
2026, Vol.31 No.3, 291-298

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/ licenses/by/4.0), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Several Properties of Branching 
Processes with Migration and 
Affected by Viral Infectivity in 
Random Environments

□□  REN Min, ZHANG Guanghui†

School of Mathematics and Statistics, Suzhou College, Suzhou 234000, Anhui, China

Abstract: In this paper, a model of branching processes with migration and affected by viral infectivity in independent and identically dis‐
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0　Introduction

Branching process is a mathematical model used to 
describe the reproduction of species, which has received 
much attention. As the reproduction of species is subject 
to factors such as natural environment and social envi‐
ronment, many mathematicians have improved the clas‐
sical branching process model. Smith and Wilkison first 
proposed branching processes in random environments 
and studied the extinction probability of branching pro‐
cesses in independent and identically distributed (i. i. d.) 
random environments and some properties of branching 
processes in Markovian environments[1-3]. Athreya and 
Karlin[4-5] discussed the extinction probability and some 

limiting behaviors of branching processes in stationary 
ergodic random environments. Holzheimer[6] introduced 
the controlled branching model in a random environ‐
ment and studied its extinction probability. Yanev et al[7] 
investigated the sufficient condition for certain extinc‐
tion and non-certain extinction of controlled branching 
processes in i. i.d. random environments; Bi et al[8] pro‐
posed a criterion for certain extinction of controlled 
branching processes in stationary ergodic random envi‐
ronments. Li et al[9] studied the Markov property and 
some limiting behaviors of controlled branching pro‐
cesses in random environments. Branching process with 
migration in random environments was first introduced 
by Key[10]. Li et al[11] discussed the conditional expecta‐
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tions and Markov property of branching processes with 
migration in random environments; Ren et al[12] studied 
the limiting behaviors of branching processes with mi‐
gration in random environments. Li[13] investigated the 
asymptotic behavior for critical branching processes 
with migration. Wang et al[14] studied the limit theory for 
a supercritical branching process; Ren et al[15-16] studied 
the Markov property and limiting behaviors of the 
branching process affected by viral infectivity in a ran‐
dom environment, and the Markov property, conditional 
probability generating function and sufficient condition 
for certain extinction of bisexual branching processes in‐
fluenced by viral infectivity in random environments. 
There have been many research results on the branching 
process in random environments, which can be seen in 
Refs. [17-21]. On the basis of Refs [12,15], the Markov 
property, conditional probability generating function, 
conditional expectation and sufficient condition for cer‐
tain extinction of branching processes with migration 
and affected by viral infectivity in random environments 
are considered in this paper. Also, the existing correla‐
tion theory of branching process in random environ‐
ments is generalized.

The remainder of this paper is organized as follows. 
In Section 1, some notations, definitions are introduced. 
Sections 2-4 are devoted to presenting the main results, 
including the Markov property, probability generating 
functions, conditional expectation and extinction prob‐
ability. Section 5 is the conclusion.

1　Preliminaries

The model we shall be concerned with in this paper 
may be described as follows.

Let (Ω FP) be a given probability space, (ΘΣ) be 

a measurable space, and  ={012}+ ={123}
m ={-m-m + 101}mÎ.

Let ξ
⇀
={ξ0ξ1ξ2×××} be a sequence of i.i.d. random 

variables, mapping from (Ω FP) to Θ and Let 

{IninÎiÎ+} and {XninÎiÎ+} denote two ran‐

dom variable sequences from (Ω FP) to .

For any θÎΘ we assume {pk (θ)kÎ} and 

{αk (θ)kÎm } are two sequences of probability distribu‐

tions, satisfying ∑
k=0

¥

kpk (θ)<¥0≤p0 (θ)+p1 (θ)<1∑
k=-m

¥

kαk (θ)

<¥  0 ≤ α0 (θ)< 1 and there exists kÎ{-1-2×××-m} 

such that αk (θ)> 0.

Definition 1   Suppose {ZnnÎ} and {YnnÎ} 

are two sequences of random variables mapping from 
(ΩFP) to  and (ΩFP) to m, respectively and satisfy

(i) Z0 = 1Zn + 1 =
ì

í

î

ïïïï

ïïïï

∑
i = 1

Zn + Yn

Xni Ini  Zn + Yn > 0

0 Zn + Yn ≤ 0

nÎ;

(ii) 

P(Xni=k| ξ
⇀

)=pk (ξn ) knÎ  iÎ+

P(Yn=k| ξ
⇀

)=αk (ξn ) nÎ kÎm

P(Ini=x| ξ
⇀

)=bx (ξn )(1-b(ξn ))1-x nÎ  iÎ+ x=01;

(iii) For given ξ
⇀
, {XninÎiÎ+} and {IninÎiÎ+}

are both independent sequences; {Xnin Îi Î+} and 

{IninÎiÎ+} are mutually independent. For fixed n, 

{(XniIni )iÎ+} are identically distributed. For fixed n, 

{YnnÎ} and {ZnnÎ}{(XniIni )iÎ+}{XninÎ
iÎ+} are independent respectively.

