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Abstract: Fuzzy implication, as a critical logical connective, holds substantial research significance for its construction and characteriza-
tion within the domain of fuzzy logic. In this paper, we first construct a novel class of fuzzy implications, termed (&, s)-generated implica-
tions, by employing a pair of multiplicative and additive generators derived from triangular conorms. Secondly, we investigate the funda-
mental properties of this new class of implications. Finally, we examine the relationships between the (& s)-generated implications and
other established classes of fuzzy implications, including Yager-, 4-, k-, (0,t)-, (S, N)- and R-implication. The results indicate that the (& s)-

generated implications distinctly differ from these known types.
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0 Introduction

Fuzzy implication, as a generalization of Boolean
implication in classical logic, serves as one of the funda-
mental connectives in fuzzy set theory and plays a
significant role in approximate reasoning and fuzzy con-
trol systems!”. Consequently, based on the practical
applications of fuzzy implication, it is necessary to
construct and characterize a new implication model.
Over the past decade, generating novel fuzzy implica-
tions has been a central theoretical focus, exemplified by
the proposal of various types such as novel e-threshold
generated implications'®, (¢, k)-implications', (A, /)-impli-
cations™, (D, N)-implications”, and (7, N)-implications™,
According to the different construction methods, fuzzy
implication generation approaches can be broadly cat-

egorized into three classes:

1) Implications generated via other essential fuzzy
logical connectives, including fuzzy conjunctions,
disjunctions, and negations. These encompass (S,N)-,
R+-, QL-, (G, N)-, and (U?, N)-implications™ """,

2) Implications generated by additive or multiplica-
tive generators of -norms or #-conorms, along with their
generalized variants. Examples include f-, g-, A-, k-, and
(0, t)-generated implications!* >,

3) Ordinal sum implications constructed through di-
verse ordinal sum operations®***.,

This paper focuses on methodologies for generating
novel fuzzy implications via additive and multiplicative
generators. To this end, we first review and analyze
existing generator-based implication construction ap-

proaches to identify unresolved challenges. In Ref. [22],
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Yager introduced fuzzy implications generated by
continuous additive generators of fnorms and ¢-co-
norms, namely f- and g-generated implications, and
highlighted their critical role in fuzzy approximate rea-
soning. Subsequently, Balasubramaniam™ defined #-
generated implications via continuous multiplicative
generators of f-conorms. Building upon these founda-
tions, Zhou™"

ous generators of #-norms and #-conorms had been used

observed that three of the four continu-

for implication generation, and consequently proposed
in 2021 the final category of k-generated implications—
constructed from continuous multiplicative generators of
t-norms—providing a complete characterization based
on the law of importation and the flexible ordering prop-
erty. Later, in 2022, Zhou™ further introduced (6, f)}-gener-
ated implications constructed via pairs of additive and
multiplicative generators of -norms combined with stan-
dard real addition, along with characterizations of two
specialized subclasses.

Our research motivation stems from three primary
aspects: Firstly, despite the introduction of numerous
fuzzy implications, a vast majority remain unexplored,
and significant open problems persist in discovering new
models satisfying specific algebraic properties or charac-
terizing subclasses of fuzzy implications. Consequently,
the search for and characterization of novel classes
of fuzzy implications constitute an ongoing pursuit.
Furthermore, from both theoretical and applied perspec-
tives, establishing a sufficient repertoire of fuzzy impli-
cations presents compelling interest, which explains its
enduring status as a research focus for decades.
Secondly, building upon the foundation of (6, £} generated
implications and following a similar research trajectory,
it is essential to elucidate whether a new class of fuzzy
implications can be constructed using pairs of generators
of t-conorms, and what novel theoretical contributions
such a construction might yield. Thirdly, through this
work, (& s)-generated implications provide a fundamen-
tally new model of fuzzy implications, serving as a fun-
damental building block in the framework of construct-
ing fuzzy implications via generators of f-norms and
f-conorms.

In this paper, a new concept of fuzzy implication is
proposed by means of multiplicative and additive gen-
erators of #-conorms. Then, we study the basic properties
of (& s)-generated implications. Finally, the relationship

between (&, s)-generated implications and other common

fuzzy implications is analyzed.

1 Preliminaries

In this section, we recall here only some fundamen-
tal definitions and results which shall be used in the
paper. We begin with the definition of #norms and
f-conorms.

Definition 1% A znorm is a binary function T:
[0,1* —[0, 1] such that T is commutative, associative,
nondecreasing in both variables, and has 1 as its neutral
element. Dually, a fconorm is a binary function S:
[0, 17 —[0, 1] such that S is commutative, associative,
non-decreasing in both variables, and has 0 as its neutral
element.

Example 1°° The following are basic dual pairs of
t-norms and z-conorms, where x, y €[0, 1],

(1) Minimum and Maximum pair: 7, (x,y)=min (x, )
Sy (x, y)=max (x,y), x,y €[0, 1].

(i1) Product and Probabilistic Sum pair: 7, (x, )= xy;
Sy(x,y)=x+y—xy, x,y €[0, 1].

(ii1) Lukasiewicz pair: T L(x, y) =max (x+y—1,0);
S, (x,y)=min (x+y, 1), x,y €[0, 1].

