3) is obtained through the Poincaré-Birkhoff-Witt (PBW) basis of g-Schur superalgebra S‘,(m| nr ), then we present a new set for

generators and relations for #, (2|1, 3) by PBW basis.
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0 Introduction

Let U(n,r) be the g-Schur algebras over ((v) intro-
duced by Dipper and James"?, who have showed that g-
Schur algebras play an important role in the investiga-
tion of presentation theory of the finite general linear
groups. The presentation of the g-Schur algebras could
be referred to Refs. [3-4]. Gao and Liu™ gave a set of
primitives for the center of g-Schur algebras U(2,r). Du
et al' studied the representation of little g-Schur algebra
and gave a classification of finite representations of little
g-Schur algebras under odd unit roots. And they pointed
out that there is no nice and simple presentation for
u,(n,r). Then, Bian and Liu™ gave the presentation of
little g-Schur algebras u, (2, 7).

Little g-Schur superalgebras have been an impor-
tant approach to studying g-Schur superalgebras. Turkey
and Kujawa™ gave a presentation of the Schur superalge-
bra and its quantum analogue. Chen® generalized alge-

bra and quantum supergroup to the infinitesimal case,
and finally obtained the infinitesimal theory of ¢g-Schur
superalgebras and the Beilinson-Lusztig-MacPherson
(BLM) realization of integral quantum supergroups.
Then, on one hand, we want to get deep understanding
of the structure of the little g¢-Schur superalgebra
u, (2 1,3)

in this paper; on the other hand, since little g-Schur su-

1,7) by investigating the representation of u, (2

peralgebras are closely related to g-Schur superalgebras,

the research results on u,(2|1,3) may be generalized to

the study of more general little g-Schur superalgebras
and even g-Schur superalgebras.

This paper studies the generators and relations for
1,3). We briefly recall

little g-Schur superalgebra u, (2
the definitions of ¢-Schur superalgebras Sv(m\n,r) in

Section 1. In Section 2, we prove that the set WV, is the
basis of u, (2

1,3) and present the generators and rela-
1,3).

tions of u, (2
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1 Preliminary

In the case of superalgebras, define a parity func-
tion, a mapping : {1,2,--m+n} —>Z, on the set
{1,2,--,m+n}, foranya e {1,2,--,

0, I<asm;

m+n}, there is
a=q_

1, m+l<as<m+n.
Note U(m|n) =U,(gl,,) is the quantum envelop-
0, Let g=

gl,,,- As a vector space, g is the set of m +n by m+n ma-

ing superalgebra of the Lie superalgebra gl

mln

trices. For 1 <i, j<m+n, we set £, to be the matrix unit
with a 1 in i-th row and j-th column. Then the set of ma-
trix units forms a homogeneous basis for g. The degree
of E, is i + j. Forany X, Ye U(m|n), X is the parity of
X, and the square bracket [ —,—] is the super-Lie
bracket, it means [X Y]=XY-(- 1)"YX. From now
on, we mark v, =" for convenience.

Definition 1 The quantum supergroup U(m|n ) =

U, (gl )is generated by the elements

nln
K E, . ..E,..,A<a<m+n1<h<m+n)
subject to the following relations:
QVHK,K,=K,K,.,K,K,'=1;
(Q2) KaEh,thl_vb e B Ko KiEjii =y

Eh+1,hKa; | )
(Q3)|: aa+lv bb+1]:5a,},K KHH_I{EI Ka+1;
V,—V,
Q4)|: aa+1° bb+l]:0, I:Ea+1sa’Eb+L,b:|:0, f0r|a_

b|>1;

(Q5) if h#m,
E}il1+1El7+l,h+2 - (vh+VZI)Eh,l1+1Eh+lA,h+2Eh.h+l
+Eh—l.hE}ih+1:0;
ElthrlEh—l,h - (Vh+v;1)Eh.h+1Eh—l,hEh,h+l

+Eh—14hE}ih+l =0,
Eih+1Eh+2,/1+l
+Eh+2,h+1E}%+l,h:O;
ElithEh‘hfl
+Ehh Elf+1h=0'
(Q6)|: w15 En 1,m+2:| = [Em+1.mvEm+2,m-1] =0.
Let v be an indeterminate and A=Z[v,v"'] , and
Gauss symmetric polynomials will be introduced here .