Then {ZnnÎ} is called a branching process with 

migration and affected by viral infectivity in random en‐

vironment ξ
⇀

.

The above ZnYn represents the total number of indi‐
viduals in n-th generation and the number of individuals 
migrated in n-th generation, respectively; Xni represents 
the number of individuals in (n+1) -th generation pro‐
duced by the i-th individual in n-th generation. We sup‐
pose Ini = 0 when the i-th individual in n-th generation 
was infected and not cured, that is, it produces no off‐
spring; Ini = 1 when the i-th individual in n-th generation 
didn􀆳t have the virus or was cured of it, that is, it can re‐
produce normally.

2　Markov Property

Since the branching process is a special case of 
Markov chain in random environments, the branching 
process in random environments can be studied with the 
help of the theory of Markov chain. Therefore, we first 
discuss the Markov property of branching processes 
with migration and affected by viral infectivity in ran‐
dom environments.

Definition 2  Suppose X
⇀
={XnnÎ} and ξ

⇀
=

{ξn nÎ} are random sequences from (Ω FP) to  

and Θ, respectively. For any xnÎ, if

P(X0 = x0| ξ
⇀

)=P(X0 = x0|ξ0 ) (1)

P(Xn + 1 = x|X n
0 ξ

⇀
)=P(ξnXnx) (2)

then X
⇀

 is called a Markov chain in random environment 
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ξ
⇀

. For ease of exposition, we introduce some notations. 

Set A={(rlxl ):∑
l=1

i+ j

rl xl =k rlÎ; xl=01; l=12

i + ji Î mj Î },Fn ( ξ
⇀

) = σ(Z0Z1Zn ; ξ
⇀

) n Î ，
P*i (θ; jk)=P(Zn + 1 = k|Yn = iZn = jθ)

= ∑
(rlxl )ÎA

P(Xn1 In1 = x1r1×××Xn(i+ j) In(i+ j)= xi + jri + j|Yn = iZn = jθ)

=
ì

í

î

ïïïï

ïïïï

∑
(rlxl )ÎA
∏
l = 1

i + j

prl
(θ)bxl (θ)(1 - b(θ))1 - xl  i + j > 0;

δ0k i + j ≤ 0.

Theorem 1  {ZnnÎ} is a Markov chain in ran‐

dom environment ξ
⇀

 with the one-step transition prob‐

abilities P(ξn ; jk)=∑
i =-m

¥

P*i (ξn ; jk)α i (ξn ).

Proof  By Definition 2, to prove {ZnnÎ} is a 

Markov chain in random environment ξ
⇀

, it suffices to 

prove that (1) and (2) hold.
By Z0 = 1 we have (1) holds. Next we prove (2) and 

it suffices to show, for any knÎ, it follows that

P(Zn + 1 = k|Fn ( ξ
⇀

))=P(ξn ; Znk). (3)

Since P(Zn + 1 = k|Fn ( ξ
⇀

)) and P(ξn ; Znk) are measur‐

able with respect to Fn ( ξ
⇀

), it suffices to show, for any 

DÎFn ( ξ
⇀

), it follows that∫
D

P(Zn + 1 = k|Fn ( ξ
⇀

))dP = ∫
D

P(ξn ; Znk)dP (4)

Taking D={Z0 = k0Zn - 1 = kn - 1Zn = j; ξ0ÎB0

ξ lÎBl }ÎFn ( ξ
⇀

) (where k0k1kn-1jÎ; B0BlÎΣ),

we proceed to the proof of (4). We suppose l ≥ n (if l < n, 
let l′= n and Bl + 1 = =Bl′=ΘÎΣ).

Writing C={Z0=k0Zn-1=kn-1Zn= j}D={ξ0ÎB0
ξ lÎBl }, we get∫

D

P(ξn ; Znk)dP = ∫
D

P(Zn + 1 = k|Znξn )dP

= ∫
D

∑
i =-m

¥

P(Zn + 1 = kYn = i|Znξn )dP

      = ∫
D

∑
i =-m

¥

P(Zn + 1 = k|Yn = iZn = jξn )P(Yn = i|Zn = jξn )dP

= ∫
D

∑
i =-m

¥

P{∑
l = 1

i + j

Xnl Inl = k|Yn = iZn = jξn )α i (ξn )dP

   = ∫
D

∑
i =-m

¥ ∑
(rlxl )ÎA
∏
l = 1

i + j

prl
(ξn )bxl (ξn )(1 - b(ξn ))1 - xl α i (ξn )dP

       = ∫
D

∑
i =-m

¥

P* (ξn ; jk)α i (ξn )dP.