(iv) Drastic Product and Sum pair: 7, (x,y)=0 for
x,y €[0,1) and otherwise T, (x,y)=min(x,y); S,(x,y)=1
for x,y €(0, 1] and otherwise S, (x,y)=max(x, y).

Definition 2" A fuzzy implication is a binary func-
tion :[0,1]" — [0, 1] satisfying the following conditions:

(I1) 1 is non-increasing in its first variable.

(I2) I is non-decreasing in its second variable.

(13) 1(0,0)=1(1,1)=1, and I(1,0)=0.

Definition 3" Let / be a fuzzy implication, N a
fuzzy negation and 7T a t-norm. Then / is said to satisfy

(i) the ordering property (OP), if Vx,y€[0,]1],
I(x,y)=1x<y.

(i) the neutral property (NP),
I(L.y)=y.

(iii) the identity principle (IP), if V x €[0, 1] /(x, x)=1.

(iv) the exchange principle (EP), if V x,y,z €[0, 1],
I(x. 1(y.2)=1(y.1(x. 2)).

(v) the contraposition property with respect to N
(CP), it V x,y €[0, 1], I(x, y)=1(N(y), N(x)).

(vi) the latter boundary condition (CB), if Vx,y e

if Vye[0,1],
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[0, 1], I(x,y)>y.

Definition 4" A fuzzy negation is a nonincreasing
unary function N: [0, 1]—[0, 1] that satisfies N(0)=1 and
N(1)=0. Moreover, a fuzzy negation N is called

(1) strict if it is continuous and strictly decreasing
on [0, 1].

(i1) strong if it is an involution, i.e., N(N(x))=x for
all x €[0, 1].

(iii)) an a@-normal CD-negation (continuous and
strictly decreasing negation) if it is continuous on [0, 1]
and is strictly decreasing on [a, 1], where a=
sup{x €[0, 1]| N(x)=1} (see Ref. [24]).

For a fuzzy implication [, the function N,
[0,1] — [0, 1] defined by N,(x)=1I(x,0) for all x €[0, 1].
Then N, is a fuzzy negation, called the natural negation
of L.

Definition 5°" Let [a,b] and [c,d | be two closed
subintervals of the extended real line R=[ —o0,00] and
let i [a,b] — [c,d ] be a monotone function. Then the
function f": [c, d]—>[a, b], defined for each y € [c,d | by

S () =sup{x €[a.b]| (f (x)- )/ (b)-f(a))< 0},
is called the pseudo-inverse of f. If fis strictly monotone
and the range of f'is denoted as Ran( /'), then the restric-
tion of /" to Ran(f), i.e., the function [y, :
Ran(f)—[a,b] is also strictly monotone. Moreover, in
this case we have the following identities:

() lancn = 1drancrr

(i) /o f=id,, .

Definition 6 Let 7 and S be a continuous Archi-
medean #-norm and #-conorm, respectively.

(1) An additive generator (AG) of T is a strictly de-
creasing and continuous function #: [0,1] — [0, ] with
t(1)=0 such that T'(x, y)=¢""(#(x)+ #(y)) for all x, y €[0, 1].

(i1) A multiplicative generator (MG) of T'is a strictly
increasing and continuous function 6:[0, 1]—[0, 1] with
6(1)=1 such that T(x,y)=6"(6(x)0(»)) for all x, y [0, 1].

(ii1) An additive generator of S is a strictly increasing
and continuous function s: [0, 1]—[0, o] with s(0)=0 such
that S(x, y)=s"(s(x)+s(y)) for x,y €[0, 1].

(iv) A multiplicative generator of S is a strictly
decreasing and continuous function ¢&: [0, 1]—[0, 1] with
£(0)=1 such that S(x, y) =" (&(x)E(D) for all x, y €[0, 1],

The relationships between additive and multiplica-

tive generators of #-norms and #-conorms are illustrated

in Fig. 1.
N o
AGtof T |, | AG sof § |
|
7y e N, 7'y
bONfG)=f(1-x)
el [L L Ef)—e® | E| [L

............................

............................
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Fig.1 The relationships between the additive and

multiplicative generators of a 7-norm 7 and its dual 7~conorm
S: a commutative diagram

Definition 7°>*** (i) An f-generator is a strictly
decreasing and continuous function f: [0, 1]—[0, «] with
f()=0. For an f-generator f, the function I [0,1]’
—[0,1], given by

Leay)=/" () xye[0,1],
with the convention 0-00=0, is a fuzzy implication,
called f-generated implication.

(i1)) A g-generator is a strictly increasing and
continuous function g: [0, 1]—[0, «] with g(0)=0. For a
g-generator g, the function 7, [0, 11" [0, 1], given by

1Gen)=g" (gD wye[01]

. .1 : L
with the convention 0= and o0-0 =00, is a fuzzy impli-

cation, called g-generated implication.

(iii) An h-generator is a strictly decreasing and
continuous function #: [0, 1]—[0, 1] with ~#(0)=1. For an
h-generator h, the function 7,: [0,1]"— [0, 1], given by

L, y)=h (xh(y)), xy e [0.1],
is a fuzzy implication, called s-generated implication.

