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Processes with Migration and
Affected by Viral Infectivity in
Random Environments
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Abstract: In this paper, a model of branching processes with migration and affected by viral infectivity in independent and identically dis-
tributed (i.i.d.) random environments is established firstly. Then the Markov property, conditional probability generating function and con-
ditional expectation of the model are studied. Finally, under certain conditions, some sufficient conditions for certain extinction of pro-
cesses are given, and some related theories of branching processes in random environments are generalized.
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0 Introduction

Branching process is a mathematical model used to
describe the reproduction of species, which has received
much attention. As the reproduction of species is subject
to factors such as natural environment and social envi-
ronment, many mathematicians have improved the clas-
sical branching process model. Smith and Wilkison first
proposed branching processes in random environments
and studied the extinction probability of branching pro-
cesses in independent and identically distributed (i.1.d.)
random environments and some properties of branching
processes in Markovian environments!”. Athreya and
Karlin™* discussed the extinction probability and some

limiting behaviors of branching processes in stationary
ergodic random environments. Holzheimer™® introduced
the controlled branching model in a random environ-
ment and studied its extinction probability. Yanev et al”
investigated the sufficient condition for certain extinc-
tion and non-certain extinction of controlled branching
processes in i.i.d. random environments; Bi et al™ pro-
posed a criterion for certain extinction of controlled
branching processes in stationary ergodic random envi-
ronments. Li et al® studied the Markov property and
some limiting behaviors of controlled branching pro-
cesses in random environments. Branching process with
migration in random environments was first introduced
by Key"". Li ef al"" discussed the conditional expecta-
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tions and Markov property of branching processes with
migration in random environments; Ren et al'” studied
the limiting behaviors of branching processes with mi-
gration in random environments. Li"¥ investigated the
asymptotic behavior for critical branching processes
with migration. Wang et al'"¥ studied the limit theory for
a supercritical branching process; Ren e al''® studied
the Markov property and limiting behaviors of the
branching process affected by viral infectivity in a ran-
dom environment, and the Markov property, conditional
probability generating function and sufficient condition
for certain extinction of bisexual branching processes in-
fluenced by viral infectivity in random environments.
There have been many research results on the branching
process in random environments, which can be seen in
Refs. [17-21]. On the basis of Refs [12,15], the Markov
property, conditional probability generating function,
conditional expectation and sufficient condition for cer-
tain extinction of branching processes with migration
and affected by viral infectivity in random environments
are considered in this paper. Also, the existing correla-
tion theory of branching process in random environ-
ments is generalized.

The remainder of this paper is organized as follows.
In Section 1, some notations, definitions are introduced.
Sections 2-4 are devoted to presenting the main results,
including the Markov property, probability generating
functions, conditional expectation and extinction prob-
ability. Section 5 is the conclusion.

1 Preliminaries

The model we shall be concerned with in this paper
may be described as follows.

Let (Q, F, P) be a given probability space, (®,X) be
a measurable space, and N={0,1,2,---},N"={1,2,3, -},
N"={-m,-m+1,---,0,1,---},m e N,

Let é ={&,,¢&,, &, -} be a sequence of i.i.d. random
variables, mapping from (Q,F,P) to ® and Let
{I.,neNieN"}and {X

ni’

n € N,i e N"} denote two ran-
dom variable sequences from (Q, F, P) to N.

For any #e€®, we assume {p,(0),keN} and
{a,(0),k € N"} are two sequences of probability distribu-
tions, satisfying > kp, () <0, 0<p, (O)+p, (O)<1, > ka, (6)

k=0

k=—m

<o, 0<a,(@)<1 and there exists ke{-1,-2,---,—m}
such that a, (60)> 0.