-1
- (Vh v, )Eh+]4hEh+2.,l1+lE/1+l,h

1
- (Vh tv, )E/HlthEh,h—l E,. .,

For any integers a>b >0, let[a]= ~———, [a] =[1][2}: {a]
vV—Vy

a B b Va—s+1_v—a+5—l 3 [a]!
and u‘n Vv bl [a-b]"

gers 1<a,b<m+n and t,ceZ, t=0, we write K,,=

K'C ZKV _Kl —cﬂl K e
KKil, as — a , a,bs _
o [ t } H Vv { t }

For any inte-

HK —Kav  Em= ﬂ, o _ Fm’
o Vo= v, [m] [m]

fine the root vectors in U(m’n) as follows. If j—i=1,
thenset £,,=FE, F,,=F, For j—i>1, inductively set £, ;=

EE ’1E E, F ,=F,  F—VvFF

i+ i+1,ji0 Jei+1 it i+l

and de-

Besides for
K 'O

short, let [Ii“} ={ ”t’ } Specializing v to &, k will be

viewed as an A-module. When v is specialized to ¢, [c],

[¢] and [ﬂ specialize to [c],, [¢]', and [j] . And we define

g[_(A):a,’,.+ z(a,;ﬁaj.,.). ¢

I'sj<i
Theorem 1%  The
nr ) are generated by the elements
K E,, . .E...,A<as<m+n1<h<m+n)
subject to the following relations:
(Q1)-(Q6) in Definition 1.
Q7N K, K,-K, Km+1 K, =V

(Q8) H

By Theorem 1, we can obtain the algebraic full ho-

g-Schur  superalgebras

S

=0,1<as<m+n.

momorphism " U(m‘n)—)S‘,(m]n,r) , such that there

is ¢, '(Kfl) =K., (:-,(Kh.hﬂ) =K 15 Cr,(Kh-H.h) =K1
forl<a<m+nand 1<h<m+n.
Theorem 2!'" There is an algebra homomorphism

¢ U(m‘n)—)S‘,(m
{y’(K;x,/z+1) =K., (0,7), ¢, ’(KthLh) :Kh+1,h(0’r) )
(K,) =0,
0,1,0,---,0) € N"*'(1 in position a).
Lemma 1! 1) The set {k;,‘/l € A(m nr)} is the or-

, ) satisfying

where e, = (0, -+,

thogonal idempotent set of § v( m|n,r );
2) For any /leA(m )and I<a<m+n, kk,=

Vi,

a

For all i, the set
nr), L,zo,(A), Ae F(m’n)i}

Theorem 3%

Wi={e I P, fet)

forms a (Q(¢g)-basis for g-Schur superalgebras S(m\ nr )
Let Ae F(m\n,r)i,

define
> ko

P;= {uecnmnnu=2
0 >
Let I be the set of all A= (al;j) e 2(2 1) such that
a,;<Iforall i # j and I'* be the set of all 4 € I" whose di-
agonal entries are zero. According to Theorem 1, the fol-

lowing results can be obtained.
Lemma2® For l<a<m+n teZ,ceZ,)e

n,r) and jeZ"",

if 1 € A(m|n,r) ;

otherwise .
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A(m|n,r) n,r), we have
K .
I)Kaﬂpxzvfmpm [ H;C:|PA= ':ia:c:'P;.;

a

A
2)K,P,=A,P, where 4,= H{ a};

Ha
> AP,

2 Am|n.r)

For A e I*(m|n,r),

nr), u;z0,(A") for all i

and =4, then e“P, =P,

A—co(A")+ro(A"); otherwise, e’ P,=0;
2) If there exist u € A(m|n,r), u;=z0,(A") for all i

and ji=1, then P,f=fp,

A+co(A")—ro(A4"); otherwise, P, f*’=0, where co(4")

and ro(A4") denote the column sum and row sum of the

Proposition 1°

where 1=

where 1A'=

matrix A°, respectively.