(iv) A k-generator is a strictly increasing and

continuous function &: [0,1] — [0, 1] with k(I)=1. For a

k-generator , the function Z,: [0,1]°— [0,1], given by
1
L(xy)=k(_ k). xye[01],
with the convention % =1 and % =0, is a fuzzy implica-
tion, called k-generated implication.

(v) Let 0 be a multiplicative generator of a -norm
and ¢ an additive generator of another (possibly the
same) f-norm. Then, the pair (6,¢) will be called a (6, ¢)-
generator if #(0)=0(1")—0(0). For a (b, ¢)-generator (6, 1),
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define a binary function 7,,: [0,1]°— [0,1]by
1,,(x,y)=0" (min(t(x)+ O(y), 1)), x,ye [0,1],
then, /,, is a fuzzy implication, called fuzzy implication
additively generated by & and ¢, or simply called (6, ?)-
generated implication.
Theorem 1" For a function I: [0,1]"—

following statements are equivalent:

[0,1], the

(1) I is an (S, N)-implication with a continuous
(strict, strong) fuzzy negation M.
(i1) I satisfies (I1), (EP), and N, is a continuous

(strict, strong) fuzzy negation.

2 (¢ s)-Generated Implications and
Basic Properties

In this section, we introduce a new class of fuzzy
implications by means of a pair of additive and multipli-
cative generators of -conorms and then study their basic
algebraic properties.

Definition 8 Let &[0,1] — [0, 1] be a multiplica-
tive generator of a ~conorm and s:[0,1] — [0, 1] an ad-
ditive generator of another (possibly the same) #¢-co-
norm. If the pair (& s) will be called a (& s)-generator if
s(I7)+ &M= 1. For a (& s)-generator (&, 5), define a binary
function .:[0,1]°— [0,1] by
I, (x,y)=¢" (max (s(x)+ () = s, £, x.y € [0.1], (1)
then, /., is a fuzzy implication, called fuzzy implication
additively generated by ¢ and s, or simply called (¢ s)-
generated implication.

Proof

is strictly decreasing, its pseudo-inverse &V is also

For any x,,x, € [0,1] with x, <x,, since &

strictly decreasing. Additionally, as s is strictly increas-
ing, we have:
s(x, )+ () =sD<s0x; )+ () —s(D).
Consequently,
I, (x1.»)
=" (max (s(x, )+ ()= (1), (1)
> ¢V (max (s(x; )+ () —s(). EM)) =1, (x5, ),
which implies that /. satisfies (I1).
For any y,,y, € [0, 1] with y, <y,, the strict monoto-
nicity of ¢ implies:
$(x)+<(1) = s> s(x)+ <y, ) = (D).
Thus,
I ()
=¢ (max (s(x)+<&(y, ) —s(1). D))

<& (max (s(0)+E(,) =), M ) =1, (x.1,),
proving that /. satisfies (I12).

Next, we verify boundary conditions:
1.,(0,0)=¢""(max (s(0)+(0)—s(D). S =< €M) =1,
1., (1, )=¢"" (max (s()+ SO — s, SN =" ()= 1.
1.,(1,0)=¢"" (max (s(1)+ £(0) - s(1), (1)) =" (£(0) =0,
hence /., satisfies (I3).

Remark 1
liminary conventions, we designate ¢ as the ¢-generator

(1) To align Definition 8 with the pre-

and s as the s-generator in the (¢ s)-generated implica-
tions. Notably, when & or s is discontinuous, the (& s)-
generated implication need not be discontinuous (see
Example 2 (iii)). Even if ¢ and s are both continuous,
there may exist discontinuous (& s)-generated implica-
tions (see Example 2 (iv)).

(i1) Our assumption s(1")+<&(1)= 1 ensures /., (0, 0)=1.

(i11) When £(1)=0 and s(1)=1, there exists a particular

(& s)-generated implication

I (xy) zé(“)(max (s(x) +&(y) - 1,0)), x,ye [0,1].

(iv) By definition, (& s)-generated implications are
different in general from any of /-, g-, s-, or k -generated
implications. We will discuss their relations in the
following section.

Example 2 (i) Let s(x)=x" (a>0) and &(x)=1-ux,
which are the multiplicative generators of S,. The corre-
sponding (&, s)-generated implication is

1., (x,y)=¢"" (max (s(x)+ £(0) = s(1). £(1))
=¢" (max (x* -, 0)
=1-max (x*—y,0)
=min (1 —x“+y, ).

When a=1, this (& s)-generated implication reduces
to the well-known Lukasiewicz implication 7, . More
generally, for continuous (& s)-generators satisfying &=
1-s and s(1)=1, the implication /., corresponds to the

s-conjugate of /., denoted (7, ).,

I &s (x.»)
=& (max (s(x)+ () —s(1), <))
=& (max (s(x)+ 1 —s(y)—s(1), 1 —s(1))

=sup{z e [0, 1]|&(z)>max(s(x)+1-s()-s(D). 1 -s()}
=sup {ze [0, 1]]s(z)<1 ~max(s(x)}+1—-s(»)—s(1). 1-s(1))
=sup {z € [0.1]]s(z)<min(s()) = s(x)+5().5))}

=57 (min (s(1) - s(x) + s(»), 5(1)))

=5 (min (1 — s(x)+s(»), 1))
=Lk ), (x,)).
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(i1) Let A €(—1, ). Consider the additive and multi-
plicative generators of the continuous Sugeno-Weber
t-conorm S3V,