Using the independence assumed in Definition 1 

(iii) and the properties of conditional expectation, it is 
deduced that∫

D

P(Zn + 1 = k|Fn ( ξ
⇀

))dP = ∫
D

E{I{Zn + 1 = k}|Fn ( ξ
⇀

)}dP

= ∫
D

E{I{Zn + 1 = k}IC|Fn ( ξ
⇀

)}dP

   = ∫
D

∑
i =-m

¥

E{I{Zn + 1 = k}IC|Yn = iFn ( ξ
⇀

)}P(Yn = i|Fn ( ξ
⇀

))dP

= ∫
D

∑
i =-m

¥

E{I
{∑

l = 1

i + j

Xnl Inl = k}
IC|Yn = iFn ( ξ

⇀
)}α i (ξn )dP

= ∫
D

∑
i =-m

¥

P(∑
l = 1

i + j

Xnl Inl = k|Yn = iFn ( ξ
⇀

))ICα i (ξn )dP

         = ∫
D

∑
i =-m

¥

P*i (ξn ; jk)α i (ξn )dP.

Therefore, (4) holds, that is, {ZnnÎ} is a Markov 

chain in random environment ξ
⇀

 with the one-step transi‐

tion probabilities claimed above.

3　Conditional Probability 
Generating Function and 
Conditional Expectation

Since the extinction probability and martingale con‐
vergence of branching process in random environments 
are often investigated from the conditional probability 
generating function and conditional expectation of the 
process, in what follows, we consider the conditional 
probability generating function and conditional expecta‐
tion of branching process with migration and affected by 
viral infectivity in random environments.

For convenience, we give some notations. Writing

fξn
(s)=E(sXni| ξ

⇀
)=∑

k = 0

¥

Pk (ξn )sk  

gξn
(s)=E(sYn| ξ

⇀
)=∑

k =-m

¥

αk (ξn )sk 

Πξn
(s)=E(sZn| ξ

⇀
)=∑

k = 0

¥

Pkn (ξn )sk  sÎ[01] 

Pkn (ξn )=P(Zn = k| ξ
⇀

) knÎ.

Theorem 2  For any nÎ  sÎ[01] it follows 

that
Πξn + 1

(s)=Πξn
(1 - b(ξn )+ b(ξn ) fξn

(s))× gξn
(1 - b(ξn )

+b(ξn ) fξn
(s))+ ∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[1 - (1 - b(ξn )

+b(ξn ) fξn
(s))k + r ]. (5)

Proof  From Definition 1, the definition of 
Πξn + 1

(s) and properties of conditional expectation, we ob‐
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tain

Πξn + 1
(s)=E(sZn + 1| ξ

⇀
)=∑

k = 0

¥

E(s
∑
i = 1

k + Yn

Xni Ini

|Zn = kξ
⇀

)P(Zn = k| ξ
⇀

)

=∑
k = 0

m - 1

Pkn (ξn ){∑
r =-k

¥

E(s
∑
i = 1

k + r

Xni Ini

Yn = r|Zn = kξ
⇀

)

    +∑
r =-m

-k - 1

P(Yn = r|Zn = kξ
⇀

)}

    +∑
k =m

¥

Pkn (ξn )∑
r =-m

¥

E(s
∑
i = 1

k + r

Xni Ini

Yn = r|Zn = kξ
⇀

)

=∑
k = 0

m - 1

Pkn (ξn ){∑
r =-k

¥

E(s
∑
i = 1

k + r

Xni Ini

|Yn = rZn = kξ
⇀

)αr (ξn )

    +∑
r =-m

-k - 1

αr (ξn )}

    +∑
k =m

¥

Pkn (ξn )∑
r =-m

¥

E(s
∑
i = 1

k + r

Xni Ini

|Yn = rZn = kξ
⇀

)αr (ξn ).

Since for nÎiÎ+XniIni are independent, so 
we have

E(sXni Ini| ξ
⇀

)=E(sXni × 0| ξ
⇀

)P(Ini = 0| ξ
⇀

)+E(sXni × 1| ξ
⇀

)P(Ini = 1| ξ
⇀

)

       = 1 - b(ξn )+ b(ξn ) fξn
(s).