Definition 1  Suppose {Z,,n € N} and {¥,,n € N}
are two sequences of random variables mapping from
(Q,F,P)to N and (Q, F, P) to N", respectively and satisfy

Zu + Yn

> X, Z,+Y,>0
i=1

(i) Z():l’Zn+l: 7nEN;

0, Z+Y,<0
P(X,=K &)=p,(&,). kneN, ieN',
(i) P(Y,=k| &)=, (&, ), neN, ke N”,
P(L,=x|&)=b"()1-b(E,)'™. neN, ieN' x=0,1;
(iii) For given &, {X,

ni’

neNieN}and{/ . neN,ieN}
are both independent sequences; {X,,,n € N,i € N"} and
{I.,n e N,i e N"} are mutually independent. For fixed n,
{(X,.1,),i e N} are identically distributed. For fixed n,
{Y,neNyand{Z ,ne N} {(X,,1,)ie N} {X, . neN,
i € N"} are independent respectively.
Then {Z,,n € N} is called a branching process with
migration and affected by viral infectivity in random en-

vironment &.
The above Z,, Y, represents the total number of indi-
viduals in n-th generation and the number of individuals

migrated in n-th generation, respectively; X,, represents

the number of individuals in (n+1)-th generation pro-
duced by the i-th individual in n-th generation. We sup-
pose /,,=0 when the i-th individual in n-th generation
was infected and not cured, that is, it produces no off-
spring; /,

ni

=1 when the i-th individual in n-th generation
didn’t have the virus or was cured of it, that is, it can re-
produce normally.

2 Markov Property

Since the branching process is a special case of
Markov chain in random environments, the branching
process in random environments can be studied with the
help of the theory of Markov chain. Therefore, we first
discuss the Markov property of branching processes
with migration and affected by viral infectivity in ran-
dom environments.

Definition 2  Suppose X ={X,neN} and 2:
{&,, n e N} are random sequences from (Q,F,P) to N
and O, respectively. For any x,n € N, if

P(X,=x,| &)= P(X, =x,/&, ), (1)
P(X,, =xX], E)=P(&,. X,. %), @)

then X is called a Markov chain in random environment



REN Min et al: Several Properties of Branching Processes with Migration --+ 293

¢. For ease of exposition, we introduce some notations.
i+

SetAz{(rl,x,):zr,x, =k r,eN;x,=0,1;[=1,2, -,
=1

i+jieN"jeNLF (&)=0(ZyZ,2,; ) neN,
P (0;).k)=P(Z,., = kY,=i,Z,=}.0)
= z P(an])1]:xlr17 “'7X I =X il |Y)1:i7Zn:j7 6)

n(i+j) = n(i+j) i+j" i)
(rpx;)ed

i+j

> Te.@p @ -b0) . i+j>0;

= Y (rpxp)ed l=1
O i+j<0.
Theorem 1 {Z

no

n € N} is a Markov chain in ran-

dom environment ¢ with the one-step transition prob-

abilities P(¢, ;). k)= i P&,/ k)i ().

i=—m

.neN}is a

Proof By Definition 2, to prove {Z

Markov chain in random environment ¢, it suffices to
prove that (1) and (2) hold.

By Z,=1 we have (1) holds. Next we prove (2) and
it suffices to show, for any k, n € N, it follows that

P(Z,.,=HF ()=PE,; Z,. k) 3)

Since P(Z,.,=k|F n(E)) and P(¢,; Z,, k) are measur-

able with respect to Fn(f), it suffices to show, for any
A€ F, (&), it follows that

[P@,. =kF,(yap= [PE 2. 0P @)

Taklng A:{ZU:kO’ .“’anl :kn—HZn:j;é() € BO’ ]

& eB,JeF, (&) (whereky,ky, -k, ,.jeN;B,, - B,eX),
we proceed to the proof of (4). We suppose /=n (if /<n,
let!'=nand B,,,=---=B,=0 € X).