2 The Little g-Schur Superalgebra
u,(2|1,3)

Let ;lvk be the subalgebra of U, which is generated
byall K, E,,...E,...1<a<m+n 1<b<m+n).

According to (Q2), K!—1(1 <a<m+n) is the cen-
tral element of U, (and therefore also ’1;;). Let
<Ka’— 1/1<a< m+n> be the ideal generated by K/—1(1 <
a<m+n)inu, and u,= ZZ,:/<K;— 11 <a<m+n>.

Thus quotient (super) algebra u, is called gl in-

mln
finitesimal quantum supergroup. The image of ;t\,: under
(., is denoted as u,(m|n,r). u,(mln,r) is called little g-
Schur superalgebra related to m, n, » and /.

Theorem 4  The set
Wi={eP | 2e A(2]1.3). 2,2 0,(A4). fori=1.2,
3, 4eT(2] 1)} forms a basis for u,(2[1,3).

Proof Fix A e 1"(2|1)i satisfying A,>0,(A4) for
all i. By the definition of P,, we have
e P, f= z ek, fey 2

’ J=it, Vi uza,(A) ! J= 1 3, pl<a,(A)

In the g¢-Schur superalgebra SV(2|1, 3), for any
ek, [, if u/<o,(A) for some i, then it lies in the
span of W in Theorem 3. Then we have

(A7) (A7) _ o(B") o(B")
D ek, f = D [y @k ) (fy h).
J=pt', 3i, uko, (A) Bel*(2]1)
o,(Bxo,(A).upo,(B)

By Theorem 3, the elements above are linearly in-
dependent, thus the set WV, is linearly independent.
Inspired by Ref. [8], we have the following commu-

(A" A7)
ek, fr

tation formulas in the u k(2| 1, 3).

Proposition 2 For 1<i<2, MeZ 6 M=>1,
e....=e,f....=f, we define:
e =e,e,,—¢'e, e, ;
fo=fo o= frsn
(2.1a) e se,,=—¢"e, e, 5;
(2.1b) e, fi, =—fs, €15+ (2 )[/11+/13}PA
ieA(2]1.3

(2.1¢) el 2 fsz—f32e12 5
(2.1d) e fi=fi.e;+ 2

LeA(2]1.3)

(2le)e12f31—f31e12 —f2 2 5l)+2MPe|M15

LreA(2]1.3)

Ayt A .
P e,

(M) M (M) .
(2.1f) eYe, ;=¢ €€,

-1
2. 1g)e12323—8 8238(12+e13e( .

Proof For (2.1a), by e .e,;=€ € ;-
e'e, e ,e,,=—¢ e, e ,e,,=—¢ 'e,,e,;. The equation
holds.

For (2.1b), we can obtain e ,f, =—f, e+

> [A+4,]P; by
2eA(21.3)
e1,3f3.1:el,zez,sfs.l_g_lez,sel,zfm
:_f3,191,3+(f3,2e2.3+ez,3f3,2) 2 giliizpz
JeA(2]1.3)
+(e1,2.f2.1_.f2,1e1,2) 2 giirlxpz

JeA(2]1,3)

& "*{/12+/13]PI

=—fie5+ z

JeA(2]1,3)

+ > e A=A ]P,;
ZeN(2]1,3)
> [A+4,]P

=—fi.e;+
e A(2)1,3)

For (2.1¢), in order to prove e f,,=f;,e!"), we
need following steps:

Step1  When M=1,we can easily prove e, f;,=
f‘3,2el,2'
Step2  When M>1, we assume e/ f,,=f, e\

holds, then we will discuss the following situation:

M+lf‘32 [M+ 1:| e]2e12 .f;:Z [M+1] eLZ.fi’,,Ze(lg)
:[M+1:| fiae el =f,el .
For (2.1d), we can obtain e ,f,,=—f;,e s+
""" P.e , by (2.1c)
jeA(2]1.3)

e1.3f34,2:e1.232.3f34,2_87]e2.3el.2f34,2

=—e,,fi,e,;te., 2 [iz*'la]P’

ZeA(2]1,3)

+e' froese,—e' > [+ Pe,,

reA(2]1.3)

z & Pe,, .