Hence,

Πξn + 1
(s)=∑

k = 0

m - 1

Pkn (ξn )∑
r =-k

¥

αr (ξn )[1 - b(ξn )+ b(ξn ) fξn
(s)]k + r

+∑
k =m

¥

Pkn (ξn )∑
r =-m

¥

αr (ξn )[1 - b(ξn )+ b(ξn ) fξn
(s)]k + r

+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )

=Πξn
(1 - b(ξn )+ b(ξn ) fξn

(s))× gξn
(1 - b(ξn )+ b(ξn ) fξn

(s))

+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))k + r ].

This completes the proof.
Corollary 1  For any nÎ  sÎ[01]  it follows 

that
Πξ1

(s)= (1 - b(ξ0 )+ b(ξ0 ) fξ0
(s))× gξ0

(1 - b(ξ0 )+ b(ξ0 ) fξ0
(s))

       +∑
r =-m

-2

αr (ξ0 )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))r + 1 ]

Πξn+1
(s)=[1-b(ξ0 )+b(ξ0 ) fξ0

((1-b(ξn )+b(ξn ) fξn
(s)))]

 ×∏
i=0

n

gξi
(1-b(ξ i )+b(ξ i ) fξi

((1-b(ξn )+b(ξn ) fξn
(s))))

+∑
k=0

m-1

Pkn (ξn )∑
r=-m

-k-1

αr (ξn )[1-(1-b(ξn )+b(ξn ) fξn
(s))r+k ]

+∑
i=0

n-1∏
l=i+1

n

gξl
(1-b(ξ l )+b(ξ l ) fξl

((1-b(ξn )+b(ξn ) fξn
(s))))

 ×∑
k=0

m-1

Pki (ξ i )∑
r=-m

-k-1

αr (ξ i ){1-[1-b(ξ i )+b(ξ i ) fξi
((1-b(ξn )

+b(ξn ) fξn
(s))))]r+k }.

Proof  From P10 (ξ0 )=P(Z0=1| ξ
⇀

)=1, we have 

Πξ0
(s)=s. Using the recursion of (5), we obtain

Πξ1
(s)=Πξ0

(1 - b(ξ0 )+ b(ξ0 ) fξ0
(s))× gξ0

(1 - b(ξ0 )

 +b(ξ0 ) fξ0
(s))+∑

r =-m

-2

αr (ξ0 )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))r + 1 ]

 = (1 - b(ξ0 )+ b(ξ0 ) fξ0
(s))× gξ0

(1 - b(ξ0 )+ b(ξ0 ) fξ0
(s))

 +∑
r =-m

-2

αr (ξ0 )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))r + 1 ] .

Applying the recursion of Theorem 2, we then have
Πξn + 1

(s)=Πξn
(1 - b(ξn )+ b(ξn ) fξn

(s))

 ×gξn
(1 - b(ξn )+ b(ξn ) fξn

(s))

+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))k + r ]

= gξn
(1 - b(ξn )+ b(ξn ) fξn

(s)){Πξn - 1
(1 - b(ξn - 1 )

+b(ξn - 1 ) fξn - 1
(1 - b(ξn )+ b(ξn ) fξn

(s)))

 ×gξn - 1
(1 - b(ξn - 1 )+ b(ξn - 1 ) fξn - 1

(1 - b(ξn )+ b(ξn ) fξn
(s)))

+∑
k = 0

m - 1

Pkn - 1 (ξn - 1 )∑
r =-m

-k - 1

αr (ξn - 1 )[1 - (1 - b(ξn - 1 )

+b(ξn - 1 ) fξn - 1
(1 - b(ξn )+ b(ξn ) fξn

(s)))k + r ]}

+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))k + r ]

= gξn
(1 - b(ξn )+ b(ξn ) fξn

(s))gξn - 1
(1 - b(ξn - 1 )+ b(ξn - 1 )

 ×fξn - 1
(1 - b(ξn )+ b(ξn ) fξn

(s)))×Πξn - 1
(1 - b(ξn - 1 )+ b(ξn - 1 )

 ×fξn - 1
(1 - b(ξn )+ b(ξn ) fξn

(s)))+ gξn
(1 - b(ξn )+ b(ξn ) fξn

(s))

 ×∑
k = 0

m - 1

Pkn - 1 (ξn - 1 )∑
r =-m

-k - 1

αr (ξn - 1 )[1 - (1 - b(ξn - 1 )+ b(ξn - 1 )

 ×fξn - 1
(1 - b(ξn )+ b(ξn ) fξn

(s)))k + r ]

+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[1 - (1 - b(ξn )+ b(ξn ) fξn
(s))k + r ]

=
=[1-b(ξ0 )+b(ξ0 ) fξ0

((1-b(ξn )+b(ξn ) fξn
(s)))]