X, 2=0,

5 ()= % ) &(~1,00U(0,0),

and
e, =0,

é (x) = In (1 +4x)
et 1 e(=1,0)u(0, ),

When 1=0, I2% =17 . For A €(=1,0)U(0,), the (£, 5,)-

Sugeno-Weber generated 1mphcat10n is

In(l +A)In(1;]n((llt_);? Lenh - .
]CS\;\/ (x’y): ) ’ XZAz(xvy)v
1, otherwise,

where 4, (x,y)= %(e‘““ Ao 1-eT)_ 1).
(i) A discontinuous generator example. Let
()= _
s
x+1,

otherwise,
and &(x)=1-x, the resulting (¢ s)-generated implication
is 1., (x,y)=min(l —x+y,1), which coincides with the
Lukasiewicz implication /. Notably, /., is continuous
even though s is discontinuous.

(iv) A discontinuous (¢ s)-generated implication
example: Let &(x)=e™ (the multiplicative generator of S))
and s(x)=—In(1 —x) (the additive generator of S,). For all
x,ye [0,1],

1. (x,y)=¢"" (max (s(x) +<(v) —s(1). (1))
= (max (-In(1 —x)+e”+1In0,e™"))
I, x<l1,

Tl ox=1
which corresponds to the Weber implication /. This
(& s)-generated implication /., is discontinuous despite
the continuity of £ and s.
Let (¢,,5,), (&,.5,), and (&s) be
any (& s)-generators. Then

Proposition 1
(i) If is continuous, then /., =1, ifand only if s, =s..

(i) If ¢, &,, 5, and s, are all continuous, then 7, , =1,

&8y

if and only if &= s2(D & =& M+s,MY+EM=s,(0)

sp(D
()

ON
(i1) If &,, &, and s are continuous with &, (1)=¢, (1),
then /. ;=1.  ifand only if {,=¢,.

and s,=

Proof (i) Assume ¢ is continuous. The equality
I, .(x,y)=1 .(x,y) holds if and only if for all x, y €[0, 1],
¢ (max (s, (x)+&(y)—s(D). (M)
=¢ (max (s, (x)+ () = s, <)),
if and only if
¢ (max (s, (x)+<(v)—s(1). <))
=& (max (s, (x)+ () — (). ED)),
if and only if
max (s, (x) +<(y) —s(1). £(1)) = max (s, (x) + <(y) —s(1). (1)),
if and only if for all x €[0, 1], s, (x)=s5, (x).
(i) Let &, &, , s, and s, are all continuous. Then
1., =1, implies for all x,y €[0, 1],
¢ (max (s, () +& (1) =5, (D.&, (1)
=& (max (s,(0)+& (1) =5, (1. S D)),
which is equivalent to
&0 ¢ (max (s, (1) +& () —s, (1).&, (D)
=max (s, (x)+& (1) =5, (1), & (D).

Let a=¢ 08", f=s,057, u=s,(x)e [0.s,()], v=
Ee [&M.1] then a:[&M).1]—>[&M1] and
b [O, s, (D ] - [O, s, (1) ] are two strictly increasing bijec-
tions satisfying a(v)=¢,(y) and f(u)=s,(x). The equa-
tion becomes

a(max (u+v—s,(1),¢ (1))
=max (Su)+a(v)—s,(1). & D), (@)

Since a(&, (1))=¢,(1), equation (2) reduces to a(u+
v—s,1)=pw)+a(v)—s,(1). Letting v=¢& (1), then we
have

pay=o(u+<, (D=s, )= D+s, (A}
and consequently,
pmax (u+v—s,(1).s, (1)

=a(max m+v—s,(1),s, )+ D—s,D)-& D+s, (1)
=a(max (u+v—s,(D+ D=5, 1D, & D) -&D+5,(1)
=max (f)+a(v—s,()+< 1) -5, (D). & 1) - D+, (1)
=max (Bu)+a(v—s, )+ 1) - & D+s, (1) -5, (1), 5, (1))
=max (f(u)+p(v)=s,(1),s,(1)).

Let f(x)=min(cx,b) for all xe [0,a], then one
obtains that

f(max(x+y—a,a))=min(cmax(x+y—a,a),b)

=min(max (cx + ¢y — ca, ca), b),
ie.,
max (f(x)+f(y)—b, b)=max(min(cx, b)+min(cy, b)— b, b)
:max(min (cx+cy—b, b), b).

Comparing both sides, equality holds only if = g.

Thus, = 22} )= 20 6=& s, W)+ &0 -
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21 Therefore, s, (1)= 2 8 5100 &)= jﬁ; & (-

S M+s, M+ D=5, (D).

In conclusion, /. =1,  if and only if for any

&0,

e [0} &= 20 W& W45, )+ & D=5,
509= 20, @)

(iii) It is immediately known from (ii).
Proposition 2  Let /., be a (¢ s)-generated impli-
cation and NV, its natural negation. Then:

(i) N, (x)=&"(max (s(x)+ 1 —s(1),&(1)) for all x e
[0,1]

(i) If s()+<(1)> 1 +s(x) for all x [0, 1), then N, is
the greatest negation N, i.e.,

0, x=1,
N, (x)=N-(x)= 1 xef0.)