Writing C={Z,=k,, -, Z,_,=k,_,Z,=j},D={, € B,,

& € By}, we get
[Pz, 00aP= [Pz, =KzZ,.,)aP
A A

= JEP(ZnH:k, Y,,:i|Zn7fn)dP

A i=—m

=[S P@,.=hY,=0.2,2).¢)P(Y,=i(Z,=].£,)dP
A

i=-m
i+j

=[S P XL KT, =12,2.8 P

A i=—m
i+

[ 3 TIp. @0 €)1 -HE ) )P

Ai=—m@r.x)ed [=1
= [ P @b )P,
A i=—m

Using the independence assumed in Definition 1

(ii1) and the properties of conditional expectation, it is
deduced that

[ P@,..=HF,(yap= [EL, JF,(&)dP
= fE{I{Z,,_,:k;1c|FI1(é;)}dP
=[S B o ddY, = F ()P =, (E)P

- jEE{Iw 1Y, =i F, ()i (S, )dP
pi=—m {ZX”/[”/ =k}
i+j

= [ S P X =Y, =4 F ()l (G, )P

_ f 2 P (& ;). k), (, )dP.

Therefore, (4) holds, that is, {Z,,n € N} is a Markov

chain in random environment ¢ with the one-step transi-
tion probabilities claimed above.

3 Conditional Probability
Generating Function and
Conditional Expectation

Since the extinction probability and martingale con-
vergence of branching process in random environments
are often investigated from the conditional probability
generating function and conditional expectation of the
process, in what follows, we consider the conditional
probability generating function and conditional expecta-
tion of branching process with migration and affected by
viral infectivity in random environments.

For convenience, we give some notations. Writing

£ =B &)= S PE)s,

k=0

g O=EG"1O)= X aE)s,

ML (=B )= Y P, €)' s €l0.1],

P, (&)=P(Z,=K¢).kneN.
Theorem 2  For any ne N, s €[0,1],it follows
that

M. (9)=T1. (1 - B(E)+BE ). () g (1~ bE,)
HBEN () + EP E) S e @) -1-hE,)

+b(E,) /()] )
Proof  From Definition 1, the definition of
I1.  (s)and properties of conditional expectation, we ob-
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tain
H: (S):E(SZ'H!|2): iE(Sz’X
- EP 1= ){ZE(S """ ,

—k—1

+ zP(Y =1Z,=k &)}

"2, =k EYP(Z, =K &)

Y,=HZ,=k &)

+ZP (r:)EE(s ””” Y, =HZ,=k &)

=2Pk,,,(5,,>{ZE(s """ W, =nZ,=k e, E)

—k—1

+Zm@»

P S =,k B )

Since for ne N,i e N, X [ . are independent, so
we have

(s &)= E(s" | &)P(1,,= 0| )+ E(s™ | )P(L,,= 1] &)
= 1=b(E,)+BE) S ()

Hence,

M 0= 3 Pu(E) 3o €l -E)+HEN S (1
- iPk’” ) i o, (EN=DE,)+bE, )fC ()]

+S L) Sae)
<L (1B HHE L () 8 (=B L )

—k—1

+2P (:)Za«f M= =bEN)+BEN 2 ()]

This completes the proof.
Corollary 1  For any ne N, s €[0, 1], it follows
that
L, (9)=(1=b(& ) + DS ) [z, (9))- &, A = b(&y )+ DS, ) /2, ()
+ D == BE )+ HEL ()]
I, (9)=[1=b( )+b(Eo) S (- (1=b(E,)+D(E, ) [z (5)) )]

. lj.[gg (A=BE)+BEN [ (-(A=BE)+BE ) [ (5)+)
+ mZPk,n <) z o, (G =(=bE ) +BE ) f- ()]

- Z H 8o (1=bEN)+DEN S (- (1=b(E,)+D(E,) [ ())+))

ZP (é)za(é){l [1=BE+B(EDS (- (1=b(E,)

+D(E) S () DI

Proof From Plvo(fo):P(Z(J:HE):l, we have

I1. (s)=s. Using the recursion of (5), we obtain

IL ($)=TI (1 = b(Eo) + (& )2, () g, (1 = (<o)

+b(So) f; () + Za O = =bEN)+DEN S ()]
=(1=b(Co) +b(S0) [ () 8., (1= B(Eo )+ D(So) 1, (5)

+ z a, (E) =1 =b(&)+DE) [ ()" ]

Applying the recursion of Theorem 2, we then have
. ()= (1 =b(S,)+b(S,) [, (5)
& (1=b(S,)+b(S,) [ (9)