 ×∏
i=0

n

gξi
(1-b(ξ i )+b(ξ i ) fξi

((1-b(ξn )+b(ξn ) fξn
(s))))

+∑
k=0

m-1

Pkn (ξn )∑
r=-m

-k-1

αr (ξn )[1-(1-b(ξn )+b(ξn ) fξn
(s))k+r ]

+∑
i=0

n-1∏
l=i+1

n

gξl
(1-b(ξ l )+b(ξ l ) fξl

((1-b(ξn )+b(ξn ) fξn
(s))))

 ×∑
k=0

m-1

Pki (ξ i )∑
r=-m

-k-1

αr (ξ i ){1-[1-b(ξ i )+b(ξ i ) fξi
((1-b(ξn )

+b(ξn ) fξn
(s))))]k+r }.

This proof is completed.
Theorem 3  For any nÎ, it follows that

E(Zn + 1| ξ
⇀

)=E(Zn| ξ
⇀

)b(ξn ) f ′ξn
(1)+ b(ξn )g ′ξn

(1) f ′ξn
(1) 

     - b(ξn ) f ′ξn
(1)∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )(k + r).

Proof  Taking the derivatives on both sides of (5) 
gives
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Π′ξn + 1
(s)=Π′ξn

(1 - b(ξn )+ b(ξn ) fξn
(s))b(ξn ) f ′ξn

(s)× gξn
(1 - b(ξn )

+b(ξn ) fξn
(s))+Πξn

(1 - b(ξn )+ b(ξn ) fξn
(s))× g′ξn

(1 - b(ξn )

+b(ξn ) fξn
(s))× b(ξn ) f ′ξn

(s)+∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )

 ×[-(k + r)(1 - b(ξn )+ b(ξn ) fξn
(s))k + r - 1 × b(ξn ) f ′ξn

(s)].

Moreover,

E(Zn + 1| ξ
⇀

)=Π′ξn + 1
(1)=Π′ξn

(1 - b(ξn )+ b(ξn ) fξn
(1))b(ξn )

 ×f ′ξn
(1)× gξn

(1 - b(ξn )+ b(ξn ) fξn
(1))+Πξn

(1 - b(ξn )+ b(ξn ) fξn
(1))

 ×g′ξn
(1 - b(ξn )+ b(ξn ) fξn

(1))× b(ξn ) f ′ξn
(1)+∑

k = 0

m - 1

Pkn (ξn )

 ×∑
r =-m

-k - 1

αr (ξn )[-(k + r)(1 - b(ξn )+ b(ξn ) fξn
(1))k + r - 1 × b(ξn ) f ′ξn

(1)].

Due to Πξn
(1)= fξn

(1)= gξn
(1)= 1 then for any nÎ, we 

can deduce that

E(Zn + 1| ξ
⇀

)=Π′ξn
(1)b(ξn ) f ′ξn

(1)+ b(ξn ) f ′ξn
(1)g ′ξn

(1)

     +∑
k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )[-(k + r)× b(ξn ) f ′ξn
(1)]

     =E(Zn| ξ
⇀

)b(ξn ) f ′ξn
(1)+ b(ξn ) f ′ξn

(1)g ′ξn
(1)

     -b(ξn ) f ′ξn
(1)∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )(k + r) nÎ.

The proof is completed.
Corollary 2  For any nÎ, it follows that

E(Zn + 1| ξ
⇀

)=∏
i = 0

n

b(ξ i ) f ′ξi
(1)+∑

i = 0

n

g ′ξi
(1)∏

l = i

n

b(ξ l ) f ′ξl
(1)

     -∑
i = 0

n ∏
l = i

n

b(ξ l ) f ′ξl
(1)∑

k = 0

m - 1∑
r =-m

-k - 1

αr (ξ i )Pki (ξ i )(k + r).

Proof  Applying the recursion of Theorem 3, we 
have

E(Zn + 1| ξ
⇀

)=E(Zn| ξ
⇀

)b(ξn ) f ′ξn
(1)+ b(ξn ) f ′ξn

(1)g ′ξn
(1)

-b(ξn ) f ′ξn
(1)∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )(k + r)

= b(ξn ) f ′ξn
(1){b(ξn - 1 ) f ′ξn - 1

(1)E(Zn - 1| ξ
⇀

)+ b(ξn - 1 ) f ′ξn - 1
(1)g ′ξn - 1

(1)

-b(ξn - 1 ) f ′ξn - 1
(1)∑

k = 0

m - 1

Pkn - 1 (ξn - 1 )∑
r =-m

-k - 1

αr (ξn - 1 )(k + r)}

+b(ξn ) f ′ξn
(1)g ′ξn

(1)- b(ξn ) f ′ξn
(1)∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )(k + r)