(ii1) If s is continuous, then N, is continuous.

(iv) N, is an a-normal CD-negation if and only if
both & and s are continuous.

(v) N, is strict if and only if both ¢ and s are
continuous and s(1)+ (D) =1.

(vi) N, is a strong fuzzy negation if and only if
both & and s are continuous and s(1)+ &(x)=1+s(x).

Proof
of natural negation.

(i1) Forx=1,

N, ()=1,(1,0)=¢""(max (1, E1))=¢"" () =0.

For x €[0, 1), since s(1)+£(1)= 1 + s(x), we have

N,p\ (x)=1:,(x,0)
=g (max (s(x)+ 1 = s(1).£(1))
=7 (EW)=1.

Thus, N, (x)=N-(x).

(iii) If s is continuous, then by (i), the N, the conti-

(1) This follows directly from the definition

nuity of the " the continuity of the decision, and ¢ is
strictly decreasing function, therefore £ is continuous,
so the NV, is continuous.

(iv) For the sufficiency, let a=s"(E1)+s)- 1),
then N, (a)=¢"" (max (). ED)=¢"(E@)=1. This
means that N, (x)=1 forx € [0,a], and it is known from
the strictness of s that N, (x) is continuous and strictly
decreasing on [a,1]. Hence, N, is an g-normal CD-
negation. Conversely, if N, is an a-normal CD-negation,

by (iii), s must be continuous. It remains to show the
continuity of & Suppose to the contrary that & is discon-

tinuous at some point x,€(0,1), then N, would take

constant value on a subinterval [c,d], where c=
sT(EED+sD)-1), d=s"(E(x,)+s(D)—1), contradicting
the definition of a-normal CD-negation, thus, ¢ must be
continuous.

(v) This is a special case of (iv) with a=0, which is
equivalent to s(1)+£(1)=1.

(vi) For the sufficiency, if ¢ and s are continuous
and s(1)+&(x)=1 +s(x), then

N, (x)=&"" (max (s(x)+ 1 = s(1), (D))
=& (max (¢(x), (1)
= (E(x)=x.
Thus, N, .o N (x)=N, (x)=x, proving N, . is a strong
fuzzy negation. Conversely, since every strong negation
is strict, it follows from (v) that N, is strong if and only
if ¢ and s are continuous with s(1)+&(1)=1. Thus
N, oN, (x)=xifand only if
¢ (max (s o £" (max (s(x)+ 1 =s(1), M)+ 1 = (1), £(1)))
=x,

if and only if & (5o (s(x)+1—s(1))+1—-s(1)=x, if
and only if s(1)+ &(x)= 1 + s(x).

Remark 2
continuity of s is a sufficient condition for the continuity

Regarding Proposition 2 (iii), the

of N, , but the converse does not hold. Specifically, the
continuity of N, does not imply the continuity of 5. A
counterexample is provided in Example 2 (iii).

Proposition 3  Let /., be a (¢ s)-generated impli-
cation and NV, _its natural negation. Then

(1) 1., satisfies (NP), (CB) and (EP).

(i1) /., satisfies (CP) with respect to a fuzzy nega-
tion N if and only if N=N, is a strong fuzzy negation.

(1i1) /., satisfies (IP) if and only if s(x)+&(x)<s(D)+
&) forallx e [0,1].

(iv) I.,(x,y) =1 if and only if s(x)+&(y)<s(1)+E&(1)
forall x,y € [0,1].

(v) 1, satisfies (OP) if and only if s(x)+¢(x)=1 for
allxe [0,1].

Proof (i) For any y €]0, 1],

1., (1,y)=¢"" (max (s(h)+<(y)—s(1). <))

=& (=Y.
Hence, /. satisfies (NP).

s L

In a similar way, for any x,y € [0, 1],
I (xy) =& (max (s(x)+ () - (), ED)).
If 5(x)+ &) — s(1)< &(1), then
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1., (6, y)=¢"" (max(s(x) +<(») - s(1), <))
= l(l)=12y,
Ifs(x) +&(y) —s(1) =&(1), then
1., (x,y)=¢"" (max (s(x)+ £(v) —s(1). (1))
=& (s(x)+<(v) - ()
> £ (s(D+E0) (D)
=0 ()
=y.
Thus, /., satisfies (CB).
Finally, for any x,y,z € [0, 1],
I (eI (,2)
=1(x,¢"" (max (s(y) +<(2) - s(1), <))
=¢ (max (s(xH+&ed™ (max (s(yH+E(2)-s 1), S1))-s(D), <))
=¢ (max (s(x)+max (s(y) +<(2) = s(D), £(1) - s(1), £(1))
=¢ (max (s(y) +max (s(x) +&(2) - (D), <) —s(1). £(1)))
=¢ (max (s(yH¢e¢"" (max (s(+<(2)-s(1), S1))-s(1)., <))
=1(y, ¢ (max (s(x)+<(2) = s(1). <(1))
=1, (11 (% 2)).

Thus, /., satisfies (EP).

(i1) By (i) and Corollary 1.5.9 in Ref. [1], /., satis-
fies (CP) with respect to N, if and only if N, is a strong
fuzzy negation.