JeA(2]1,3)

=—fi.e ;+
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For (2.1e), in order to prove e\4f, =f, e —
z g P e, we need the following steps:
ZeA(2]1,3)
Step 3 When M=1, we can prove e,,f;, =
fuen=fio X €7 Piby (210),
ZeA(2]1,3)
enfii=enfifoi—eenfofin
:f;,lel,2+.f3,2 2 [’11_/12]1)’
ZeA(2]1.3)
—& z [}«1 /12:|sz3,2
LeA(2|1.3)
=fn€.,- [ z e P
2eA(2]1,3)
Step 4  When M=>1, we assume e\ f, =

[ e —f., Z g Poe™ Y holds, then we will

ZeA(2]13)

discuss the following situation:

M+l _/‘31
—[M+1] e etM) _ ghit2-M p pM-1)
12| J31€1.2 3,2 7€1
eA(2]1,3)
_ﬁlel\/§+l [M‘l‘ 1]—1f;-’2 z (8;1 —yt1
reA(2]13)

+eh M M) Py el
=/ 1e1‘/§+1 —fi z gil_Aﬁl_MPZe%) :
LeA(2]13)
For (2.1f, 2.1g), the proof is similar to the above.
Theorem 5  The algebra T is generated by the el-

i Ji

following relations:

(LR1) €'=0, f/=0when i#2;
(LR2) > P,=1,P.P,=5,P;
LeAQ2|L3)
LR3) [e.f1=0, > [L—(D7A, 1P;

/151\(2\13)
(LR4) eje,—(c+¢ ' )eee,+ee;=0whenl|i—j|=1;
(LRS) ffi—(e+e" ) fif fi+f, f7=0when |i—j|=1;
(LR6) [e,.e,] =0, [ f..f,] =0 when |a—b|> 1;

(LR7) e.P-= P;H_a,eia if 3 'E:I’/u,ur]?l
o, otherwise ’
P it i—a llel[_jzz’lulzl
_e,= 3 :
' 0, otherwise
(LRS) fP _ ;t a.ﬁa lfﬂ /7:17#,21
it 7 0, Othel’Wlse ’
Pf 'f;Pu-n;” if 3 /l'_l:z?ﬂprl?l.
- 0, otherwise ’

(LR9) e™’P,=0 (resp. P,f"’=0) for A el

<0;(A);
(LR10) e,P;;5f1=0, e;P; ;1 f2=0

relation (LR10) holds.

Proposition 3 In little ¢-Schur superalgebra

Uy
Ifi <3 1<]¢z+1<3 A=2and 4, =
Proof e, (Z’I’O)fz.l_eLZ (2, lvo)fz,l
=k(3,0,0)e,, f,,=k(3,0,0) f,,e,,=0;
e, P(0,2,1) f,,=e,,k(0,2,1) f,,=k(0,3,0) e, f,,
=—k(0,3,0) f.,e,,=0
From the above conclusions, it can be seen that
the relation

(LR10) of Theorem 5.

We define an algebra T which satisfies the genera-
tors and relations given in Theorem 5. Set T'(resp. T,
T°) be the subalgebra generated by e (resp. f,, P;). For T,
we give the root vectors in the same way, which satisfy
the commutation formulas (2.1a)-(2.1g). According to
the relations (LR3)-(LR7) in Theorem 5, we know that
T=T'T°T can be spanned by all the elements W, :=
e(‘(A*)szc(A’ )’ AeT

Proposition 4  The set
W= {e P |2 e A2|1.3). 1,2 0,(4).i=1.2.3.4 €
2 ‘1)} is a spanning set for 7.