= b(ξn ) f ′ξn
(1)b(ξn - 1 ) f ′ξn - 1

(1){b(ξn - 2 ) f ′ξn - 2
(1)E(Zn - 2| ξ

⇀
)

+b(ξn - 2 ) f ′ξn - 2
(1)g ′ξn - 2

(1)- b(ξn - 2 ) f ′ξn - 2
(1)∑

k = 0

m - 1

Pkn - 2 (ξn - 2 )

 ×∑
r =-m

-k - 1

αr (ξn - 2 )(k + r)}+ b(ξn ) f ′ξn
(1)b(ξn - 1 ) f ′ξn - 1

(1)g ′ξn - 1
(1)

-b(ξn ) f ′ξn
(1)b(ξn - 1 ) f ′ξn - 1

(1)∑
k = 0

m - 1

Pkn - 1 (ξn - 1 )∑
r =-m

-k - 1

αr (ξn - 1 )(k + r) 

+b(ξn ) f ′ξn
(1)g ′ξn

(1)- b(ξn ) f ′ξn
(1)∑

k = 0

m - 1

Pkn (ξn )∑
r =-m

-k - 1

αr (ξn )(k + r)

=

=∏
i = 0

n

b(ξ i ) f ′ξi
(1)+∑

i = 0

n

g ′ξi
(1)∏

l = i

n

b(ξ l ) f ′ξl
(1)

-∑
i = 0

n ∏
l = i

n

b(ξ l ) f ′ξl
(1)∑

k = 0

m - 1∑
r =-m

-k - 1

αr (ξ i )Pki (ξ i )(k + r).

This completes the proof.

4　Extinction Probability

Definition 3  Let qm ( ξ
⇀

)=P(Zn = 0|Z0 =mξ
⇀

)  qm =

P(Zn = 0|Z0 =m). qm ( ξ
⇀

) and qm are defined to be the con‐

ditional extinction probability and extinction probability 

of process {ZnnÎ} respectively. Process {ZnnÎ} 

is called to be certainly extinct, if there exists nÎ+ 

such that qm = 1. Otherwise, process {ZnnÎ} is called 

to be non-certainly extinct.
Lemma 1  For any state mÎ+, Markov Chain 

{ZnnÎ} is transient, if for any nÎ Hn (1 - b(ξn )+
b(ξn ) fξn

(0))> 0 holds, where Hn (s)=E(sYn + Zn ).

Proof  For any mÎ+ it follows that

P(∪
l = 1

¥

Zn + l =m|Zn =m)≤ 1 -P(Zn + 1 = 0|Zn =m)

 = 1 -P(∑
i = 1

Zn + Yn

Xni Ini = 0|Zn =m)

 = 1 -∑
k = 0

¥

P(Zn + Yn = k)×P(∑
i = 1

k

Xni Ini = 0|Zn =m)

 = 1 -∑
k = 0

¥

P(Zn + Yn = k)×E{(1 - b(ξn )+ b(ξn ) fξn
(0))k }

 = 1 -Hn (1 - b(ξn )+ b(ξn ) fξn
(0)).

By the condition Hn (1 - b(ξn )+ b(ξn ) fξn
(0))> 0, we 

can deduce that for any mÎ+, P(∪
l = 1

¥

Zn + l =m|Zn =m)< 1. 

Namely {ZnnÎ} in state mÎ+ is transient. There‐

fore,for any kÎ+, it holds that lim
n®¥

P(Zn = k|Z0 =m)= 0，

and lim
n®¥

P(Zn = 0|Z0 =m)+ lim
n®¥

P(Zn =¥|Z0 =m)= 1.

Theorem 4  If for any nÎ it follows that 
Hn (1 - b(ξn )+ b(ξn ) fξn

(0))> 0, where Hn (s)=E(sYn + Zn ) and 

there exists n0Î+ such that, for any l ≥ n0, 
E{b(ξn ) f ′ξn

(1)(l+Yn )}≤ l, then for every mÎ+, {ZnnÎ} 

is certainly extinct, i.e., for every mÎ+qm=1.

Proof  By Lemma 1, to prove qm = 1 it suffices to 

prove that for any mÎ+ lim
n®¥

P(Zn =¥|Z0 =m)= 0. 

From Ref. [19], we derive that for any n1Î+, it follows 
that 

lim
n®¥

P(Zn =¥|Z0 =m)
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≤∑
n = 0

¥∑
k = n1

¥

P(Zn = k|Z0 =m)P( min
n > 0

Zn ≥ n1|Z0 = k).