(iti) For any xe [0,1], 1. (x,x)=1 if and only if
EV (max (s(x)+ &E(x) —s(1), £(1)))=1 if and only if max (s(x)
+&(x)—s(D), &(1))=£&(1) if and only if s(x)+ E(x) < s(D) + E(D).

(iv) For any x,y € [0,1], 1., (x,y)=1 if and only if
EV(max (s(x)+&E(y)—s(1), £(1))=1 if and only if max(s(x)
+E(y)—s(D). ED)=¢() if and only if s(x)+ ()< s(1)+ (D).

(v) 1., satisfies (OP), i.e., 1. (x,))=1&x<y. By
(iv), this is equivalent to s(x)+&(y)<s(D+E(D) < x <y, if
and only if s(x)+¢&(x)=1. The last "if and only if" is
proved as follows:

For the sufficiency, assume s(x)+¢&(x)=1. By the
definition of /., we have s(1)=£(0)—¢£(1). Let x<y, since
& is strictly decreasing, s(x)+&(x) = s(x)+ (). Thus, s(1)+
EM=s(x)+<E(x)=s(x)+ (), 1:,(x,y)=1 satisfies (OP).
Conversely, suppose /., satisfies (OP), i.e., s(x)+&(y)<
s(D+<E1)=x<y, we have s(x)<s()+<E(1)—-E&(y). Let
x <y, since ¢ is strictly decreasing, s(1)+ (1) —<(x)<s(1)+
E()—E(y). Thus, s(x)=s(1)+&(1)—E(x) for any x € [0,1].
Setting x=0, s(0)=s(1)+ (1) — £(0), we have s()+<(1)=1.
Hence, s(x)+&(x)=1.

To conclude this subsection, the fundamental prop-
erties of commonly generated implications via genera-
tors are summarized in Table 1 for further analysis.

3 Relations to Other Classes of
Implications

In this section, we focus on the relationships be-
tween (& s)-generated implications and f-, g-, &-, k-, (6, 1)-
generated implications, as well as (S, N)- and R-implica-
tions. We begin by introducing the following notations:

o [=1,0I,, where I, denotes the subclass of f-
generated implications with f(0)=oo and I, the subclass
of f~-generated implications with f(0)< 0.

o [=1,,UI

.=1,,1,, wherel,, denotes the subclass of g-

generated implications with g(I)=cc and I,  the subclass
of g-generated implications with g(1)< 0.

o I,=1,,91I,, where I,, denotes the subclass of /-
generated implications with 4(1)=0 and I, , the subclass
of h-generated implications with A(1)> 0.

o [=I,v ‘Z[k,p’
generated implications with £(0)=0 and I, , the subclass

where I, denotes the subclass of &-

of k-generated implications with £(0)> 0.

e [,,, denotes the class of all (6, ¢)-generated implica-
tions.

e I.,, denotes the class of all ( s)-generated implica-
tions.

e [, denotes the class of all (S, N)-implications.

e I, denotes the class of all R-implications of ¢-
norms.

Proposition 4 Let /., be a (¢ s)-generated impli-
cation. Then [, is neither an f~generated implication nor
a g-generated implication.

Proof By Proposition 3(iv), there exist numerous
pairs (x,»)€(0,1)* such that /. (x,y)=1. However, for
any f-generated implication /,, I,(x,y)=1 if and only if
x=0 or y=1. This contradiction implies /., cannot be an
f~generated implication.

The natural negation of a g-generated implication is
the Godel negation . However, the natural negation of
I.,(x,y) , denoted N, , differs fundamentally. Suppose
N, (x)=Ng(x), we have N, (x)=¢"(max (s(x)+1-
s(1), £(1)))=0 for all x> 0. If £ is continuous, then s(x)=1
for all x>0, This contradicts the strict monotonicity of s.
If ¢ is discontinuous, then £(0")< 1, the natural negation
takes the form

1, s(x)<<(),
N, (%)= 1< (max (s(x)+1-s(D), 1)), s(x)e(&(1),<(07)),
0, s(x)=E(0°).

Thus, /., cannot be a g-generated implication.

s Lés
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Table 1 Basic properties of generator generated implications

I (UG)' (NP)  (EP) I(x,y)=1

CR(N) N,

Sx=0vy=1

: 2
N, is strong

N,=Ngiff(0)=o0
N, is strict if f(0) <o

<f(0)<oAN=

N, is strong if f(0)<o0 AN, is strong

< g)<w,xg)<g(y)
Ig C \/ ‘/ @g(]):oo’x:()\/y: X N,:NC
1
J J S h(1)=0,x=0vy=1 Sh=l"AN N, is strict if A(1)=0
1 1
' < h(1)> 0, xh(y)< h(l) N, N, is strong if h=h"
N,=N;if k(0)=0
1 I J J Sx<k(y) x e
N, is a NCDN*if £(0)> 0
N,,=N-<=t(1")=0(1")-0(0)
N,, 1s continuous <> so is ¢
J N, is a NCDN <> 6 is continuous on [0, 1) and ¢

See Ref. [25] J

S H(x)=0(17)-60(y)
Theorem 1

(@ cont.
on[0,1))

is continuous on [0, 1]

& N=N,, is strong

N, is strict <> 6 is continuous on [0, 1) and ¢
is continuous on [0, 1] with #(0)=6(1")— 6(0)
N,, is strong <> 6 is continuous on [0, 1) and ¢

is given by Eq. (5) in Ref. [25]*

N J < s(0)+c)<s)+

1., SeeProp.1
P =0

&s

< N=N_,is strong

N =N:<s()+S1)= 1 +5(x)
N, is continuous <> so is s
N,,is a NCDN <> ¢ and s are continuous on [0, 1]
N, is strict < ¢ and s are continuous on [0, 1]
with s(1)+&(1)= 1
N,, is strong <> & and s are continuous on [0, 1]
with s(1)+ &(x) =1 +s(x)

! This column (UG) denotes the uniqueness of generators, e.g., f-generators are unique up to a positive multiplicative constant c.