Proof

tion, it suffices to show that if A’

Fixing BeI™ (2‘ 1), to prove this proposi-
7ol
=P feE)

lies in the span of W,. Here W, (a € N*) is a linear com-

satisfying /<o;(B) for some j, then W .

bination of the elements in W, and g,(a € N*) is a con-
stant.

Case 1 If A)<0,(B) and A}
o,(B)—1. For
e P,

By Theorem 5 (LR9), when b, ,=0 (or b, ,=0),
P.f" (or €' P,) is a linear combination of the ele-

>0, (B), assuming 1;=
e® P, f®), we only need to consider

ments in W,. Then we consider e!s’ P, f,+", where 1<

b, b, <2.
Case 1-11f ;=1 and 0,(B) =2, fore,,P;, ; . fo,
1) When 0 <4;< 1, by Theorem 5 (LR3),

e P rTrle (7 +1,6.7;)e1.2f2,1 (T 1.0.7 leelz"'Wk )

where WV, is a linear combination of the elements in WV,
2) When i’—2 by Theorem 5 (LR10), we can ob-

(2.1.0 o=

Case 1-2If 2,=2 and 0,( B) =3, for 'y’ ’P f(h“

taine ,P
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where b ,=1, b,,=2, by Theorem 5 (LR3),

el,zp(f;j_,j)fz(,zl): [2]71‘31 2f21 TELIT) fo
:[2] fZIelz Tfle"'wk .
Then,
1) When 4;=0,
€, 6§7f21 [2] 1fz,lel,z TTT.f21+W
= [2]§ .fZ,lel,Z (7,5‘1)"” [2];[ ] 11T le
“W W
2) When 4;=1, by Theorem 5 (LR10), we can obtain

P, [ =[2]] frienP g fut Wi,
where )] and ), are linear combinations of the elements
inW,.

For 8gb§7)P(f;§7) 2?712")7
proof is similar to the above.

Case 1-3 If A}=3 and 5,( B) =4, for e‘,”‘;)P f(b“)

When b,,=1 (or b,,=1), by Theorem 5 (LRI), we
can obtain e(f";)P( 59) a0 2,

When b, ,=b,,=2, by Theorem 5 (LR3,LR10),

when b,,=2,b,,=1, the

eLP s f=12] e Py, e S
:[2];; enfoiPpygenfo— [2 ] P50/
:[2]72](21"12 (2.1.0 .f21e12 [ ] (Tj,(fl).fZ,l
_[2] (2.1.0)

[2] foensPsrg fen+t W, .

where W, is a hnear combmatlon of the elements in W,.
Case 2 If Ai<o,(B) and 1}
o;(B)—1, for e’ P, f*’, by the commutation formulas
(2.1a), (2.11) , we have
e EIP_f )= ")l el P ) fl) fl)
Sl (e P ML W

where W, is a linear combination of the elements in W,.

=0, (B), assuming 1;=

Therefore, we only need to consider e“® P, .

By Theorem 5 (LR9), when b,;+b,,=0 (or b;,+
by, =0), P, f5 £5 (or eV'y'eyy' P.) is a linear combina-
tion of the elements in W,. We consider e P, f*,

where b, ,+b,,#0and b, ,+b,,#0.

Case 2-1 If A,=1 and o,(B) =2, we need to con-

sider e(f’g”eg’;)P 7.21) f(h“)f(bu)
When b,,=b,,=1, fore,,P TIT f32,
1) When 0<4;< 1, by Theorem 5 (LR3),

e2,3P(;T]'.;T£>T).f.3,2:P(T(,mvﬁ)eZ‘Lf;,Z :_P(vamyﬁ).ﬂlel}-i_wha
where WV, is a linear combination of the elements in WV,
2) When 1;=2, by Theorem 5 (LR10), we can ob-