Let pk =P( min
n > 0

Zn ≥ n1|Z0 = k). Next we prove pk = 0. 

Take n1 ≥ n0 and let

(Zn + Yn )* = { 0 Zn < n1
Zn + Yn Zn ≥ n1.

Constructing an auxiliary process

Z *
0 = k  Z *

n + 1 = ∑
i = 1

(Z *
n + Yn )*

Xni Ini  nÎ.

If kl ≥ n1, then P(Zn + 1 = l|Zn = k)=P(Z *
n + 1 = l|Z *

n = k). 

Hence,
P( min

n > 0
Zn ≥ n1|Z0 = k)=P( min

n > 0
Z *

n ≥ n1|Z
*
0 = k)

= 1 - lim
n®¥

P(Z *
n = 0|Z *

0 = k)= 1 - q*
k (6)

For any k ≥ n1MÎ+ it follows that
P(Z *

n = 0|Z *
0 = k)= 1 -P(Z *

n ≥M|Z *
0 = k)

-P(1≤ Z *
n <M|Z *

0 = k).

By Lemma 1, for every ε > 0, when n is sufficiently 
large, for any M <¥, it holds that

P(1≤ Z *
n <M|Z *

0 = k)≤ ε
2

. (7)

By Chebyshev􀆳s inequality, one can derive

P(Z *
n ≥M|Z *

0 = k)≤ E(Z *
n |Z *

0 = k)
M

.

By the assumption that for every l ≥ n1,
E{b(ξn ) f ′ξn

(1)(l + Yn )}≤ l holds, we have

E(Z *
n + 1|Z

*
n = l)=E{E(Z *

n + 1|Z
*
n = lξ

⇀
)|Z *

n = l}

      =E{E( ∑
i = 1

(Z *
n + Yn )*

Xni Ini |Z
*
n = lξ

⇀
)|Z *

n = l}

      =E{b(ξn ) f ′ξn
(1)E[(l + Yn )| ξ

⇀
]}≤ l.

Consequently,

 E(Z *
n |Z *

0 = k)=∑
l

E(Z *
n Z *

n - 1 = l|Z *
0 = k)

      =∑
l

E(Z *
n |Z *

n - 1 = lZ *
0 = k)P(Z *

n - 1 = l|Z *
0 = k)

      =∑
l

E(Z *
n |Z *

n - 1 = l)P(Z *
n - 1 = l|Z *

0 = k)

      ≤∑
l

lP(Z *
n - 1 = l|Z *

0 = k)=E(Z *
n - 1|Z

*
0 = k)

      ≤ ≤ k. (8)

By (7) and (8), we obtain that for every ε > 0, there 
exists sufficiently large M > 0 such that

P(Z *
n ≥M|Z *

0 = k)<
ε
2

  "n ≥ 1.

Hence, for any ε > 0, P(Z *
n = 0|Z *

0 = k)≥ 1 - ε when‐

ever n and M are sufficiently large. Therefore, pk = 0, 

which implies lim
n®¥

P(Zn =¥|Z0 =m)= 0 i. e., qm = 1. This 

completes the proof.

Theorem 5  Suppose 1) For any nÎ, it holds 

Hn (1 - b(ξn )+ b(ξn ) fξn
(0))> 0, where Hn (s)=E(sYn + Zn ); 2) 

There exists a sequence of i. i. d. random variables 

{ζnnÎ+} such that sup
k ≥ n1

k + Yn

k
≤ ζn  a.s. Moreover, 

{ζnnÎ+} and each of the set { ξ
⇀
YnXniIninÎiÎ+}

are independent. Then if E{log(b(ξ0 ) f ′ξ0
(1)ζ0 )}≤ 0, we 

can conclude that {ZnnÎ} is certainly extinct, i.e., qm =
1 for all mÎ+.

Proof  To start with, consider the case 

E{b(ξ0 ) f ′ξ0
(1)ζ0 }≤ 1. Using Jensen􀆳s inequality gives

E{log(b(ξ0 ) f ′ξ0
(1)ζ0 )}≤ log{E(b(ξ0 ) f ′ξ0

(1)ζ0 )}≤ 0.

On the other hand, for any k ≥ n1 using the condi‐

tion sup
k ≥ n1

k + Yn

k
≤ ζn  a.s. yields

E{b(ξ0 ) f ′ξ0
(1)(k + Yn )}≤E{b(ξ0 ) f ′ξ0

(1)kζ0 )}≤ k.

By Theorem 4, we obtain qm = 1, i.e., {ZnnÎ} is 

certainly extinct.