+2P . )Ea EIM = =bE)+DEN S ()]
=8, (=B )+bE) S (UL, (1=b(E, 1)
+b(&, ) S (L=bE,)+bE,) S (9)

e (=D&, )+ D(S,- ) (L =D(E) + DS, )T (5))

—k=1

+2Pk NG 1)206(5 D=1 =b(, )
+B(E, ) S (L=BE)+BENS ()T

+ZP (< )Ea EIM = =bE)+DEN S ()]
=8 (1=b(C)+D(E) S (9))ge (=D, )+ DS, )

o A=b(S,)+b(S) [ ()T (A =b(S,- ) +DE, 1)
So (=D& )+b(S) S (N +g. (1=D(S,)+bE) S (5))

—k=1

zpk L& >za<< DI =(1=bE,_)+bE,))
Sfo (L=bEN+BENS ()]

—k=1

+2P (5)2a(§)1 (L =B(E)+BE) [ ()]

B N 1 -BE VB, ()
T =B +HENS (A1=BE BENS () )

+SPLE) S0, -0-BEYHE NS, (9]

# ST T (=B, (1-BE ) HHE L )

EP (é)Ea(é){l [1=b(E)+bE) [ (-(1=b(E,)
+b(E) [ (9)) - ))]“}

This proof is completed.
Theorem 3  For any n € N, it follows that
E(Z,.\|&)=EZ,|ONEN L M+DE)gl D f (D)

—k—1

~bE) S (I)ZP (&) za & k+7).

k=0

Proof Taking the derivatives on both sides of (5)
gives
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L (9)=TIL (=) +BE ) ODE N ). (1 -BE,)
UENS O)HTL (= BE)+BEN L ()2 1= HE)
HENL O HEL O 3 PLE) Do E)

Fe+ 00 = BE )+ BENS () BEN 1 O

Moreover,

E(Z,,|&)=T1. ()=T1. (1 - B(E,)+b(E, ) [ (DBE,)
(D) g. (1=b(S,)+bE) S D)+ (1=b(S,)+b(E,) f (D)

gL (1=b(C,)+D(S,) 1 (D) BE,) S D+ ; P, &)

: 2 a, (S )=k +r)(1 =b(E,)+b(EN [ M) bE,) [ D]

Due to II. 1)=f. ()=g. ()=1, then for any ne N, we
can deduce that

E(Z,,|&)=T1L BE,) £ (0 +BE ) (Dg? ()

# 3 PLE) D) HE L)

= E(Z,| EEN) 1 (D) +BEN S (DgL (1)
HEN W) S PLE) Sk ne .

The proof is completed.
Corollary 2 For any n € N, it follows that

EZ..|O= [0 0+ et 0 ][0

- EH’?@ AL 2 2 o, (&P (&) k+7).

Proof Applying the recursion of Theorem 3, we
have

E(Z,|&)=EZ,|EWE) L D+bE) £ gl (1)

MDD S P S0, €k

=BENS WABE, ) DEZ, | E)+bE, S (gl (1)

BEDEL D S P G D k)

k=1

HBENL WL W-BENL D 3P (E) 3, ks

=BENS MG DB, OB, )
HE L O O-BE DS ) S P )

S G W [ OME D (g ()
S AVHULCVERUD VNN WAEHY (338

+b(c, ) [ (Dg: )=, mz P, &) z a, (S, Nk+r)

- ljb(é,- )LD+ ZO gl () H BENLI)

SSTIHEO 'S S 0, €PN,

This completes the proof.
4 Extinction Probability

Let ,(&)=P(Z,=0Z,=m.&). q,=
P(Z,=01Z,=m). qm(g) and ¢,, are defined to be the con-

ditional extinction probability and extinction probability

Definition 3

of process {Z,,n € N}, respectively. Process {Z,,n € N}
is called to be certainly extinct, if there exists n e N*
such that g, =1. Otherwise, process {Z,,n € N} is called
to be non-certainly extinct.