taineuP(T‘,.TZ,.T)fM:e23 T f32—0
When b,,=b,,=1, fore,,P rrwa

1) When 0 <4;<1, by Theorem 5 (LR3, LR9) and
the commutation formulas (2.1c),
e, P (T.7.T f3 1
:P(;‘—;_,}H_a)ez,x.f&zfz.l P
:_P*f‘f‘*fnemle [ ]
—&f5, P T1..0)62 3 fio
=aﬁ,lp(mmﬁ,2em+ ([25+1] —e
:61‘241P(m7;276)f;,282,3 +W,,

where W, is a linear combination of the elements in WV,
2) When A;=2, by Theorem 5 (LR3,LR9,LR10),

ez%fﬂf?z
(oo

e, P (2.0 Tfsl
:ezp f32f21 —&€y; janﬂfaz
=e P f32f21

- (E'T’ﬁ)ﬁ‘zez‘3ﬁ’] Piro S
=P 5[0+ W,

where W, is a linear combination of the elements in W,.

When b, ,=b,,=1, fore, ;P mznfon
1) When 0<4{<1, by the commutation formulas
(2.1b), we have e, ;_;_Tf“ _Tre13ﬁ]=

P afuent [+1] P

&

=W, ,
where WV, is a linear combination of the elements in W,.

2) When A =2, by theorem 5 (LR10, LR9) and the
commutation formulas (2.1d), we have
e Py 5 .fa
251 f3 —¢'e, e P
2.1.0)62 S
=—e12Pﬂa fiie,s+e P

b b
For ey’e) g‘)P

=e,e,;P (z.0.T f31
:elz
ﬂafﬂ_o

f;b )f3(b”), when b, ;=0;,=1,

the proof is similar to the above.
Case 2-2 If 2;=2 and 0,(B) =3, for €y'e}s P, . 1)

L5 f£80 when b, ,=0, for e,,P (22232 £, by Theo-
rem 5 (LR3) and the commutation formulas (2.1d),

e3P 5 fin S

=fs2€: P o o+ [’1' +2] mmrnfu

=3[/1§+1]8 (7T le (7 W,T)fz.lflz =W,
where VW, is a linear combination of the elements in W,.

When b, ,=0, by the commutation formulas (2.1b ,
2.1d), we have

/Al
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e P (m.7.2 f3 2 S
:P(m_fz'j)elj‘/;].f&l:_ TTfszemfﬂ
+& P ein S
=f2P ;‘ﬁ_@)elﬁ.f‘ll +8A£+lel.2pm%+lvl).ﬂ,l

— ’
_f&zp(m oSl [ 41+ IL mrznfse
A+ 1
+8‘+elz 11f31: ey 2
where W, is a hnear comblnatlon of the elements in W,.

¢ glb) p (b:2) b)) _
For e\y'e)s P, -, f fit”, when b,,=0 and

b, ,=0, the proof'is 51m11ar to the above.
Case 2-3 If 1;=3 and o,(B) =4, we need to con-

sider e, e, P, f32f;1, by Theorem 5 (LR9, LR10)

(0,03
and the commutation formulas (2.1b, 2.1d ), we have

e e, P (0.0.3 f32f31
= P(TT*e13f32923f31+[3] €3 5T§fsl

=P (117 f”fﬂeme” (T,ﬁ)fuem

P e fiafut W,
=e P 65f3.2_[2] —&’e; 6T§f31
—&e, (G_Tj)f‘ll,/;l'i_Wc,z:W(H’

where W, and W, = are the linear combination of the el-
ements in WV,. We complete the proof of Proposition 4.

Proof of Theorem 5 By the definition of T and
Theorem 1, it is clear that T satisfies the relations (Q1-
Qo6) in Definition 1. Hence, there is a surjective algebra
homomorphism from 7T to uk(2|1,3). On the basis of
Theorem 3, Propositions 1 and 4, we have the u,(2]1,3)
that satisfies the relations in Theorem 5. According to
the definition of uk(2|1,3), there is a surjective algebra
homomorphism y from T to uk(2|1,3) satisfying y(e; )=
e, y(f,)=f, w(P;)=P,. On the other hand, by Proposi-
tion 1, we see that the map y sends the spanning set of T
to the basis of uk(2|1, 3). Hence y is an isomorphism.
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