? f, means the normalization of f'when f(0)<co, more precisely, f, (x)= S for all xe [0,1].

S0

* NCDN means normal CD-negation. * #(x)=min(6°¢ ~'(1 - ¢(x)),8(1 ")) - 6(0).

It immediately follows from the above proposition
that I, "I,=@ and I.,NI,=¢. Since k-generated im-
plications satisfying k(0)=0 are precisely g-generator
implications, we have I. . N I, ,=&. Similarly, since 4-gen-
erator implications satisfying /4(1)=0 are precisely f~-gen-
erated implications, we have I., N I, ,=. We now con-
sider the cases where k(0)> 0 and 4(1)> 0.

Proposition 5 (i) [, "1, ,=C.

(i) I, 1,,=2.

Proof
a fuzzy implication / € I, NI, ,. Then, there exist (£ s)-

(i) Assume, for contradiction, there exists

generators and a kgenerator with £(0)>0 such that /. =1,.
Forall x,y € [0,1],

£ (max (s(x) + ) —s(). G0N =k (min (*2) 1) (3)

X

Additionally, the natural negations of (& s)- and
k-generated implications must coincide. However, the
natural negation of /, is

1, x <k(0),

N, ()= s (% k(0)), x> k(0),

and when x < k(0),

N, (x)=¢"" (max (s(x)+ 1 —s(). <) =1,
only when the s(x)+ 1 —s(1)< (1) the equation is formed,
at this point, the Proposition 2 (ii) shows that
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0, x=1,
1, x€[0,1),
apparently N, (x)#N, (x), so the assumption is not set

N, (x)=N+(x)=

up, I, NI ,= .

(i) As shown in Ref. [24], [,=1, if and only if
h(x)k(x)=k(0)=h(1)>0 for all xe [0,1]. It follows that
L,nNL,=2.

From Example 2 (i), we know that (/4 ), € I.,. Let-
ting f=s, it follows from Ref. [25] that (/,x), € I,,.
Consequently, (/,x), € I,y I, , and thus the following
proposition naturally holds.

Proposition 6 (i) I.,N I, # .
(i) LN I y# D
(iit) I, N L= Q.

Proof

&(x)=1-x. The resulting (& s)-generated implication is

(i) From Example 2 (i), let s(x)=x and

1., (x,y)=min (1-x+y, 1). Similarly, as shown in Ref. [25],
for O(x)=x and #(x)=1-x, the (0, 7)-generated implica-
tion is [, (x,y)=min(l -x+y,1). Thus, I. (xy)=
1,,(x,y), proving I. . N I,,# <.

(i1) By Definition 8, Proposition 2 (iii), and Proposi-
tion 3 (i), it follows by Theorem 1 that /. is a (S, N)-im-
plication with continuous fuzzy negation N.

(ii1) Suppose ¢ is continuous. Through propositions
3 (i) and (v), it can be known that 7, satisfies (EP) and
(OP). Therefore, from Theorem 2.5.17 in Ref. [1], it is
obtained that /. is an R-implication. Namely /., is R-im-
plication if and only if s(x)+&(x)=1 forall x € [0,1].

The following further reveal I., with I,, I, rela-
tionship.

Lemma 1" For a function 7: [0,1]°— [0,1], the
following statements are equivalent:

(1) I is an (S, N)-implication with a continuous
(strict, strong) fuzzy negation M.

(i1) [ satisfies (I1), (EP) and N, is a continuous
(strict, strong) fuzzy negation.

Lemma 2" For a function 7: [0,1]°— [0,1], the
following statements are equivalent:

(1) 1 is continuous and satisfies both (EP) and (OP).

(i1) 7 is a conjugate of the Lukasiewicz implication
Iy, 1.e., there exists an automorphism ¢ of [0, 1] such
that  1(x.y)=(L, ), (x.)= " (min(l - p(x)+ p(1). ) ~for
allx,y e [0, 1].

Proposition 7  Let /., be a (¢ s)-generated impli-

cations such that ¢ and s are continuous on [0, 1], then 7.,
is an (S, N)-implication with a continuous (strict, strong)
fuzzy negation N.

Proof
Lemma 1, Proposition 2 (iii) ((v), (vi)) and Proposition
3 (i).

Proposition 8

It can be directly obtained from the above

Let /., be a (¢ s)-generated impli-
cation with ¢ continuous, then /., is an R-implication if
and only if s(x)+&(x)=1 forallx € [0, 1]

Proof For the sufficiency, obviously, if £ is con-
tinuous, then from Propositions 3 (i) and (v), it can be
known that /. satisfies (EP) and (OP). Therefore, from
Theorem 2.5.17 in Ref. [1], it is obtained that /., is an
R-implication. Conversely, if /., is an R-implication,
then it satisfies (OP), which can be directly obtained
from Proposition 3 (v).