Now we turn to the case

E{b(ξ0 ) f ′ξ0
(1)ζ0 }> 1 and E{log(b(ξ0 ) f ′ξ0

(1)ζ0 )}≤ 0.

Let {Z *
n nÎ} be the auxiliary process constructed 

in Theorem 4, then for {Z *
n nÎ}, it follows that 

sup
k ≥ n1

k + Yn

k
≤ ζn  a.s..

Denote a sequence of random variable by
Xn = log(b(ξn ) f ′ξn

(1)ζn )  nÎ

then {XnnÎ} is i. i. d.. Let S0 = 0  Sn =∑
l = 0

n - 1

Xl  nÎ+. 

Since E{b(ξ0 ) f ′ξ0
(1)ζ0 }> 1, then P(X0 = 0)< 1. Meanwhile, 

E{log(b(ξ0 ) f ′ξ0
(1)ζ0 )}≤ 0 then for any T > 0, there exists 

non-negative integer stopping time τT, where τT = inf {n >
0:Sn ≤-T} and P(τT <¥)= 1, i.e., SτT

≤-T a.s..

Suppose An = σ(ξ0ξ1ξn - 1 ; ζ0ζ1ζn - 1 ). Below 

we prove that for any nÎm > n1, it follows that

E(Z *
n |AnZ *

0 =m)≤meSn a.s.. (9)

In fact,
E(Z *

1 |A1Z *
0 =m)

=E{X01 I01 + +X0(Z *
0 + Y0 )* I0(Z *

0 + Y0 )*|A1Z *
0 =m}

=E{X01 I01 + +X0(m+ Y0 )* I0(m+ Y0 )*|A1 }

= b(ξ0 ) f ′ξ0
(1)E{(m + Y0 )*|A1 }

≤ b(ξ0 ) f ′ξ0
(1)mE(ζ0|A1 )

= b(ξ0 ) f ′ξ0
(1)mζ0 =meS1.

Namely, (9) holds for n = 1. Assuming (9) holds for 

n = lÎ+ we will prove it holds for l + 1. By the inde‐

pendence of YnZ *
n  and ζn, we obtain
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E(Z *
l + 1|Al + 1Z *

0 =m)

=E{Xl1 Il1 + +Xl(Z *
l + Yl )

* Il(Z *
l + Yl )

*|Al + 1Z *
0 =m}

= b(ξ l ) f ′ξl
(1)E{(Z *

l + Yl )
*|Al + 1Z *

0 =m}

≤ ζ lb(ξ l ) f ′ξl
(1)E{Z *

l |AlZ *
0 =m}

≤ ζ lb(ξ l ) f ′ξl
(1)meSl =meSl + 1.

Therefore, (9) holds for any nÎ+. We proceed to 
prove that

E(Z *
n |Z *

0 =m)≤me-T a.s..

In fact, since {τT = n}ÎAn, then
E(Z *

τT
|Z *

0 =m)

=E{E(Z *
τT
|τTZ *

0 =m)}

=∑
n = 1

¥

P(τT = n)E{E(Z *
τT
|AnZ *

0 =m)|τT = n}

≤∑
n = 1

¥

P(τT = n)E(meSn|τT = n)

=mE(eSτT )≤me-T .

Combining Chebyshev􀆳s inequality, we have P(Z *
τT
≥

1|Z *
0 =m)≤me-T. When T is sufficient large, it follows 

that
P(Z *

τT
= 0|Z *

0 =m)® 1  (T®+¥).

then, {ZnnÎ} is of certain extinction.

5　Conclusion

In this paper, we mainly studied the property of 
Markov, probability generating function and conditional 
expectation of branching process with migration and af‐
fected by viral infectivity in random environments, and 
the sufficient conditions for certain extinction of pro‐
cesses. The theory of branching process in random envi‐
ronments is generalized. In future, we shall study the 
limit theory of the process such as large deviation, laws 
of the iterated logarithm, and some properties of branch‐
ing processes affected by viral infectivity in independent 
non-identically random environment and stationary ergo‐
dic random environment.
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随机环境中具有迁移且受病毒传染性影响的分枝过程的若干性质随机环境中具有迁移且受病毒传染性影响的分枝过程的若干性质

任敏， 张光辉†

宿州学院 数学与统计学院，安徽 宿州 234000

摘要摘要：：本文首先建立了独立同分布随机环境中具有迁移且受病毒传染性影响的分枝过程的模型。然后，研究了

该模型的马氏性、条件概率母函数和条件期望的性质。最后，在一定条件下给出过程必然灭绝的一些充分条

件，从而推广了随机环境中分枝过程的相关理论。

关键词关键词：：随机环境；病毒传染性；迁移；分枝过程；条件概率母函数；灭绝概率
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