Lemma 1 For any state m € N*, Markov Chain
{Z,,n e N} is transient, if for any ne N, H, (1 -b(, )+
b(&,)f- (0))>0 holds, where H, (s)=E(s""*).

Proof Forany m € N*, it follows that

ID(L"_QJZM-H:}ln‘anrn)s 1 _P(Z)1+1=0|Zn=m)
=1

ZH + Yrr

= 1 _P( 2 ‘X)1i1ni=O|Zn=m)
i=1

ni

0 k
=1_ zP(ZI1+Yn=k)P(2Xm] =O|Zn=m)
k=0 i=1

=1 S PEZ Y, =R E{1-HE)+HE)S O )

=1-H,(1-b(,)+b(E,) [ 0).
By the condition H,(1-5b(,)+b(,)f. (0)>0, we

can deduce that for any m e N*, P(| JZ,,,=m|Z,=m)<1.
=1

Namely {Z,,n € N} in state m € N* is transient. There-
fore, for any k € N*, it holds that 1151010 P(Z,=klZ,=m)=0,
and IIEI}O P(Z,=01Z,=m)+ 1211 P(Z,=x0|Z,=m)=1.

Theorem 4 If for any ne N, it follows that
H,(1-b(E,)+b(,)f. (0)>0, where H,(s)=E(s"**) and
there exists n,eN" such that, for any />n,,
E{b(,) [ ()(I+7Y,)}<L, then for every m e N, {Z,,n e N}
is certainly extinct, i.e., foreverym e N*, ¢, =1.

Proof By Lemma I, to prove ¢, =1, it suffices to
prove that for any m e N, ILIE P(Z,=0|Z,=m)=0.
From Ref. [19], we derive that for any n, € N*, it follows

that
lim P(Z,=o0|Z,=m)
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< ZOZP(Z":MZO:’”)P(IRI(? Zn>n1|Z0:k)‘

Let p,(:P(migl Z,zn|Z,=k). Next we prove p,=0.

Take n,>n, and let

. 0, Z,<n,,
(ZI'I + YV! ) =
Zn+Kn annl'
Constructing an auxiliary process
Zr)

Zi=k.Zj,= 3 X.neN.
i=1

If k,i=zn,, then P(Z,,,=l|Z,=k)=P(Z.,.,=1Z;=k).
Hence,
P(ming,,?n1|ZO=k)=P(miglZ,f>n1|Zo*=k)
=1-1limP(Z;=01Z;=k)=1—¢q; (6)

For any k>n,,M e N*, it follows that
P(Z;=0\Z;=k)=1-P(Z;>M|Z; =k)
—P(U<Z;<MZ;=k).
By Lemma 1, for every &> 0, when # is sufficiently
large, for any M < o, it holds that

P(<Z <M|Z; =k)< % 7
By Chebyshev’s inequality, one can derive
Pz > Miz; =ky< BEilZi=R)
M
By the assumption that for every [=n,
E{D(E,)f () +Y,)}</holds, we have
E(Z;,\|Z;=D)=E{E(Z; \Z;=1EVZ, =1}
(Z,+7,) .
=E{E( Y, X,1,12;=1¢)Z, =1}
i=1
=EE) L DEI+Y,)ST<L.
Consequently,
E(Z)\Z;=k)= Y E(Z,.Z;.\=11Z; =k)
!
= Y EZ\Z; =1 Z;=k)P(Z;_ = 1|Z; =k)
!
= D EZ\Z;  =DP(Z; = 1|Z;=k)
1
< DIPZ; =1Z;=k)=EZ) \Z=k)
1
<<k )

By (7) and (8), we obtain that for every &> 0, there
exists sufficiently large M > 0 such that

P(Z: = M|Z; =k)< % , Vn=1.
Hence, for any ¢>0, P(Z,=0Z;=k)=1-¢, when-
ever n and M are sufficiently large. Therefore, p,=0,
which implies lim P(Z,=w|Z,=m)=0, i.e., g,,=1. This

completes the proof.