Remark 3

the (& s)-generated implication /., in Proposition 8 is a

(i) From Lemma 2 and Example 2 (i),

conjugate class of the Lukasiewicz implication, i.e., /., =
({.x),» where p=s.

(1) There exist R-implications that are not (&, s)-gen-
erated implication. For instance, /,; is an R-implication
whose natural negation is the Godel negation. However,
1, cannot be expressed as a (& s)-generated implication.
(iii) Let /., be a (£ s)-generated implication with continu-
ous & and s, and s(x)+&(x)=1 for all x € [0,1]. Then I,
is both an (S, N)-implication with a continuous fuzzy ne-
gation N and an R-implication. However, there exist (&, s)
generators such that (¢ s) is not a (6, f)generated implica-
tion. For example, let £(x)=¢™ and s(x)=1-¢™. The re-
sulting implication is 7, (x,y)=—Inmax (e"'—e“+e™, e
which is not a (6, ¢)-generated implication. By the rela-
tionship in Fig. 1, #(x)=s(1 —x) and 8(y)=£(1—y), we have

1,,(x,y)=0"" (min(#(x)+ 6(y), 1))

=07 (min(s(1 —x)+ (1 =), 1)

=g (1 —min(s(l —x)+<(1 - ). 1)

=& (max(1 —s(1 —x)+1-&(1 —y)—1,0)).
Comparing with /. (x,y)=¢"(max (s(x)+&(»)—s(), E(1))
equality holds only if s(x)=1-s(1 —x) and &(x)=1-&(1 -
x). However, for x=1,s()=1-¢'#1=1-s(1-1), £1)=
e'#0=1-&(1-1). Thus, /., is not a (6, ¢)-generated im-
plication but belongs to both an (S, N)-implication with a
continuous fuzzy negation N and an R-implication.

(iv) There exist (& s)-generated implications that are
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not (S, N)-implications. For example, let

L, x €[0, 1),

E(x)= 1+x
0, x=1,
and s(x)=x, we have
Iés(xny):
1 1
1, max(x+1+y—1,0) € [0,2}

1

1+

max(x+ L —1,0)
I+y

Its natural negation is

1, xe [0,;
N ()= | |
— =1, xe(+%
X 2

If 1., is an (S, N)-implication, then

S(N(x),y)=

J

.

-1, max(x+1y—1,0) e(%, 1].

1
1, X € [0,2},

1 1
S(; - 17)’)7 X 6(59 1]

It can be known from /; (x,y)=S(N(x),y) that when

max (x+ L —1,0)9(;, 1],

I+y
thereis
S(l—l,y)z ! -1
X 1
max (x+—l,0)
1+y
Lett=%—1e[0, 1), then
1
St y)= -1
1
max | —+——1,0
I+t 1+y
1
o, "
I+t 14y

and the value range of S(z,y) is [0,), which contradicts
the fact that S is a #-conorms. Therefore, /., is not an
(S, N)-implication.

Finally, the intersections of (¢ s)-generated implica-
tions with other classes of implications are briefly sum-
marized via Table 2 and Fig. 2, where I, I;,, Remark 2
see Ref. [25], (Lx ), is the subfamily of conjugates of /,,
I, is the subfamily given in Proposition 6, I is the sub-
family given in Remark 3 (iii), and I, is the subfamily
given in Remark 3 (iv).

Table 2 Intersections between classes of fuzzy implications considered in this article

N I L I, L I, L, Ly I
I L L.=I La=1,, @ %) %) L %)
L L.=L. L, @ = Lo @ @ @ Iog
ﬂh I/:,ozlfﬁfv %) I, :][k,p ][h.,p:‘Z[lll,I ﬂh,pzﬁéx I, a
L @ Lo=1, L,=1L., L L,=1, L,=L, L, s
L. Z @ L,=1, =1, L, E, L. (i),
I, 2 2 2 o L, I, B (o,
4 Conclusion
;o I~ , 1, .=, .
This paper proposes a class of (& s)-generated impli-
FTTTTeT : Tt cations constructed via multiplicative and additive gen-
. » i 11, =101, I 0=l erators of #-conorms, and proves that such fuzzy implica-
g o lag tions constitute a novel family distinct from Yager’s f-
m O TN ¥ and g-generated implications, as well as /- and k-gener-
_________ ,,51153 Ay ated implications, (S,N)-implications and R-implica-
" tions..SerVing as.a fupda@ental building block for con-
structing fuzzy implications through generators of ¢-

Fig. 2 Diagrammatic summary of intersections

norms and #-conorms, (& s)-generated implications not
only enrich the structural framework of fuzzy implica-
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tion families but also demonstrate applicability in ap-

proximate reasoning and fuzzy control systems, thereby

providing theoretical foundations for decision-making

models and related applied domains. Subsequent re-

search will first investigate functional equations associ-

ated with (& s)-generated implications—including dis-

tributivity and exchange principles—and subsequently

focus on the equivalent characterizations of general (¢, s)-

generated implications.
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