Theorem 5 Suppose 1) For any n € N, it holds
H,(1-b(,)+b(E,) ], (0)>0, where H,(s)=E(s"""); 2)

There exists a sequence of i.1i. d. random variables

k+Y
= <(,, a.s. Moreover,

{¢,,ne N"} such that sup

k=n,

{¢,,n e N"}and each of the set{f, Y. X, 1,neNieN}
are independent. Then if E{log(b(,)f. (D,)}<0, we
can conclude that {Z,,n € N} is certainly extinct, i.e., ¢,,=
1, for all m e N*,
Proof To start with, consider the case
E{b(&, ) f (D¢ y< 1. Using Jensen’s inequality gives
E{log(b(&y) /2 (< )y<log {E(B(S, ) /(DG )} < 0.

On the other hand, for any k>n,, using the condi-

1

ni’

n

. k+
tion sup

k=n,

E{b(&0) [/ (Nk+Y,)i < EXD(E,) o (DKG, )y < k.
n e N} is

<(,, a.s. yields

By Theorem 4, we obtain ¢, =1, i.e., {Z,,
certainly extinct.

Now we turn to the case

E{b(0)/: (DS 3> 1 and E{log(B(&, ) /2 (1DE, )< 0.

Let {Z;,n € N} be the auxiliary process constructed
in Theorem 4, then for {Z',neN}, it follows that

n

sup

k=n,

<Z,, as..

Denote a sequence of random variable by
X, =log(b(S,)fZ(ME,), neN,

n—1
then {X,.n e N} is i.i.d.. Let $,=0, S,= > X,. neN".
=0

Since E{b(&, ) [ (D¢, 3> 1, then P(X,=0)<1. Meanwhile,
E{log(b(&,) [ (1D¢,)<0, then for any T>0, there exists
non-negative integer stopping time z,, where z,=inf {n >
0:5,<-T}and P(r,<o)=1,1ie., S, <-T, as..

Suppose 4,=0($.<1s €13 80: G o5 ¢, ). Below
we prove that for any n € N, m > n,, it follows that

E(Z)A,,Z;=m)<me* as.. 9)

In fact,
E(Z\A,,Z;=m)
=E{Xo Lo+ -+ Xy i Loz v Ao

=E{Xyly+- JrXO(mYO),IO(Wyg),|A1 }
=D)L ME{m+Y, )4, }
<b(&) S (DmE(C|4,)
=b(&,) f2 (Oml,=me.
Namely, (9) holds for n=1. Assuming (9) holds for
n=1eN*, we will prove it holds for /+ 1. By the inde-

Zy=m}

pendence of Y,

no

Z and {,, we obtain
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E(Z[ A, Z5 =m)
=FE{X,[,+ "'+X/(z;+y,)‘]/(z,‘+Y,>'|Al+1’ZJ:m}
=bC) I DEZ +Y,) A1, Zg=m}
<SEDE) fLVERZ|A,, Zg =mj

< b )ﬁf(l)mesf =me’,

Therefore, (9) holds for any n € N*. We proceed to

prove that

E(Z\Z;=m)<me"as..
In fact, since {r,=n}e 4,, then
E(Z:|Z;=m)

=EE(Z [tr, Z5 =m)}

ArﬁZ(;F = m)|TT= n}

s

P(z,=n)E{E(Z;

n

8

< > P(t,=n)E(me*|r,=n)

=mE(@’ " )<me™ .

Combining Chebyshev’s inequality, we have P(Z; >
11Z;=m)<me”. When T is sufficient large, it follows
that

P(Z;=0|Zy=m)—> 1, (T —>+o0).

then, {Z,,n € N} is of certain extinction.

5 Conclusion

In this paper, we mainly studied the property of
Markov, probability generating function and conditional
expectation of branching process with migration and af-
fected by viral infectivity in random environments, and
the sufficient conditions for certain extinction of pro-
cesses. The theory of branching process in random envi-
ronments is generalized. In future, we shall study the
limit theory of the process such as large deviation, laws
of the iterated logarithm, and some properties of branch-
ing processes affected by viral infectivity in independent
non-identically random environment and stationary ergo-
dic random environment.
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